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TO IDAHLIA 


PREFACE 


THIs monograph is intended to serve as an introduction to the inter- 
disciplinary field of phase transitions and critical phenomena. It is a 
short book, and is not designed to review all of the recent developments 
in this rapidly-developing area. I have attempted, however, to provide 
an introduction that is sufficiently thorough that much of the current 
research literature can profitably be read. 

The subject matter concentrates almost exclusively upon phenomena 
near the liquid—gas and ferromagnetic critical points, and the analogies 
between fluid and magnetic transitions are emphasized throughout the 
book. The decision not to treat in detail the phase transitions that occur 
in a wide variety of other systems was made in order that the novice 
reader (not familiar with, say, superfluidity) should appreciate the 
concepts underlying current research in critical phenomena. 

I assume as background some familiarity with elementary thermo- 
dynamics and statistical mechanics, and I also assume that the reader 
has some notion of what a phase transition is. Therefore Chapters 1 and 
2 are designed to provide a brief review and to establish the notation 
to be used; they may certainly be omitted by a number of readers. 
Likewise the chapters in Part III concerning the ‘classical’ van der 
Waals, mean field, and Ornstein—Zernike theories may be read quickly 
or else skipped altogether. Conversely, the material presented in certain 
of the appendices, and in Chapters 12-15, is more compact and is in- 
tended for the advanced student. 

The material treated in this monograph proved to be adequate for a 
one-term course on phase transitious and critical phenomena given at 
MIT. I have also used the manuscript to supplement an introductory 
course in thermodynamics and statistical mechanics, and I found the 
material in Chapters 2-6 and 10-11 particularly useful. For those who 
may consider using portions of this book as supplementary material 
for courses in solid state physics or applied mathematics, I would 
recommend Chapters 6-9, 11, and 13-15. In so far as it has proved 
feasible, I have attempted to keep the chapters reasonably independent 
of one another so that the reader may skip about in the text if he 


wishes. 
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Since phase transitions and critical phenomena form an interdiscip- 
linary field involving the work of chemists, mathematicians, physicists, 
and engineers, it has not been possible to find a notation that all classes 
of readers will find natural. To help in this respect, I have provided a 
list of symbols and their definitions in the ‘notation guide’ which follows 
the list of contents. 

In writing this monograph I have continually regretted the fact that 
my aim of writing a short book has not permitted me to treat as many 
topics as I would otherwise have desired. Therefore, in the lists of 
Suggested further reading appearing at the ends of each chapter I have 
provided references to particularly readable works which should serve 
to extend the text along the lines I would have liked to. The biblio- 
graphy at the end of the book includes only the articles referred to in 
the text; a considerably more extensive bibliography will appear in my 
companion volume, Readings in Phase Transitions and Critical Pheno- 
mena. 

A large number of people have generously assisted with the prepara- 
tion of the manuscript. First and foremost of these is my wife, Idahlia, 
to whom this volume is dedicated. I am deeply moved by the prodigious 
efforts of my research students, who have spent many hours of work 
on the manuscript. Particular sections were either written or re-written 
by Gerald Paul, Sava MiloSevié, Richard Krasnow, Charles Gordon, 
Frederic Harbus, Harvey Botman, and Jorgen Randers. Alexander 
Hankey solved all the exercises in the original lecture notes, and many 
of his solutions are incorporated into the present manuscript. David 
Njus prepared the drawings, and by his alertness and ingenuity in 
many cases improved their pedagogical value. The entire manuscript 
was also read carefully by Kenneth Ogan, Arthur Cook, Jill Punsky, 
Koichiro Matsuno, Jeffrey Golden, Nihat Berker, Douglas Karo, 
Stephen Schwartz, Judith Herzfeld, David Lambeth, Howard Lee, 
and Richard Lucash. The subject index, author index, and notation 
guide were kindly prepared by J. Punsky, 8. MiloSevi¢é, and K. Matsuno 
respectively. 

I wish to express my appreciation to many of my professional col- 
leagues who have supplied me with information and help in the prepara- 
tion of this book. I have the particular pleasure of thanking Drs. A. J. 
Guttmann, P. C. Hohenberg, and J. B. Lastovka and Professors G. B. 
Benedek, H. Z. Cummins, M. H. Edwards, R. B. Griffiths, B. J ancovici, 
E. H. Lieb, J. D. Litster, J. E. Mayer, G. Sposito, G. Stell, K. Stier- 
stadt, and L. Tisza for their thoughtful criticisms of the lecture notes 
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from which this monograph has developed. I am also greatly indebted 
to Professor Robert B. Griffiths and to four former teachers, Professors 
Max Delbriick, Thomas A. Kaplan, Charles Kittel, and J. H. Van 
Vleck, for setting extremely high examples of intellectual honesty and 
clarity. 

It is a pleasure to thank Professor Charles Kittel and the Physics 
Department of the University of California, Berkeley, for their hospi- 
tality during the academic year 1968-1969, and to thank the Miller 
Institute for Basic Research in Science for financial support in the form 
of a postdoctoral fellowship. This monograph developed from a set of 
lecture notes prepared for ‘Physics 290g’, spring quarter, 1969. To the 
students and faculty who attended these lectures, and to those MIT 
students who attended various sets of lectures given at this institution, I 
wish to express my gratitude for many stimulating discussions which 
contributed significantly to my own understanding of the subject. 

I want to thank Mrs. Vera Sarantakis, Mrs. Janet Pollock, and Miss 
Susan J. Leonard for their diligence and patience in typing the final 
manuscript, and to thank a countless number of secretaries at Berkeley 
for having typed portions of the original lecture notes. 

I am greatly indebted to the staff of the Oxford University Press for 
their gracious assistance in so many ways. I am also deeply appreciative 
of the warm advice and thorough criticism of the early manuscript by 
one of the series editors, Dr. Walter Marshall. Were it not for his 
encouragement, the original lecture notes would never have developed 
into the present monograph. 

Severe self-criticism, even as I study the final page proof, means that 
I must resist an urge to re-write the treatment of several topics that I 
now realize can be explained more clearly and precisely. I do hope that 
readers who notice these and other imperfections will communicate 


their thoughts to me. 


Cambridge, Massachusetts He ESS. 
January 1971 
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PART I 
INTRODUCTION 


1 


WHAT ARE THE CRITICAL PHENOMENA? 
A SURVEY OF SOME BASIC RESULTS 


OvR purpose in this first chapter is to provide the reader with a brief 
qualitative description of what actually happens near the critical point, 
and with an appreciation of why the study of these critical phenomena 
has burgeoned in recent years. 


1.1. Classical era of critical phenomena 


Many of the basic facts of critical phenomena were observed fifty or 
even a hundred years ago, while other aspects have been discovered 
only in very recent years. Hence it has become customary to divide the 
field of critical phenomena into an early ‘classical’ era and a more recent 
‘modern’ era. 

Although a wide variety of physical systems exhibit critical pheno- 
mena, we shall concentrate on the liquid—gas and magnetic critical 
points for the sake of simplicity. 


1.1.1. Fluid systems 

Our discussion of fluid systems will focus first on the equation of 
state, a functional relationship of the form f(P, p, 7) = 0, which relates 
the thermodynamic parameters—pressure, density, and temperature. 
The equation of state thus defines a surface in a three-dimensional 
space whose coordinates are P, p, 7’; each of the points on this surface 
corresponds to an equilibrium state of the system. In order to aid in 
visualization of this Pp7' surface, it is convenient to consider its pro- 
jections on to the PT’, Pp, and pT planes; these are shown schematically 
in Figs. 1.1(a), 1.2(a), and 1.3(a) respectively. We see from Fig. 1.1(a) 
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that the projection on to the PT plane produces three separate regions, 
corresponding to the three familiar phases of matter—the solid, liquid, 
and gaseous phases. The solid and gaseous phases are in equilibrium 
along the sublimation curve, the solid and liquid phases are in equilib- 
rium along the fusion curve, and the liquid and gaseous phases are in 
equilibrium along the vapour pressure curve. Each point on these three 
curves represents an equilibrium state in which two or more phases 
can coexist—and the triple point represents an equilibrium state in 
which all three phases coexist. 

We notice, however, that the vapour pressure curve does not extend 
forever, as the fusion curve appears to do, but rather that it terminates 
in a point. This point is called the critical point, and its coordinates are 


—Vapour 
pressure curve 
Gas 


Triple point 


UAE GO} 
(a) Fluid (b) Magnet 


Fria. 1.1. (a) Projection of the PVT surface in the PT plane. (b) Projection of the HMT 
surface in the HT plane. 


denoted by (P,, p,, 7'.), where P,, p,, and 7, are the critical pressure, 
critical density, and critical temperature respectively. The fact that the 
vapour pressure curve terminates in a critical point means that one can 
convert a liquid to a gas continuously, without crossing the phase transi- 
tion line, as is indicated by the dotted path shown in Fig. 1.1(a). In this 
sense there is no fundamental difference between the liquid and gaseous 
phases. It is widely believed that the fusion curve does not also terminate 
in a (second) critical point. However, thus far it has not been possible 
to prove the non-existence of a liquid—solid critical point. 

That the vapour pressure curve terminates in a critical point was 
not appreciated until about a hundred years ago. Prior to that time 
scientists regarded certain gases as being ‘permanent’ in the sense that 
these gases could not be made to condense no matter how much pres- 
sure was applied (compressing a gas was a standard laboratory pro- 
cedure for liquefaction). Presumably the work on these gases was carried 
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out at a temperature T > 7’, while a prerequisite for obtaining droplets 
of the condensed phase is that the material be brought to a temperature 
lower than the critical temperature 7. Thus, for exam ple, helium 
cannot be liquefied no matter how great the applied pressure unless the 
temperature is reduced below the critical temperature of 5-2K. 

In addition to the PT projection, it is also useful to consider the pro- 
jections in the Pp and pT planes; these are shown schematically in Figs. 
1.2(a) and 1.3(a) respectively. These projections tell us a great deal 
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Fic. 1.2. (a) Isothermal cross-sections of the PVT surface (or, literally, the PpT 

surface). The exponent 6 is a measure of the degree of the critical isotherm. The fact that 

8 > 1 reflects the fact that the compressibility K> is infinite at T,. The fashion in which 

Ky diverges at T — T, is described by the exponents y and y’. (b) Isothermal cross- 

sections of the HMT surface. At high temperatures all isotherms approach straight lines, 

corresponding to the non-interacting limits, P = pkT/m and H = TM/C, where C is 
Curie’s constant (cf. Chapter 6). 


concerning the qualitative features of the critical point. From Fig. 1.2(a) 
and also from Fig. 1.3(a) we see that at low temperatures there is a 
rather large difference between the liquid and gas densities, p,, and pg, 
but that as the critical temperature is approached this density difference 
tends to zero. The existence of a quantity which is non-zero below the 
critical temperature and zero above it will be seen to be a common 
feature associated with the critical points of a wide variety of physical 
systems. We say that p;, — pg is the order parameter for the liquid-gas 
critical point. 

A second striking feature of Fig. 1.2(a) concerns the shape of the iso- 
therms as the critical point is approached. At very high temperatures 
the ideal gas law is obeyed and the isotherms are therefore the straight 
lines given by the ideal gas equation of state 

P= pel im, : an) 
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where k is the Boltzmann constant and m is the mass of a molecule. 
Hence one might suspect that the curvature of the isotherms which 
becomes apparent as 7’ decreases towards the critical temperature is a 
manifestation of interactions among the constituent molecules of the 
fluid. 

This is in fact the case, and we can discuss what is going on as the 
critical point is approached rather more easily if we utilize an analogy 
between a fluid and a ferromagnetic system, the lattice-gas model (see 
Aprendix A for a more detailed discussion). According to this model, we 
imagine that the macroscopic volume V containing the fluid is par- 
titioned into fixed microscopic cells whose volume »v is roughly the size 
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Fig. 1.3. (a) Projection of the PpT surface in the pT plane. Note that as T — T, from 
below, the vapour density pg increases and the liquid density p, decreases. Sometimes 
one writes p, — pg ~ |e|®c and p,, — p, ~ ||’. However, in practice Bg ~ B, and we 
may simply write pp — pg ~ |¢|*. (b) Projection of the HMT surface in the MT plane. 
Note that the spontaneous magnetization M plays the role of p — p,. Unlike the fluid 
case, this projection is the same as the H = 0 cross-section of the HMT surface. 


of the constituent molecules of the fluid. Next we construct an analogous 
magnetic system by considering each cell to be a lattice site on which a 
magnetic moment is situated. This magnetic moment is chosen to point 
in the upward direction if the corresponding cell of the fluid is occupied 
by the centre of a molecule, and the magnet is assumed to be pointing 
downward otherwise. Thus for temperatures well above the critical 
temperature, the free motion of the gas molecules of our fluid system 
will correspond to a rapid and random ‘flipping’ of the magnetic 
moments from one orientation (up or down) to the other. However, 
as the temperature is lowered toward the critical point, small ‘droplets’ 
of correlated spins appear. As the critical point is approached still 
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closer, the droplets grow in their dimensions as shown in Wig. 1-4. In 
fact, it is experimentally feasible to bring a fluid close enough to its 
critical point for these droplets to acquire lateral dimensions on the 
order of the wavelength of light, whereupon the light is scattered 
strongly. This phenomenon, called critical opalescence, was discovered 
by Andrews just over a century ago in the course of his measurements 
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the lattice-gas model of a fluid system as the temperature approaches 

ae ta Deaspenenets! Bach cell is coloured black if it is occupied by the centre of a 

molecule and we associate an ‘up’ spin with this site. one correlation length € may be 

thought of as being roughly the diameter of an ‘island’ of aligned spins. By courtesy of 
D. L. Njus. 


of the critical behaviour of carbon dioxide. To this day it provides one 
of the more striking manifestations of the critical point. 

Fig. 1.4 may be misleading in that we may get the impression that 
the system becomes completely ordered as 7 approaches 7, from 
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above (in the sense that all the moments are oriented parallel to one 
another). Of course this is not true; the system is completely ordered 
only at a temperature of absolute zero, and the net order (measured by 
the order parameter, which is the spontaneous magnetization in this 
case—cf. Fig. 1.3(b)) is zero at the critical temperature 7’ = 7',. Hence 
Fig. 1.4 is to be interpreted as a small portion of a large system. To 
clarify this remark further, Fig. 1.5 shows a system consisting of a 
two-dimensional lattice of cells with 64 cells on each side (so that there 
are altogether 2!? = 4096 cells). This sequence of diagrams may be 
interpreted as representing the approach to the critical point from the 
low-temperature side. Thus (a) represents the completely ordered state 
at T’ = 0 while in (b) the temperature of this two-dimensional lattice 
gas might be roughly }7',. We notice that relatively few of the spins 
have flipped from their up-configuration to their down-configuration, 
and this fact corresponds to the extreme flatness of the Ising model 
magnetization curve (cf. Fig. 9.9). In (c) the temperature is, say, 47", 
and a larger number of spins have flipped orientations. In (d) the tem- 
perature is getting close to T.,, and we observe that the overturned 
spins appear to cluster together in small ‘islands’. In (e) 7 ~ T,, 
while in (f) 7 2 7, and the islands of aligned moments are quite large. 
Notice that even though above the critical temperature the net magnet- 
ization is zero (i.e. there are roughly as many up spins as there are down 
spins), nevertheless there exists a considerable degree of ‘order’ in the 
system, as reflected in the large dimension of the islands of aligned 
spins. This order is frequently called short-range order in order to dis- 
tinguish it from spontaneous magnetization or long-range order. 

The phenomenon of critical opalescence is captured in the sequence of 
six photographs shown in Fig. 1.6. In part (a) the temperature is well 
above 7’, and we see the single, clear phase. The fluctuations are weak 
and there is no appreciable light scattering. In parts (b), (c), and (d) 
the temperature is successively lowered and we see that the sample 
tube takes on a dramatic glow. In (e) the temperature is just below T, 
and although a meniscus between the liquid and gaseous phases is 
apparent there are still liquid globules of higher density raining out of 
the gas phase above the meniscus, and vice versa. Finally, (f) shows 
complete separation of the liquid and gas phases. 

The concept of density changes near the critical point is illustrated 
in a sequence of four photographs in Fig. 1.7. These show a sealed glass 
bulb which has been filled with a quantity of carbon dioxide chosen 
such that the average density inside the bulb is very close to the critical 


Fic. 1.5. Schematic indication of the lattice-gas model of a fluid system. Fig. 1.4 (which 
contains 8 x 20 cells) should be interpreted as representing a relatively small portion of 
this lattice (which contains 64 x 64 cells). (a) is the completely ordered state (which 
exists only at T = 0); (0), Tie £13 (c), rs elas (d), Tie 27T.; (e), fp = Ts} (f), 
T > T,. This illustration and the associated temperatures are to be regarded as purely 
schematic. In fact, the figure was constructed from a computer simulation of the time- 
dependent aspects of the two-dimensional Ising model and actually represents rather 
different phenomena (cf. Appendix E). After Ogita et al. (1969). 
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Fic. 1.6. Behaviour of a fluid as the temperature is lowered past the critical temperature: 
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fluid shown is the binary mixture cyclohexane-aniline. After Ferrell (1968). 
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density p,. Also inside the bulb are three balls with pre-determined 
densities that are slightly less than, approximately equal to, and slightly 
larger than p,. In (a), the temperature is greater than 7’, and the fluid 
consists of a single, relatively homogeneous ‘phase’ with slight density 
variations due to gravity. Hence the heaviest ball is at the bottom 
and the lightest ball is at the top of the tube. In (b) the temperature is 
lowered to just above 7’, and we observe the critical opalescence as 
the entire tube takes on a milky white colour. Since the compressibility 
is large, the density distribution is very sensitive to pressure gradients, 
and the middle ball—in this photograph—is not precisely at the centre 
of the tube. In (c) the temperature has fallen just below 7’, and a 
meniscus is seen to form, while in the final stage (d) the temperature 
is well below 7’, and all three balls float at the, by now, well-defined 
meniscus. The fact that this meniscus forms near the centre of the tube 
supports the classic law of rectilinear diameter according to which 
2(pL pe Pa) = Pe: 

After the preceding qualitative discussion, it should come as no 
surprise that the isotherms in Fig. 1.2(a) indicate a significant depar- 
ture from the linear behaviour predicted by the ideal gas law; we are 
now in a position to understand something of the nature of this devia- 
tion. Specifically, we see from Fig. 1.2(a) that the isotherms actually 
acquire a flat portion in the immediate vicinity of the critical point, 
i.e. the slope (@P/ép) becomes zero as 7’ —> T}. Now the isothermal 
compressibility K, of a fluid is defined to be p~*(@p/0P)7, and hence 
the flat portion of the isotherm in Fig. 1.2(a) corresponds to an isother- 
mal compressibility which diverges to infinity as the critical point is 
approached. Of course an infinite value of (@p/?P); means that the 
response of the density to a very small pressure fluctuation is infinite. 
Thus we might expect that this divergence in the isothermal com- 
pressibility is connected to the huge density fluctuations which we associ- 
ated with critical opalescence. In fact, we shall see in Chapter 7 that 
the density fluctuations are mathematically related in a direct fashion 
to the isothermal compressibility and hence to the derivative (dp/@P)r. 

Thus far our discussion of the classical era of fluid critical phenomena 
has centred on experimental results. This is not to say that there were 
no theories, however. In fact, barely three years had passed after 
Andrews’ classic 1869 publication on the critical point of carbon 
dioxide when van der Waals, in his Ph.D. dissertation, published a 
theoretical description of the critical region which to this day provides 
an intriguingly accurate description of the critical region for 
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temperatures that are not too close to-7’, (cf. Chapter 5). The pheno- 
menon of critical opalescence was also discussed in the early years of the 
twentieth century by many theoreticians—among them von 
Smoluchowski, Einstein, Ornstein, and Zernike. 


1.1.2. Magnetic systems 


It is customary to stress the analogies between magnetic and fluid 
transitions for pedagogical reasons. For example, if we apply pressure 
to a fluid system the density increases, while if we apply a magnetic 
field H to a ferromagnetic system the magnetization M increases. Hence 
in a sense H is analogous to P and M to p and the equilibrium PpT 
surface of a fluid system corresponds, after a fashion, to the HMT 
surface of a magnetic system. 

Figs. 1.1(b), 1.2(b), and 1.3(b) show the projections of the H/T sur- 
face on to the HT, HM, and MT planes respectively. Much of the 
qualitative discussion presented above also applies to the magnetic 
system. In particular, the response function Ky is analogous to the 
isothermal susceptibility yp = (2M/0H);, which approaches infinity 
near 7’, corresponding to the ‘flattening’ of the critical isotherm 
(T = T.) in Fig. 1.2(b). Associated with this divergent response func- 
tion is an enormous increase in the fluctuations of the magnetization, 
and a relation, analogous to that for the fluid system, relates yp to 
these magnetization fluctuations (cf. Appendix A). 

In the early years of the twentieth century, theoretical progress was 
made in understanding magnetic transitions, and the approach taken 
was not altogether unlike the classic work of van der Waals on fluid 
systems. In 1907, just a few years after the pioneering experimental 
work of Curie, Hopkinson, and others, Pierre Weiss proposed a theory 
of ferromagnetism in which he assumed that the constituent magnetic 
moments interact with one another through an artificial ‘molecular 
field’ which is proportional to the average magnetization (see Chapter 
6). More specific models of the interacting magnetic moments were 
put forward some years later. These models have in common the feature 
that they assume the magnetic moments to be localized on fixed lattice 
sites and that they influence one another through pairwise interactions 
with an energy that achieves its maximum value, J, when the moments 
are parallel. 

Two particular forms of the interaction are particularly interesting 
to this day. In the first of these, due to Wilhelm Lenz but called the 
Ising model, the magnetic moments are assumed to be classical, one- 
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dimensional ‘sticks’ capable of only two orientations. Thus the Tsing 
model is the magnetic model analogous to the lattice-gas model of a 
fluid system discussed in the previous subsection. 

A second model, called the Heisenberg model, regards the magnetic 
moments as being related to quantwm-mechanical three-component 
spin operators, and assumes that the energy is proportional to the 
scalar product of these operators. Although the original Weiss model of 
a magnetic system is quite easy to solve exactly, neither the Ising nor 
the Heisenberg model has yielded as yet to an exact solution for a 
three-dimensional lattice. Nevertheless, these models appear to repre- 
sent reasonable theoretical descriptions of certain physical systems, 
and therefore their continued study has provided us with considerable 
insight regarding magnetic phase transitions. 


1.2. Modern era of critical phenomena 
1.2.1. Critical point exponents 


There is no clear-cut development which delineates the beginning of 
the modern era of critical phenomena. Some might say that it began 
in the 1940s with Guggenheim’s realization that the coexistence curve 
of a fluid system is not parabolic and with Onsager’s exact solution of 
the two-dimensional Ising model, while others might set the date 
somewhat later, for example in the early 1960s when Heller, Benedek 
and Jacrot (together with theoreticians such as Domb, Rushbrooke, 
Fisher, and Marshall) came to recognize that certain entities, the critical 
point exponents, were significant entities worthy of special attention 
in their own right. 

In any case, our brief introduction to the modern era will begin by 
considering the subject of critical-point exponents. Consider, for 
example, the now classic Guggenheim plot, reproduced in Fig. 1.8, 
which shows the temperature dependence of the liquid—gas density 
difference p;, — pe for eight different simple fluids (Ne, A, Kr, Xe, 
N,, O2, CO, and CH,). We call py, — pag the order parameter because it is 
non-zero only in the ordered phase. The fact that the data, properly 
normalized, fall on one and the same curve is in accord with the law of 
corresponding states. What is interesting is that the shape of the solid 
curve—supposedly a ‘best fit’ to the data—is a cubic function rather 
than the quadratic function that the van der Waals theory would 
predict. 

For the analogous magnetic system the appropriate order parameter 
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Fic. 1.8. Measurements on eight fluids of the coexistence curve (a reflection of the PpT 
surface in the p7' plane analogous to Fig. 1.3). The solid curve corresponds to a fit to a 
cubic equation, i.e. to the choice B = }, where p — p, ~ (—«)*. From Guggenheim (1945). 


is the zero-field magnetization M because M is a measure of the degree 
to which the magnetic moments are aligned throughout the crystal. 
Here again the classic Weiss theory predicts a quadratic dependence 
M? «x (T, — T), whereas we see that M? x (T., — T’) would seem to be 
an appropriate fit to the measurements of Heller and Benedek shown 
in Fig. 1.9. 


It is customary to say that the order parameter varies as (—e)? 
where 


a (1.2) 


and where the critical-point exponent 8 typically has a value in the 
range 0-3-0-5, It is important to stress that it is not necessary to have a 
strict proportionality between the order parameter and (—e)* in order 
to be able to define a critical-point exponent. In fact, if we knew that a 
simple relation of the form M = 4(—e)* were valid, then three meas- 
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urements in the critical region would suffice to determine the exponent 
B! In practice there are frequently correction terms, so that M might 
have the form #,(—«)*{1 + B(—«)* +.. .} with z > 0. Hence a more 
natural definition of the critical-point exponent B is 


_.. nM 
a =e 


(1.3) 
where the correction terms will drop out in taking the limit. In fact, 
critical-point exponents are frequently determined by measuring the 
slopes of log-log plots of experimental data, since l’Hospital’s rule, 
together with eqn (1.3), implies that 8 = d(In M)/d{In (—e)}. Although 
this is a particularly quick method of determining the exponent, it 
requires a prior knowledge of the critical temperature, so that in prac- 
tice one must frequently resort to plotting M18 for several trial values of 
B until a value is found which produces a straight line. 

At one time many workers believed that all materials have the same 
exponents. For example, we remarked above that all eight fluids shown 
in the Guggenheim plot, Fig. 1.8, appear to have roughly the same 
exponent, 8 ~ +. Hence it was rather satisfying when the first accurate 
measurements of 8 for a magnetic system, those of Heller and Benedek 
in 1962, produced the value B = 0-335 + 0-005 (cf. Fig. 1.9), and 
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Fig. 1.9. Dependence upon temperature of the cube of the zero-field magnetization for 
MnF,. Since MnF, is an antiferromagnet instead of a ferromagnet, the critical tem- 
perature is denoted by T'x rather than by 7. After Heller and Benedek (1962). 
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subsequent measurements on other magnetic systems also appeared 
to yield similar values of 8. However, this once-hoped-for universality 
has yet to be more rigorously demonstrated, and there now exists a 
growing list of materials for which B = } is definitely outside the 
experimental error. For example, particularly accurate measurements 
supporting 8 = 0-354 for helium are shown in Fig. 1.10. 
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Fic. 1.10. Measurements of the coexistence curve of helium in the neighbourhood of its 
critical-point. The critical-point exponent B has a value of 0-354. After Roach (1968). 


For some of these materials, however, the source of the discrepancy 
may be due to complicating factors such as the lattice compressibility. 
In Fig. 1.11, for example, are shown some recent data on the magnetiza- 
tion of CoO, which contracts suddenly on cooling through the critical 
temperature so that the exchange energy between neighbouring atomic 
moments increases. Hence when the critical temperature is approached 
from below, the system finds the exchange energy and hence the 
effective critical temperature decreasing (kT, is generally thought to 
be a linear function of J, as one might imagine from dimensional analy- 
sis), and the measured critical-point exponent 8 is decreased below 
what one would expect for an incompressible lattice. Thus the value 
B = 0-244 + 0-015 is obtained from the slope of the log—log plot of the 
CoO data in Fig. 1.11 whereas, when corrected for this lattice contrac- 
tion effect, the data indicate 8 = 0-290 + 0-025. 
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In Chapter 3 we shall define a good many of the commonly used 
critical-point exponents—suffice it to say here that there are essentially 
as many exponents as there are singular functions, and the Greek 
alphabet is fast being exhausted. Three of the most common critical- 
point exponents—e’, 8, and y’—are defined for fluid and magnetic 
systems in Table 1.1. Note that minus signs are associated with the 
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Fig. 1.11. Dependence of the logarithm of the magnetic Bragg peak intensity from 
neutron scattering from CoO upon the logarithm of (Ty — T). This intensity is propor- 
tional to the square of the spontaneous magnetization. The upper curve is a least squares 
fit (LSF) to a power law, assurning that the lattice is incompressible. The lower curve is a 
similar least squares fit to data that have been corrected for the lattice compressibility. 
The critical exponent obtained from the lower curve is clearly in better agreement than 
the upper curve with the anticipated value of B ~ 0-3. After Rechtin, Moss, and 
Averbach (1970). 


exponents for response functions such as the specific heat, compressi- 
bility, and susceptibility which are expected, theoretically speaking, to 
diverge to infinity at the critical point; hence the exponents «’ and y’ 
are defined such that they are positive quantities. Of course, no one 
has ever measured an infinite value for any of these response functions. 
This is not only because we never can make measurements arbitrarily 
close to 7, (measurements for « < 10~® or closer than one part in a 
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TABLE 1.1 


Representative critical-point exponents for fluid and magnetic systems. 
For simplicity we have only considered here the approach to T, from the 
low-temperature side. More complete tables are shown in Chapter 3 


Definition a’ , B y’ a’ + 28+" 

Fluid Cyave~ (—€)"* pu-par(—e)? Krp~(—e)-” aes 
Magnet Cuxo~(—€)-* Mrno~(—€)? xr~(—6)-” = 
Typical experimental 
values 
Fluid or magnet 0-0-2 0-3-0-5 1-1-1-4 s2 
Theories 
van der Waals or Weiss 0 (discontinuity) 4 1 2 
Two dimensional Ising 

model 0 (log) 4 i 2 


million from the critical temperature are extremely rare) but also be- 
cause some sort of rounding-off of the data is frequently found, as we 
see, for example, in the specific-heat data shown in Fig. 1.12. 
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Fra. 1.12. Dependence of the specific heat upon the logarithm of | T — Ty| for cobalt 
chloride. The data appear to be fitted fairly well by a logarithmic divergence except 
within a few millidegrees of T'y. After Kadanoff et. al. (1967). 


1.2.2. Results from model systems 

The number of model systems which have been studied as a means of 
gaining insight into the nature of phase transitions and critical pheno- 
mena is extremely large and therefore we shall limit our remarks here 
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to the two models we introduced above, the Ising model and the Heisen- 
berg model. Although both these models were proposed in the early 
years of this century, it is only within the last two decades that much 
of their richness has come to be appreciated. 

The highlight in any discussion of the Ising model is perforce 
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Onsager’s solution, in 1944, for the H = 0 partition function of a two- 
dimensional lattice. From the partition function he was able to demon- 
strate that the specific heat possesses a logarithmic divergence at 1. 
when approached from either side of the transition. This result stood in 
dramatic contradistinction to the predictions of the mean field theory 
and other theories of cooperative phenomena of that day which pre- 
idicted a simple discontinuity in the specific heat (cf. Fig. 1.13). In 
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particular, it showed that Ehrenfest’s classification according to which 
derivative of the free energy undergoes a discontinuity was, in a sense, 
inadequate for the description of the two-dimensional Ising model 
phase transition. (In this monograph we shall follow Ehrenfest in so far 
as we shall denote by ‘first-order transitions’ phase transitions in which 
the first derivative of an appropriate thermodynamic potential is 
discontinuous, while we shall denote by ‘higher-order’ or ‘continuous’ 
transitions the characteristic behaviour near the critical points of fluids 
and magnets for which the first derivatives are continuous while the 
second derivatives are either discontinuous or infinite. This classifi- 
cation, due to Fisher, is somewhat more general than Ehrenfest’s.) 

Because Onsager’s solution is for the zero-field partition function, 
it is not possible to obtain directly the exponents f, y, and y’. The 
spontaneous magnetization and hence the exponent B was, however, 
obtained a few years later by Onsager, who announced his result in 1948 
as a discussion remark following a paper of Tisza on the general theory 
of phase transitions. Onsager never published his derivation, however, 
and four years later Yang published a complete derivation that abounds 
in complicated elliptic integrals and represents a true mathematical 
tour de force. 

The susceptibility of the two-dimensional Ising model has not yet 
been calculated, so Table 1.1 shows only an approximate (though an 
extremely reliable) value for the exponent y’. This approximate 
value is not obtained from the usual sort of closed-form approxi- 
mations, but rather from extrapolations based upon a method of 
successive approximations in which successively longer-range corre- 
lations are taken into account. As we shall see in Chapter 9, closed 
form approximations have so far not been capable of describing the 
subtle and fascinating physical feature of the critical point—namely 
that although the interaction between the constituent magnetic mo- 
ments is generally of extremely short range (for example, extending 
only to neighbouring moments), this interaction nevertheless ‘propa- 
gates’ from one moment to the next, tending to create a preferred 
direction for all magnetic moments and in fact the resulting order 
becomes infinite in range as the critical point is approached. In particu- 
lar, these approximation methods in which longer and longer correlation 
ranges are successively taken into account have demonstrated the 
crucial role of lattice dimensionality in determining critical behaviour. 
Hence the fact that the critical-point exponents shown in Table 1.1 
for the two-dimensional Ising model do not agree with most experi- 
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mental measurements on simple fluids does not necessarily indicate a 
breakdown of the intuitively plausible lattice-gas model. 

Since no one has yet succeeded in solving the three-dimensional Ising 
model exactly (and since some workers have claimed that it may in 
fact be an insoluble problem!), we must perforce consider alternate 
models. Now the Heisenberg model is not even soluble for two-dimen- 
sional lattices, so this avenue of approach would appear fruitless. How- 
ever, some years ago Berlin and Kac succeeded in solving, for both 
two- and three-dimensional lattices, a rather unphysical model called 
the spherical model. This model is in some respects similar to the Ising 
model but, in the critical region, the exponents of the spherical model 
agree with experiments as poorly as do those of the two-dimensional 
Ising model. The principal virtue to this day of the spherical model 
result is that it represents one of the very few non-trivial examples of a 
many-particle system that can be solved exactly for three dimensions. 
This statement is not intended to deprecate model systems which as 
yet have no physical system as a counterpart—there is generally much 
to be learned from a theoretical model when considered in its own right, 
and frequently the predictions of the theoretical model motivate a 
successful search for the appropriate physical system. 


1.2.3. Eaponent inequalities and the scaling hypothesis 


At this point, the reader may be wondering why so much effort has 
been directed towards the investigation of the critical-point exponents 
and he may be led to inquire why more attention is not focused on 
finding a theory that fits experimental data over the entire range of 
temperatures. Our answer to his question has two parts. The first is that 
the physical phenomena that come into play—namely, the building 
up of extremely long-range correlations extending to perhaps a billion 
constituent particles—are absent when one is far from the critical 
point. The second part of our answer is that there exist among the 
exponents certain relations which arise from fundamental thermo- 
dynamic and statistical mechanical considerations and thus transcend 
any particular system under consideration. As an example of this, we 
show in Chapter 4 that a large number of inequalities among the 
various critical-point exponents can be obtained from elementary 
thermodynamic reasoning, together with certain additional assump- 
tions. One of these inequalities states that «’ + 28 + y’ = 2, and 
Table 1.1 shows the values of the quantity «’ + 28 + y’ for several 
theoretical models and for typical experimental systems. We see that 
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a’ + 28 + y' apparently equals 2 for the theoretical models and either 
equals or falls just short of 2 for the experimental systems. However, 
the equality can frequently be obtained by reconsideration of the error 
bounds placed on the data. Hence one might be led to conjecture that 
the inequality «’ + 28 + y’ = 2 is in fact obeyed as an equality. 
Attempts to prove this rigorously have thus far been unsuccessful. 

An alternate approach which does predict that the inequalities be 
satisfied as equalities involves making an assumption that certain 
thermodynamic functions are homogeneous functions of their argu- 
ments. This assumption, which has come to be called the static scaling 
hypothesis, leads not only to the prediction that most of the exponent 
inequalities are satisfied as equalities, but also to additional predictions 
concerning the equation of state of a substance in the very immediate 
vicinity of the critical point. Many of these predictions have been 
partially corroborated by experimental measurement and theoretical 
calculation on model systems, and the scaling law approach has thereby 
enjoyed quite a remarkable success in providing a unified approach 
to many phenomena associated with the critical point. It should be 
pointed out, however, that certain examples still stand in contradiction 
to the predictions of the scaling hypothesis, and hence the ultimate 
validity of the hypothesis must be regarded as an open question. More 
important, perhaps, is the fact that the scaling hypothesis is at best 
unproved, and indeed to some workers represents an ad hoc assumption 
entirely devoid of physical rationale. 


1.3. Phase transitions in other systems 


Phenomena analogous to those described above are found to be 
associated with critical points in a wide variety of other physical sys- 
tems. For example, many features of the superfluid, superconducting, 
and ferroelectric transitions are quite similar to those found for liquid— 
gas and magnetic critical points. In particular, the analogy between the 
phase transitions discussed above and the phase transition in a binary 
mixture (or a binary alloy) is relatively easy to describe. A binary 
mixture of two different fluids exhibits a critical temperature below 
which the two components do not mix homogeneously in all proportions, 
and one can define a two-component region, bounded by a coexistence 
curve, which is in many respects analogous to the two-phase region of a 
simple one-component fluid. 

Analogies among phase transitions in superfluids, superconductors, 
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Line of 
A — transition 


O D= 27 KK 


Fie. 1.14. Sketch (not to scale) of the equilibrium PVT surface of *He in the low- 
temperature region, and the projection of this surface on to the PT plane. Contrast this 
phase diagram with that of a normal fluid shown in Fig. 1.1(a). From Huang (1963). 
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Fie. 1.15. Dependence of the logarithm of the superfluid density upon the logarithm of 
the temperature difference from the A temperature for *He. The superfluid density is the 
square of the order parameter for the A-transition, and one sees from the slope of this 
plot that the appropriate exponent has a value of about # or roughly that of M?, where 
M is the order parameter for the ferromagnetic transition, After Kadanoff et. al. (1967). 
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and ferroelectrics must, however, be made with care. For example, 
there is actually an entire line of critical points in a superfluid along 
which various critical phenomena take place, and as we see from the 
PT-projection of the PVT surface of helium shown in Fig. 1.14, this 


(J go! deg!) 
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Fie. 1.16. Specific heat of *He as a function of 7 — T, in K. Notice that the shape of the 
specific heat curve is rather like the Greek letter A, whence the origin of the term ‘A- 
transition’. The fact that the specific heat is only about ten times its ‘normal’ value even 
at temperatures only a few microdegrees from 7’, is correlated with the fact that the 
critical-point exponent is extremely small (in fact, a is probably zero, corresponding to a 
logarithmic divergence). The width of the small vertical line just above the origin indi- 
cates the portion of the diagram that is expanded in width in the curve directly to the 
right. After Buckingham and Fairbank (1965). 


*)-line’ terminates at the vapour pressure curve in a ‘A-point’. These 
phase transitions appear to be characterized by an order parameter 
which is non-zero below 7’, and zero above (cf. the data for the order 
parameter in the superfluid transition in Fig. 1.15) and an anomaly in 
the specific heat (cf. Fig. 1.16, which shows the temperature dependence 
of Cs, the specific heat under saturated vapour pressure, for *He; note 
that the temperature scales are progressively expanded by factors of 
1000). 

Table 1.2 gives a brief list of phase transitions and the order para- 
meters of each. For pedagogical reasons, we shall restrict most of our 
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TABLE 1.2 


Partial list of phase transitions and the order parameters <p> associated 
with each. Adapted from Kadanoff et al. (1967) 


Transition Meaning of <p> Free choice in <p> Thermodynamic 
conjugate of <p> 


liquid—gas P — Pec p > 0 = liquid ps 
p < 0 = vapour 
(2 choices) 


ferromagnetic magnetization M if m equivalent applied magnetic 
‘easy axes’ field, H, along easy 
i 2n choices axes 
antiferromagnetic sublattice if n ‘easy axes’ not physical 
magnetization 2n choices 
Heisenberg model magnetization M direction of M H 
ferromagnet (can choose any value 
on surface of sphere) 
Ising model ferro- 8; 2 choices 
magnet 
superconductors A (complex gap phase of A not physical 
parameter) 
superfluid <b> (condensate wave phase of <> not physical 
function) 
ferroelectric lattice polarization finite number of electric field 
choices 
phase separation concentration 2 choices a difference of 


chemical potentials 


discussion in this monograph to the simpler cases of fluid and magnetic 
phase transitions. » 


Suggested further reading 

Andrews (1869). 

Hopkinson (1890). 

Weiss (1907). 

Temperley (1956). 

Brout (1965). 

Mendelssohn (1966). 

Landau, Akhiezer, and Lifshitz (1967). 
Widom (1967). 

Stanley (1971a). 
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USEFUL THERMODYNAMIC RELATIONS 
FOR FLUID AND MAGNETIC SYSTEMS 


THE material in this chapter is intended to serve as a brief review of 
those aspects of thermodynamics that will be used to describe phase 
transitions and critical phenomena. We shall first review the thermo- 
dynamic relations appropriate for a fluid system, following which we 
shall discuss the analogous relations for a magnetic system. 


2.1. The thermodynamic state functions U, EH, G, and A 


We begin by recalling the first law of thermodynamics, which states 
that the differential dU, defined by the relation 


dU = dQ — dW, (2.1) 


is exact. Here dQ is the differential quantity of heat absorbed by the 
system and dW = P dV is the differential quantity of work done by 
the system, where P is the pressure and V is the volume. That dU is 
exact means that there exists a function U representing the internal 
energy of the system, such that the change in U, AU = i dU, is the 
same for all processes leading from a given initial state i to a given 
final state f. We say that U is a state function because, providing we 
choose U = 0 for some reference state 1, U depends only on the state f. 
We shall usually write U = U(S, V), where S is the entropy. 

Three other state functions are useful—the enthalpy H, the Gibbs 


potential G, and the Helmholtz potential A. They are defined by 
the relations 


E = E(S, P) = U + PY, (2.2) 
G = G(T, P) = U — TS + PY, (2.3) 


and 


A= A(T, V) =U — TS. (2.4) 
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2.2. Differential relations for the state functions: the thermo- 
dynamic square 


We will frequently use the following two mathematical lemmas, 
which the reader can easily prove for himself. 


Lemma 1. Let df be an exact differential of the function f (x, y). 


Then 
df = u(x, y) dx + v(x, y) dy (2.5) 
with 
é 
wen=(Z), we» = (Z) (2.6a) 
and 
du) fF (tw 
Gi). by Ox Ox Oy (=), 


Lemma 2. Let x, y, and z satisfy some functional relationship f(x, y, 2) 
= O(e.g. P, V, and 7' satisfy an equation of state of the form f(P, V, T) 
= 0). Let g be a function of any two of x, y, and z. 


Then 7 
(5), ‘ {(2),} (2.7) 

(55). (ce) Ae), =~? 2.) 

(=), ~ (ae) Az), a 


We begin with the differential expressions for the four state functions. 
The first relation is obtained from eqn (2.1) with the substitutions 
dQ = TdS and dW = P4dVJ; the remaining relations are obtained from 
(2.2)-(2.4) by writing d(PV) = PdV + VdP and d(T'S) = TdS + SdT. 
Thus we obtain 


dU = TdaS — Pay, (2.10a) 
dE = TdS + VP, (2.10b) 
dG = —SdT + VaP, (2.10¢) 


dA = —-SdT — Pdv. (2.10d) 
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On using (2.6a), we find 


Boe (3), v= (3), (2.116) 
ee (=) ape (=), (2.114) 


A convenient mnemonic device for recalling these equations is the 
thermodynamic square shown in Fig. 2.1(a). On each side of the square 


V A Ff 
cK 
S E P 
(a) 
P.-E sis] [P] E Ss 
G U = @ U 
i ee | Za i 


(b) 


Fia. 2.1. (a) The thermodynamic square. Note that the arrows enable one to get the 
sign right in eqns (2.10) and (2.11). (b) Two thermodynamic squares rotated 180° as 
required to obtain the Maxwell relation, eqn (2.12d). 


appears one of the state functions, surrounded by its two natural in- 
dependent variables. The reader can easily discover how to use the 
square to construct the relations (2.10) and (2.11). 

On applying eqn (2.6b) of Lemma 1 to each of eqns (2.10) and (2.11) 
we obtain the four “Maxwell relations’: 


(ar), - (as) a 


(a),- (as) a 
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(=), = (=), (2.12c) 


(ar),- (za), je 


The Maxwell relations are also easily obtained from the thermodynamic 
square, providing we rotate it to the appropriate position. Thus, by 
rotating the square 180° (see Fig. 2.1(b)) we can read off the last 
relation, eqn (2.12d). 

Clearly a knowledge of any one of the four state functions U, E, G, 
and A for all values of its natural variables ((S, V), (S, P), (1, P), and 
(7, V) respectively) is sufficient to determine the remaining three state 
functions. For example, U can be obtained from A by using 


ie ng ae (=). as -1™(71 3), (2.13) 


2.3. Two basic response functions: the specific heat and the 
compressibility 
Two types of response function will be introduced in this section: 
(i) the specific heats Cp and Cy, which measure the heat absorption from 
a temperature stimulus, and (ii) the compressibilities K; and Kg, 
which measure the response of the volume to a pressure stimulus. 
(i) The specific heat at constant x (x = P or V) is defined by 


_ (dQ\ _ os 
o. = (82) = 2(28). eu 
If the volume is held constant, then 
as oU 07A 
oy = (Fn), ~ (az), - ~"(o09), a 


using (2.10a) and (2.11d). Similarly, if the pressure is held constant, 
thendQ = dU + PdV =d(U + PV) = dH, s0 that 


as oH eG 
o. - (5), = (52), = ~ T(z), i 


(ii) The isothermal and adiabatic compressibilities are defined by the 


1 (ae ce --7 (=) 917 
Kr = ~ o (5p), = 5 (3), ~ “ae ae 


relations 
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and ; 
1 (aV dp eH 
| A ee i 5 a 
Ses ey (=), ~ (35). V 7 (33), C7) 
where p = mn is the mass gene and n = N/V is the average particle 
density. 


A third response function which receives considerably less attention 
is the coefficient of thermal expansion, ap», defined by 


_1/av 
kp = 7(sz),: (2.19) 


The response functions are not all independent of one another. Two 
particularly useful relations among them are 


K,(Cp — Cy).= TV a3 m (2.20a) 
and 
O,(K, — Ks) = TVa3. > (2.20b) 
To derive eqns (2.20a) and (2.20b), we begin with the relations 
as as aS\ (eV 
(az), ~ (a), + (z7),(en), 229 
and 
aV av aV\ (a 
(=e), ~ (ze), * (<s),(ze), aE 


which are special cases of the general result 


(a).= ah “(% =) (ay ae (2.22) 
KsCp On = ~7(5p),(57),(57), 289 
(ee -7(7 7), (= *), (3 S Bias 


Next we observe that eqn (2.8) of Lemma 2 implies that 


(sP),(en), (=r), =~» 24 


Using the Maxwell relation (2.12d) and eqn (2.7) of Lemma 2, eqn 


(2.24) becomes 
(=7),(er), - - (=n), (2 


Hence 


and 
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On substituting eqn (2.25) into eqn (2.23a) and using the definition 


(2.19) of the thermal expansion coefficient ap, we obtain the first: desired 
result, eqn (2.20a). 


Equation (2.20b) is derived in an analogous fashion. Thus by eqn (2.8) 


(=7),(ep),(cs), 
=n) ,(ze),(a5), = ~ pe 
which may be rewritten using eqns (2.7) and (2.12b) as 

aS\ (eV as 

(zr),(as), ~ - (@), ae 


Finally, eqn (2.23b) together with eqns (2.27) and (2.12c) result in eqn 


(2.20b). 
GSS 9M 
P'>P 
(a) (b) 


Fic. 2.2. Using the principle—often attributed to Le Chatelier—that any spontaneous 
change in the parameters of a system that is in stable equilibrium will give rise to pro- 
cesses that tend to restore the system to equilibrium, the reader can complete the 
following heuristic arguments that (a) C = dQjdT > 0, and (b) K ~ —dV/dP > 0: 
(a) suppose there has occurred a spontaneous temperature fluctuation in which the 
temperature of the system isincreased from 7’ to 7”; (b) suppose there occurs a spontaneous 
pressure fluctuation P-—> P’. The non-negativity of these response functions also 
follows directly from the fluctuation—dissipation relations derived in Appendix A. 


Now in order that our fluid system be thermally and mechanically 
stable, the specific heat and compressibility should be positive for all T' 
(see Fig. 2.2). Hence eqns (2.20) imply that 


Cra, (2.28a) 
and 
Kn = Ke (2.28b) 


for all temperatures. In particular, as 7’ T',, we shall see that 
Cp» Cy and K,; > Ks. (Note that the relations (2.28) reduce to 
equalities only (i) when T = 0 or (ii) when ap = 0, as, for example, in 
the case of water at about 4 °C.) Equations (2.20) and their magnetic 
analogues will prove extremely useful in our discussion below. In 
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particular, it is elementary to obtain from eqns (2.20) the following 
corollaries: : 


C,/Cy = K7/Ks, (2.29) 
T Vaz 
Ce ee 2.30) 
= (Ke aK,) | 
and ; 
C z Vers (2.31) 


a I) 


2.4. Stability and convexity relations 


In this section we shall see that the positivity of the specific heat 
and compressibility, as required for thermal and mechanical stability, 
implies certain convexity properties of the thermodynamic potentials 
A and G. These properties will be used in Chapter 4. 


Derimition. A function f(z) is a convex function of x providing the 
chord joining the points f(x,) and f(x.) lies above or on the curve 
f(x) for all x in the interval x, < 4% < Xp. 

For example, the function f(x) = x? is convex (see Fig. 2.3) as is the 


a 


aie 


Fic. 2.3. The parabola f(x) = a? is a convex function since, for example, (i) any chord 


lies above or on the parabola, (ii) any tangent lies below or on the parabola, and (iii) the 
second derivative f’(x) is positive. Therefore the parabola f(z) = —2z? is a concave 
function. 


function f(x) = |x|. Note that this definition does not require f(x) to be 
differentiable. However, should the derivative f’(a) exist, then it follows 
that a tangent to a convex function always lies below the function 
except at the point of tangency. If, moreover, the second derivative 
of a convex function exists, then f’’ (x) > 0 for all x. 
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DeEFINiTIon. A function f(x) is a concave function of x if the function 
—f (x) is convex. Thus, for example, f(x) = — x? is concave. 

In the previous section we noted that for a mechanically stable 
system, the specific heat and the compressibility must be positive for all 
temperatures. Thus we are led to the following theorem. 


THEOREM. (i) The Gibbs potential G(T, P) is a concave function of 
both temperature and pressure, and (ii) the Helmholtz potential A(T, V) 
as a concave function of the temperature and a convex function of the volume. 

Proof. We begin by noting from eqns (2.11c) and (2.11d) that 


"1a aA 
a 
Hence 
22g as 1 
(73), = - (Gr), = -20r < ° oe 
and 
aA as 1 
(=), - - (5), = ~7iCy <0. (2.34) 


Since the second derivatives exist (except for 7 = T,) and are non- 
positive, it follows that both G(T, P) and A(T, V) are concave functions 
of temperature. 

Next we observe, again from eqns (2.11c) and (2.11d), that 


2G av 
(=), = (3), yO (2.35) 
and 
A\ (aP\ _ ee 
(Fa), é -(F), = (VK;)- = 0, (2.36) 


from which it follows that G(7', P) is a concave function of pressure and 
A(T, V)is a convex function of volume. 


CoroLLary. The curvature of G(T, P) with respect to P (for fixed 7’) 
is the negative reciprocal of the curvature of A(T’, V) with respect to V 
(for fixed 7’). 


Proof. Directly from eqns (2.35) and (2.36) it follows that 


(774), i {(Fa),} (2.37) 
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2.5. Geometrical interpretation of the Gibbs and Helmholtz 
potentials : 

First let us note from eqns (2.3) and (2.4) that G(T, P) and A(T’, V) 
are simply related by G = A + PV. Therefore, given one of these 
potentials, we may easily find the other by means of the simple geo- 
metric construction shown in Fig. 2.4 (for a fixed temperature above 
T ,). Note that the convexity relations for A and G imply that the second 
derivatives with respect to any argument have the same sign for all 
values of the argument, thereby guaranteeing that no ambiguities will 
arise in this construction. More familiar quantities are the volume and 


Tp 


A (b) 


(d) 


1 V 


Fic. 2.4. Geometrical interpretation of the relation between the Gibbs and Helmholtz 
potentials at a fixed temperature 7 > T.. This construction, adapted from Morse (1969) 
and Griffiths (unpublished lecture notes), is based on the identities 4 = G — PV and 
V = (eéG/eP);. The vertical distance between the dashed lines in (a) and (b) is the 
product PY, and on subtracting this from G we obtain A. Note that the construction 
indicated is unambiguous because G(7’, P) is a concave function of P (for all P) and 
A(T, V) is a convex function of V (for all V). Also shown are the volume as a function 
of pressure (obtained from the pressure derivative of G(T, P)) and the pressure as a 
function of volume (obtained from the volume derivative of A(T, V)). 


the pressure, given by eqns (2.11c) and (2.11d). These quantities are 
shown in Figs. 2.4(c) and 2.4(d). 

By definition, a first-order phase transition is characterized by a 
finite discontinuity in a first derivative of the Gibbs potential G(7, P). 
In Fig. 2.5(a) G is plotted as a function of P for a fixed temperature less 
than 7',. We see that at a certain pressure the tangent to the curve 
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changes discontinuously. This discontinuous change in the first deri- 
vative of G corresponds to an infinite curvature in G@ and hence, by eqn 
(2.37), to a zero value for the curvature of A. Therefore we expect that a 
plot of A as a function of V will have a corresponding straight-line 
portion, as in Fig. 2.5(b). P-V (pressure-volume) and V—P isotherms 
are shown in Fig. 2.5(c) and (d) respectively. 


can 


Fic. 2.5. The Gibbs and Helmholtz potentials for a fixed temperature T < T,, where 
7, is the transition temperature for a first-order phase transition. Also shown are the 
volume as a function of pressure and the pressure as a function of volume. Note that 
the value of the pressure at which the volume discontinuity occurs is not the critical 
pressure P, but rather the value of the saturated vapour pressure P,,, (7) given by the 
vapour pressure curve of Fig. l.la. Thus the system is seen to undergo a first-order 
transition on crossing the vapour pressure curve at constant temperature T (T’ < T’,). 


Finally, in Fig. 2.6(a) we show the temperature dependence of @ 
(or A) that would result in a phase transition with an entropy discon- 
tinuity or latent heat (first-order transition); in Fig. 2.6(b) we show the 
case of zero latent heat (higher-order transition). The temperature 
dependence of the entropy is shown in Figs. 2.6(c) and (d) for the two 


cases. 
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First-order transition Higher-order transition 


(a) 


G (or A) G (or A) (b) 


T 


Fia. 2.6. (a) Temperature dependence of either the Gibbs potential at fixed pressure or 

the Helmholtz potential at fixed volume. The system shown undergoes a phase transition 

at T = T,, accompanied by a latent heat (entropy discontinuity). (b) Same as (a) except 

that the phase transition has no latent heat. (c)-(d) show the entropy obtained from the 

temperature derivative of A or G@. For this particular example, C ~ dS/dT appears to 
diverge at TJ, for both the first-order and the higher-order transition. 


2.6. Analogies between fluids and magnets 


Next we shall develop thermodynamic relations for magnetic systems 
which are analogous to those discussed above for fluid (liquid—gas) 
systems. 

We shall assume that volume and pressure effects in our magnetic 
system can be neglected. Hence, for example, when we write C,, for the 
specific heat in constant magnetic field H, we shall assume that the 
volume is also held constant. Thus our thermodynamic parameters 
are now H, M and T instead of P, V, and 7’. Almost all the equations 
in the following section may be obtained from those in the preceding 
sections by making the substitutions 


Vom, (2.38) 
P> 4d. (2.39) 
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The minus sign in (2.38), though bothersome, is absolutely necessary. 
For example, the response function y = @M/@H is positive (the magnet- 
ization increases with magnetic field), whereas the analogous derivative 
for the fluid system, ¢V/@P, is negative (the volume decreases with 
pressure). 

There is a second magnet-fluid analogy, in which M — p — p, and 
H >» — pw, where here p» denotes the chemical potential. This is 
pedagogically the sounder analogy, since » is the thermodynamic 
variable conjugate to the density and the density is the order parameter. 
However for our purposes it is more convenient to develop the analogy 
stated in eqns (2.38) and (2.39). 


2.7. The thermodynamic state functions for a magnetic system 
The first law of thermodynamics for a magnetic system may be 
written either as 
dU, = dQ — MdH (2.40a) 
or as 
dU, =dQ+HdmM. (2.40b) 


The distinction is carefully discussed by Kittel (1958), Guggenheim 
(1967), Callen (1960), Reif (1965), Wannier (1966), and Fay (1965). 
Here we shall use eqn (2.40b). The remaining three state functions are 
then defined, in analogy with the fluid case, as 


E = E(8, H) = U — MH, (2.41) 

G = GT, H) = U — TS — MH, (2.42) 
and 

A= A(T, M) =U —- TS. (2.43) 


2.8. Differential relations and the thermodynamic square for 
magnetic state functions 
The substitutions V ~ -M and P — H are sufficient to obtain the 
results of this section from the corresponding expressions in § 2.2 for 
fluid systems. Thus the thermodynamic square is as shown in Fig. 2.7, 
and the differential expressions for the magnetic state functions are 


dU = TdS + Hay, (2.442) 
dE = TdS — MdH, (2.44b) 
dG = —SdaT — M dH, (2.440) 


dA Seed rr da. _— (2.44d) 
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(a) 
U=U (S,V) (dU=dQ—P av) 
E=E (S,P)=U+PV 
G=G (T,P)=U-TS+PV 
A=A (T,V)=U-TS 


dU=TdS—PaV => (<7) =-() 


s v 
dE=T dS+V dP ~ (24) = (2) 
S P 
dGa=9 dt pdP 3) =-(27) 
T P 
dA=-S dT—P dV _, (28) om (2*) 
T V 
VA OT 
U G 
E Pp 


(b) 
U=U (S,M) (aU=dQ+H dM) 
E=E (S,H)=U-—HM 
G=G (T,H)=U-—TS—HM 
A=A (T7,M)=U-TS 


duets 4H dit = (24) eS 


aM) 
Ms 


dE=TdS—M dH = (4) = et 
oA), 


as 
dG=—8 dT— oS\ _ 
dT—MdH > (&) 
T 
di=—S dT+HaAM > os \=- 
aM 
T 
-M A 
>< 
I RI De 
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Fig. 2.7. Comparison of thermodynamic relations for (a) fluid systems and (b) magnetic 
systems. Note that the two are related by the substitutions V > —M and P > H. 


Similarly, we have 


os 
(8), 
$= (9), 
(8), 


aoe lou 
0G 

-M = (7) 
0 


(2.452) 


(2.45b) 


(2.45c) 


(2.454) 


(2.46a) 


(2.46b) 
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@S\ _ (aM 
oH = (S3).> (2.46c) 
eae _ (oH 
oa), - (3). (2.464) 


2.9. Magnetic response functions: specific heat and susceptibility 


(i) Corresponding to Cy and C, we introduce Cy, and C,, defined by 


_ m{(e&8\ _ (au e2A 
and . 
os OE a?G 
C > — — — =lc _—_ . 
«= 7 (5), (Gz), ~ -7 (re), Od 


(ii) Instead of the isothermal and adiabatic compressibilities K, and 
Ks, we now have the isothermal susceptibility 


aM eG 
_ (za), - -(an), hal 
and the adiabatic susceptibility 
aM eH 
Sa (FH), - - (in), oe) 


Note from eqns (2.17) and (2.18) that the ‘normalizing’ factor V, 
which occurs in the definition of the compressibilities, does not appear 
in the corresponding definitions of the magnetic susceptibilities. 

It is now straightforward to verify the relations 


xr(Cy — Cy) = Tay? m (2.51a) 
and 

Culxr — Xs) = Tay’, me (2.51b) 

which are analogous to eqns (2.20). Here «,, is defined by 

oM 
ey = (sr), (2.52) 
In analogy to eqn (2.29), we have 

CylCu = xr/xs- (2.53) 


We mention, for later reference, that eqn (2.5la) may be written in 


the form 
Cy — Cy = Tom xr: (2.54) 
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where here 


oH : Ory 
= —— —_—_ —_—--—s 2.55 


2.10. Convexity relations for magnetic systems 


In the case of a magnetic system we cannot argue, as we did in § 2.3 
for fluid systems, that y and C are both non-negative. In fact we know 


T>T, 


tm, H, My = M(H) 


5 
7 


eA 
a an (d) 


Fic. 2.8. Geometrical] relation between G(T, H) and A(T, M) for a fixed temperature 

T > T,. Also shown are the magnetization as a function of field (obtained from 

M = —(éG/0H);7) and the field as a function of magnetization (obtained from 
H = (0A/0M),). 


that x < 0 fora large number of diamagnetic materials. However, it can 
be shown (Griffiths 1964) that for a system whose Hamiltonian is of the 
form 


£= 0, (2.56) 


(where H is the magnetic field and .@ is the magnetization operator) 
that (i) the Gibbs potential G(7, H) is a concave function of both 
temperature and magnetic field and (ii) the Helmholtz potential 
A(T, M) is a concave function of the temperature and a convex function 
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of the magnetization. It is reasonable that many real ferromagnets are 
closely approximated by a Hamiltonian of the form of (2.56); for 
example, familiar magnetic models, such as the Heisenberg and Ising 
models, can be written in the form (2.56). 


2.11. Geometrical interpretation of the thermodynamic poten- 
tials for a magnetic system 


For magnetic systems G(7,H) = A(T, M)— MH. Hence the 
potentials G and A are related to each other by geometric constructions 


fSY be 
(b) 


HH 


ee: Limiting slope 
“sis M(H =O+) 


©  y=-(22) @) ya (24) 
7 , 


co4” 


; fixed temperature T < T,. Also 
Fic. 2.9. Relation between G(7', H) and A(T, M) fora 
shown are the M-H isotherms (obtained from G(T, H)) and the H-M isotherms 
(obtained from A(T, M)). 


analogous to Figs. 2.4 and 2.5 for the fluid case. Such constructions are 
shown in Fig. 2.8 for 7 > 7’, and in Fig. 2.9 for J’ < T,,. Also shown are 
M-H isotherms (obtained from the relation M = —(0G/@H),) and 


H-M isotherms (obtained from H = (@A/0M)r). | 
Two slight differences between the magnetic and the fluid cases 
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are worth noting here: (i) A(7’, M) is an even function of M/, correspond- 
ing to the physical idea that M(H) should be an odd function of H. We 
will use this fact when we consider the Landau theory in Chapter 10. 
(ii) The straight-line segment of the A—M isotherm is horizontal. This 
makes proving the Griffiths inequality easier for a magnetic system 
than for a fluid system (cf. Chapter 4). 


Suggested further reading 
Kittel (1958). 

Callen (1960). 

Fay (1965). 

Reif (1965). 

Wannier (1966). 
Guggenheim (1967). 
Kubo (1968). 

Kittel (1969). 


PART II 


CRITICAL-POINT EXPONENTS AND 
RIGOROUS RELATIONS AMONG THEM 


3 
CRITICAL-POINT EXPONENTS 


3.1. Definition of a critical-point exponent 


Iw recent years the study of critical phenomena has come to focus more 
and more on the values of a set of indices, called critical-point expo- 
nents, which describe the behaviour near the critical point of the various 
quantities of interest. 

We begin with a precise and general definition of a critical-point 
exponent to describe the behaviour near the critical point of a general 
function f(e), where 

ye Seatac ad (3.1) 


serves as a dimensionless variable to measure the difference in tem- 
perature from the critical temperature. We assume that this function 
f(e) is positive and continuous for sufficiently small, positive values of 
e, and that the limit 

In fe) > (3.2) 


exists. This limit, A, is called the critical-point exponent to be 
associated with the function f(e). As a shorthand notation, we fre- 
quently denote the fact that 4 is the critical-point exponent for the 


function f(e) by writing f(e) ~ &. 
It is important to stress that the relation f(e) ~ «* does not imply the 


relation 
f(e) = Ae [a= Aj; (3.3) 
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although of course the converse is true. Jn fact, it is relatively rare that 
the behaviour of a typical thermodynamic function is as simple as 
(3.3); in general we find that there are correction terms, and eqn (3.3) 
is replaced by a functional expression such as 

fle) = Ae*(1 + Be? +.---) [fy > O}. (3.4) 
We see that the definition (3.2) of a critical-point exponent does not 
distinguish the functional forms (3.3) and (3.4)—for both functions, 
A = &. 

We may rightfully question why we should focus on a quantity such 
as the critical-point exponent, which contains considerably less infor- 
mation than the complete functional form. The answer seems to lie in the 
experimental fact that sufficiently near the critical point the behaviour 
of the leading terms dominates. Therefore log—log plots of experimental 
data, such as that of Fig. 1.10, display straight-line behaviour suffi- 
ciently near the critical point, and hence the critical-point exponent is 
easily determined as the slope of this straight-line region. Hence critical- 
point exponents are measurable while the complete function may not be. 
A second reason for focusing on the critical-point exponents is that, as 
we shall see, there exists a large number of relations among the expo- 
nents that arise from fundamental thermodynamic and statistical 
mechanical considerations and thus transcend any particular system. 

We conclude this section with a discussion of four simple examples 
(cf. Fig. 3.1). These examples are designed to illustrate the extent to 
which there is a simple one-to-one relationship between the magnitude 
of a critical-point exponent and the qualitative behaviour of the func- 
tion under consideration near the critical point, « = 0. In the first two 
of these examples, illustrated in Fig. 3.1(a) and (b), we show that nega- 
tive values of the critical-point exponent A defined in eqn (3.2) corres- 
pond to a function f(<) which diverges to infinity at the critical point, 
while positive values of A correspond to a function f(e) which approaches 
zero. More important, perhaps, is the fact that the smaller the magnitude 
of 4, the ‘sharper’ is the behaviour of f(<) in the sense that for negative 
A the divergence is more sudden while for positive A the approach to 
zero becomes steeper. 

The intermediate case when A is zero does not correspond to a unique 
type of behaviour; in fact, A = 0 can correspond to a logarithmic 
divergence as in Fig. 3.1(c), to a cusp-like singularity as in Fig. 3.1(d), 
or to a perfectly analytic function with no anomalous behaviour worse 
than, say, a jump discontinuity. Since these three possibilities differ 
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sharply from one another, we are motivated to introduce yet another 
sort of critical-point exponent that serves to distinguish the case of the 
logarithmic singularity from that of the cusp singularity. To find the 
exponent A that describes the singular part of a function f(e) with a 


flere 


fld=Alin e|+B 


(d) 


i behaviour near « = T/T, —1 = 0. 
Fic. 3.1. Examples of the various types of 
(a) ei e win A < 0. (b) fle) ~ & with A> 0. (c) fle) ~ [In f(e)|, so that A = 0. 
(da) f(e) ~ const. — «4 so that A = 0, but A, = }. 


cusp-like singularity, we first find the smallest integer 7 such that the 
derivative é’f/@ «’ = f(e) diverges as « + 0. We then define 


: . 7 In |f(e) | 3 5 
A, = J+ ube aie (3.5) 


For example, the function plotted in Fig. 3.1(d) is f(e) = const. —e?, 
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and the first derivative diverges as «~? when «> 0. Hence from eqn 
(3.5) it follows that A, = 1 — 4 = 3 for this example. 

The remaining sections of this chapter are designed to introduce the 
most commonly used critical-point exponents for fluid and magnetic 
systems. In general, the same notation for a critical exponent is used for 
the analogous fluid and magnetic functions, so that it is convenient to 
treat them together. It is important to stress that not all the exponents 
are defined along paths on which T' is varying (cf. Table 3.1), and the 
discussion of this section applies to any function f(x) where x might 
denote M or H as well as e. 


TABLE 3.1 
Notation for measurements at constant P(or H), V(or M), T, and S 


Fluid Magnet 
JP) => (rani (sz) H = const. (=0) 
(critical) isobar (critical) isochamp 
V = const. (= V,) 
p = const. (= p,) M = const. (=0) 
(critical) isochore (critical) isomag 


Ti eonsten (=e) 
(critical) isotherm 
S = const. (=S,) 
(critical) isentrope 


Note that measurements along the vapour pressure curve P = P,,,(7') are 
not at constant pressure, nor at constant volume. 


3.2. The critical-point exponents «, f, y, 6, v, and 7 


We begin our survey of a few selected critical-point exponents with 
a further analogy between fluid and magnetic phase transitions. Fig. 1.3 
shows the temperature dependence of the liquid-gas density difference 
and the zero-field magnetization M,(T’) of an idealized (single-domain) 
ferromagnet at constant magnetic field H = 0. From the shape of these 
curves it would seem natural to postulate temperature dependences in 
the neighbourhood of 7’, which have the form 


F {e(T) — po(T)}/2p, = BL — T/T.) +--+] (3.6) 
an 
M,(T)/M,(0) = Al —- T/T.) +---}. (3.7) 


As a shorthand notation, we commonly write Ap = py, — pg ~ (—e)f 


(or Jf ~ (—e)*). 
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The normalization constants p, and M o(0) are included in order that 
the coefficient @ vary only slightly from system to system (generally 
@ is of the order unity). 

Fig. 1.2 shows PV isotherms and HM isotherms for fluid and mag- 
netic systems respectively. The slopes of these isotherms are propor- 
tional, respectively, to the inverse isothermal compressibility K;1 and 
the inverse isothermal susceptibility yz}. Although both K, and yx, 
diverge to infinity as 7’ — 7’, we must distinguish whether the critical 
point is being approached from above or from below. Thus we define the 
(not necessarily equal) exponents y’ and y by 


0 [O-)-"(L+--) [P< Te. p= plt) or polT)I 
Me Wey a+.) IT >t, p= pd (3.8) 


for the fluid case, and 


@'(—«)-” Hes = 
xalxi = { won) eee ed (3.9) 


Be (1+--) [T>T,, H=0] 


for the magnetic case. Here KZ = 1/P? = m/kT,p,is the compressibility 
of an ideal gas of density p, at T = T,. Similarly, y7 is the suscepti- 
bility of a system of non-interacting magnetic moments (paramagnet) 
evaluated at the critical point. Measurements often come sufficiently 
close to 7’, that K,/K? is as large as 10°. Note that we have included a 
minus sign in the definitions of y’ and y in order that both exponents 
be positive. 

The exponent 5 describes the variation of P — P, with p — p, (and 
of H and M) along the critical isotherm, T = T,: 


(P — P.)/Pe = Pi plpc — 1|’sen(p — p.) [LT =T,], (3.10) 
H/H3 = 9|M,(T = T.)/MA(T =9)|? [T=T,]. (3.13) 


Here P° = kT'.p,/m is the pressure that the system would have at 
p =p,and T = 7, if its particles did not interact; also, He = kT ./mo, 
where here my is the magnetic moment per spin. Thus the index 5 serves to 
describe the degree of the critical isotherm, and from casual examination 
of Fig. 1.2 we might expect 5 to be an odd integer such as 3 or 5. 
Experimentally, 5 is found to have values (for different systems) which 
are between ~4 and ~6 and are generally non-integral—whence the 
complicated form of the defining equations (3.10) and (3.11). As a 
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shorthand notation, we frequently write AP ~ (Ap)’ and H ~ M?. The 
larger the value of 6, the ‘flatter’ the critical isotherm (and the harder 
it is to obtain an accurate experimental determination of 5); for example, 
6 ~ 15 for the two-dimensional Ising model, corresponding to an 
extremely flat critical isotherm. 

The specific heat exponents a’ and « are defined by the relations 


0, [M(H He SD < Top = p(T) oF pel T) (3.12) 
PT ter *(l oe ee ee (3.13) 
for the fluid systems, and 


ee +.) [P< FJ 


On = ager (i+ oe) (Per) 


[H =0] (3.14) 


for magnetic systems. 
Note that we have departed from our strict fluid-magnet analogy 
Vo —M and P+ ZF in our definition (3.14). Fisher (1967) has argued 


TABLE 3.2 


Summary of definitions of critical-point exponents for fluid systems. Here 


e=T7/T,-1 
Expo- Definition Conditions Quantity 
nent e P—P, p—po 
a’ Cy ~ (-«)-” <0 0 0 specific heat at constant 
volume V = JV, 
a Cy ~ Ee % >0 0 0 
B pu — pa ~ (—€)8 <0 0 #0 liquid-gas density dif- 
ference (or shape of 
coexistence curve) 
y’ Ky; ~ (—6)7” <0 0 #0 isothermal compressibility 
y Ky~e? >0 0 0 
rr) P —P, 0 #0 #0 critical isotherm 
~ |pu — pal? sgn (pL — pa) 
yp’ é ~ (-—.«)-” <0 0 #0 correlation length 
Ere’ >0 0 0 
7 G(r) ~ |r| -@-2*™ 0 0 0 pair correlation function 
(d = dimensionality) 
> otG “) a : : 
Ai aPt = GO wn~ (—e) *7G¢-) <0 0 Q successive pressure deriva- 
tives of the Gibbs poten- 
tial G(T, P) 
2, 
Aa ee = G2) ~ «~ 44GEt-2 50 0 0 


opt 
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Vey Le a 


c T T, a 


Fra. 3.2. Expected behaviour for the specific heat at densities less than, equal to, and 
greater than the critical density. After Heller (1967). 


that ina sense H = Oimplies M = 0. This is certainly true for T > T., 
while for T < 7, the two-phase M = 0 specific heat also corresponds 
to H = 0 since only then can oppositely magnetized domains coexist 
to yield zero total magnetization. 

Suppose we measure C, as a function of temperature for a system 
whose volume V, is not equal to V,, for example along a path parallei 
to, but slightly below, the line p = p, in Fig. 1.3, corresponding to 
Vo > V, or po < p,- Our expectations are shown in Fig. 3.2: Cy, zy, 


TABLE 3.3 


Summary of definitions of critical-point exponents for magnetic systems. 
Heree= T/T, -— 1 


Expo- Definition Conditions Quantity 
nent € H 
a’ Cy ~ (—«)7” <0 0 0 specific heat at constant 
magnetic field 
a Cy ~ «7% >0 0 0 
B M w (—«)8 <0 0 #0 zero-field magnetization 
y’ xr ~ (-e)7” <0 0 #0 zero-field isothermal 
susceptibility 
y Xr © en >0 0 0 
C) H ~ |M|*’ sgn (M) 0 #0 #0 critical isotherm 
at é~ (-—9—-” <0 0 #0 correlation length 
v é ~e >0 0 0 
0 T(r) ~ |r] -@-2+ 0 0 0 pair correlation function 
(d = dimensionality) 
IX aes = QP ~(—<) “*Gee <0 0 0 successive field derivatives 
oo cHs of the Gibbs potential 
- G(T, H) 
ot _ —242¢ (2f¢-2) 0 0 
Ao ary =e G >0 


Neen ee enn nnn nen UE EEE nEnNEEnInEEEEEDEEEEREREEEEEEEEEEEEREEEEEEED 
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will undergo a jump discontinuity at the temperature 7')(<7',) at 
which the isochore p = pp passes through the coexistence curve. 

Experimentally, either the values of the exponents «’ and a are zero 
or they are small positive numbers (# ~ } is the three-dimensional 
Ising model prediction). The case « = 0 corresponds in some measure- 
ments to a logarithmic singularity, and in others to a cusp-like sin- 
gularity (in which case «, # 0). 

The exponents v’, v, and y refer to the behaviour of the pair correlation 
function G (r) in the critical region. Since a rather extensive discussion 
of G (r) will be presented in Chapter 7, at this time we give only a brief 
definition of the exponents themselves. The correlation length € is a 
measure of the range of the correlation function. It is assumed that 


a («ia Ti)" [Pec Pace eae) 


EAT Talo” (l>7,H = o} (3.15) 


In many cases the pair correlation function at 7' = 7, falls off to zero 
with distance r with the simple power law form 


Or) ~ a5 


ad-2+7 


(Sa a (orn =O aa 


thereby defining the critical-point exponent 7. Here d is the dimen- 
sionality of the system. 

The exponent definitions are summarized for fluid and magnetic 
systems in Tables 3.2 and 3.3 respectively. 


3.3. Numerical values of critical-point exponents 


Values of the exponents «’, «, B, y’, y, 5, v’, v, and 7 are given in Table 
3.4 for selected fluid and magnetic systems, and for a few theoretical 
models. Despite the fact that the critical temperatures change sub- 
stantially from material to material (see, e.g. Table 3.5), we notice 
a distinct similarity among the values found experimentally for each 
exponent. At one time many workers believed that all materials have 
the same exponents, though this once-hoped-for universality has not 
been borne out by more recent experiments. For example, many of the 
early measurements on magnetic systems indicated that 8 had a value 
extremely close to 3, but very recently Ho and Litster (1969) have 
shown unequivocally that 8 = 0-368 + 0-005 for the insulating ferro- 
magnet CrBr3. 

What can theoretical models say about the critical-point exponents? 
First of all, a given model predicts a given set of critical-point 
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TABLE 3.5 


Critical-point parameters (critical temperature, critical pressure, 
and critical density) for selected fluids 


Fluid T, (K) P, (atm) po (g em?) 
Water 647-5 218-5 0-325 
Alcohol 516-6 63-1 0-28 
Ether 467-0 35-5 0-26 
Carbon dioxide 304-20 72:8 0:46 
Xenon 289-75 57-64 1-105 
Oxygen 154-6 49-7 0-41 
Argon 150-8 48-34 0:53 
Hydrogen 32-98 12-76 0-0314 
Helium-4 5-19 2-25 0-069 
Helium-3 3-324 1.15 0-04178 


exponents, independent of the location of the critical point. Moreover, 
the van der Waals theory of a fluid, the molecular field theory of a mag- 
net, and the Landau theory (at least in their original forms) all give the 
same values for each of the exponents. These theories we call classical 
to suggest the fact that until fairly recently they were essentially the 
only theories of critical-point exponents. However, it is clear from 
Table 3.4 (and Fig 3.3) that these classical theories fail to predict the 
observed values of the exponents. Also failing in this regard are the 
Ornstein—Zernike theory and the various exactly soluble models such as 
the two-dimensional Ising model, the spherical model, and the ideal 
Bose gas. 

On the other hand, the predictions of the three-dimensional Ising 
model and the three-dimensional classical Heisenberg model do appear 
to mirror to a certain extent the data on, respectively, fluid and mag- 
netic systems. Certainly a first goal of any theory of critical phenomena 
is to find such theoretical models and, moreover, to understand which 
features of the models are relevant in determining the values of the 
critical-point exponents and which are not. Even if we should eventually 
succeed in this first goal, we will still be left with the question, ‘Isn’t 
there some underlying theory of all these exponents which tells us how 
they hang together?’ A second goal, then, is to study relations among 
the various exponents. One step in this direction is taken in the follow- 
ing chapter, where we shall demonstrate certain rigorous inequalities 
which relate the various exponents. In Chapter 11 we shall study in some 
detail the recent homogeneous function or scaling law theory of 
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exponents which, among other results, predicts that the inequalities be 
satisfied as equalities. 
3.4. The exponents A and @ 


We introduce in this section additional critical-point exponents that 
will be needed elsewhere. 


[ =a ai 
(a) ' oe Waals | 
C; —Cr=H NC age ———— Experiment 
I 
i\ PE eo 
I \ 


T. 1. fb 
(Experiment) (van der Waals) 


ep 


Fic. 3.3. Schematic comparison of the predictions of the classic van der Waals theory 

with typical experimental measurements—on fluid systems — of the exponents ; 

(specific heat), B (coexistence curve), y (isothermal compressibility), and $6 a 

isotherm). Experiments of the sort shown in (b) have been carried out on xenon by 
Habgood and Schneider (1954). 


3.4.1. The gap exponents A; and Ag, 
Recall that for a magnetic system, the spontaneous magnetization and 
the zero-field susceptibility are proportional, respectively, to the first 
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and second derivatives of the Gibbs potential G(7', H) with respect to 
the magnetic field H (and evaluated at H = 0). In 1963 Essam and 
Fisher suggested that one might consider higher field derivatives of 
G(T, H), thereby defining a sequence of exponents A; called gap 
exponents. Thus 


(8G/@H)p = GY ~ (Ll = T/T,)-21G (3.17) 
and 
(G/0H?), = G@ ~ (1 — T/T)" 2G™. (3.18) 
In general, then, 
(fG/H), = G ~ (1 — P/F.) -“*G"-». = (3.19) 


In eqns (3.17)-(3.19), H = Oand T>T}. 

Since GY ~ M ~ (1 — T/T)’, and the specific heat Cy» ~ 
6?G/0T? diverges as (1 — 7'/T,)~%’, it follows that G@® ~ (1 — T/T,)?-* 
and hence 


A, =2-—a' — 8. me (3.20) 
Similarly, the fact that G@® ~ y; ~ (1 — T/T,)~” means that 
AB=Bt+y’. > (3.21) 


For the molecular field theory, A; = 3 for all 7 (e.g. A, = 2 — a’ — B= 
3 4,=B+y' =3,---). For the two-dimensional Ising model, 
a’ = 0 and B = } are rigorous results. Hence Aj; = Aj = 72 exactly 
providing y’ = {. Numerical studies of Essam and Fisher (1963) find 
A; = 1:87 + 0:05 ~ 43, so that it is certainly plausible that A, = 43 
for all ¢ for the two-dimensional Ising model. Note that the conjectured 
equality A; = A; (or 2 — a’ — B = B + y’) serves to relate the expo- 
nents a’, 8, and y’: 

a + 28+ y' = 2. (3.22) 


The conjectured equality (3.22) is valid for the molecular field theory 
and for the two-dimensional Ising model, and it is not inconsistent with 
numerical studies on the three-dimensional Ising model. 


Above 7’, all odd field derivatives of G(7’, H) are zero when evaluated 
at H = 0. Hence we generalize (3.19) to 


(0%C/0H*), = Ge w~ (T/T, — 1)7 4G, (3.23) 
Numerical calculations for the Ising model give 


A, ~ A, ~ Ay ~ (3.24) 
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for two-dimensional lattices and 
A, ~ Ag ~ Ag ~ 1:56 + 0-03 ~ 25 (3.25) 


for three-dimensional lattices (Essam and Hunter, 1968). For the three- 
dimensional Heisenberg model, 


A, = A, ~ A, = 1:81 (3.26) 
for spin quantum number S = } and 
A, ~ Ag ~---~ 1-73 (3.27) 


for S = oo, the classical Heisenberg model (Baker, Gilbert, Eve, and 
Rushbrooke 1967, Stephenson and Wood 1968). Thus we see that these 
model systems lend support to the general conjecture that the gap 
exponents are equal for all orders. It should be remarked that the gap 
exponents are largely of theoretical interest at the present time, since 
the higher derivatives of the Gibbs potential have not yet been measured 
experimentally. 


3.4.2. The vapour pressure curvature exponent 0 

The specific heat Cy may be written, ae. from eqn (2.10c), as 
where p = G/N is the chemical potential. Yang os Yang (1964) pointed 
out that if Cy is singular at J = T',, then from eqn (3.28) (d?P/éT?), or 
(62u/07?),—or both—will be singular. We define the exponent @ by 

or ms 
(=) ~ (1 — T/T,)~°. (3.29) 

Thus 6 is a measure of the degree of divergence (if any) of the curvature 
of the vapour pressure curve as 7’ —> 7’, from below (see Fig. 1.1). Yang 
and Yang argue that for the lattice-gas model of a fluid (074/0T?)y —y- 
approaches zero at the critical point, so that 6 = a’. However, for real 
gases the curvatures of » and P might both be singular, so that @ might 
differ from «’. Recently Moldover (1969) has found experimentally that 
for *He (02u/@T7), is less singular than (é?P/éT?), and may even be 
constant near 7'’,. In any case, the specific heat singularity in *He 
appears to be dominated by (2?P/ oT?),. 


3.5. Useful relations among critical-point exponents 

To conclude this chapter, we present general relations among critical- 
point exponents that will be of use, for example, in proving inequalities 
among the various critical-point exponents in Chapter 4, 
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Lemma 3. Let f(x) ~ x*, g(x) ~ x, and let f(x) < g(x) for 
sufficiently small positive x. Then A = ¢. 

The proof of Lemma 3 is quite straightforward, but for the sake of 
completeness we shall reproduce it here. The assumption f(x) < g(x) 
implies that In f(x) < In g(x). Now for x < 1, Inz < 0, and 


In f(z) _ Ing(z) 
“Ina, ie a) 


where the inequality sign is reversed. The relation (3.30) is valid as 
x-—>0, whence from the fundamental definition of a critical point 
exponent, eqn (3.2), it follows that A = ¢. 

Lemma 3 is basic to the proofs of exponent inequalities so it is 
perhaps useful to keep some simple examples in mind. In particular, we 
note that Lemma 3 is valid regardless of the signs of A and ¢. For 
example, suppose f(r) = 1/x and g(x) = 1/x *. Since f(x) < g(x) for 
0 < x < 1, the hypotheses of Lemma 3 are fulfilled, and A = —1, 
p = —# so that indeed A > 9 (ef. Fig. 3.1(a)). 

Additional relations that are useful in proving exponent inequalities 
have been given by Griffiths (1965b). 


Suggested further reading 
Guggenheim (1945). 
Fisher (1967). 

Heller (1967). 


4 
EXPONENT INEQUALITIES 


THE only rigorous relations thus far proposed among the critical-point 
exponents are a set of inequalities. In this chapter we shall present in 
detail the proofs for magnetic systems of a few representative examples 
of such inequalities; most of the remaining inequalities that have been 
proved thus far are discussed in §4.3 and are listed in Table 4.1. 


4.1. The Rushbrooke and Coopersmith inequalities 
4.1.1. The Rushbrooke inequality: H = 0, T > Tz 


We begin by recalling from §2.9 that the specific heat Cy must be 
positive so that eqn (2.51a) leads to the inequality 


on = 7{(2) ¥ le an 


Using the definitions of the critical-point exponents from Chapter 3, 
Cy ~ (—€)-%, xr ~(-6)°”, and (@M/0T)y ~ (—«)?~* 


and using Lemma 3 (§3.5), we see that (4.1) implies that 
—a’ < 2(8 — 1) + y’ or equivalently, 


a’ + 2B+y' > 2. m (4.2) 


The relation (4.2) is generally called the Rushbrooke inequality (Rush- 
brooke 1963), although actually it was first conjectured, on the basis of 
heuristic arguments, in the form of an equality (Essam and Fisher 
1963). Using the definitions of the gap exponents A; presented in §3.4, 
eqn (4.2) may be written equivalently as 


Ag = Aj: (4.3) 


After the style of Onsager, Rushbrooke first proposed the inequality 
(4.2) as a discussion remark at the end of a seminar by someone else, 
namely a seminar which presented the latest (1963) estimates of the 
exponents «’, 8, and y’ obtained from the detailed Padé approximant 
analyses: a’ = 0,8 = i, 7’ = $_ (Numerical approximation methods, 


54 EXPONENT INEQUALITIES 4,§1 


useful for models that have not been solved exactly, are discussed in 
Chapter 9.) Rushbrooke calmly questioned the speaker as to whether he 
had any explanation as to why the quantity «’ + 28 + y’ (=7;*) fell 
short of 2. The speaker replied that he knew of noreason why they should 
add up to 2 in the first place, whereupon Rushbrooke produced a two-line 
derivation of the now famous inequality (4.2). The first efforts were 
directed toward finding some loop-hole in Rushbrooke’s thermodynamic 
argument. Not surprisingly, thermodynamics held up under scrutiny 
and the errors were then presumed to lie in the numerical approxima- 
tions. Subsequent arguments based upon series extrapolations now 
favour the value «’ = }, so that (4.2) would appear to be obeyed as an 
equality (Gaunt 1967, Gaunt and Domb 1968, Garelick and Essam 1968, 
Guttmann and Thompson 1969). 

For the two-dimensional Ising model it has been proved rigorously 
(Onsager 1944) that a’ = 0 (corresponding to a logarithmic singularity 
in the zero-field specific heat) and B = 4 (Yang 1952). Hence the 
Rushbrooke inequality implies that y’ => $. Using arguments that fall 
barely short of being fully rigorous, it has been shown that in fact 
y’ = y = ¢ (Fisher 1964). Hence for the two-dimensional Ising model 
the Rushbrooke inequality would appear to be satisfied as an equality, 
as it is for the classical theories for which a’ = 0 (corresponding to a 
jump discontinuity) 8B = 4, and y’ = 1. 

For the relatively few materials on which «’, 8, and y’ have all been 
measured, the experimental values often ‘fail to add up to two’ unless 
the error bars are taken into account. Thus experimental results, as well 
as theoretical work on the Ising model ford = 2 and 3, suggest that the 
Rushbrooke inequality may well be obeyed as an equality. This is, in 
fact, one of the predictions of the (non-rigorous) scaling law theory of 
exponents, which we shall develop in Chapter 11. 

We now show that (4.2) fails to be an equality if and only if the 
quantity 

R= [Be CylCy (4.4) 


has the value unity (Rushbrooke 1965). We begin by writing eqn (2.51a) 
in the form 


1 — Cy[Cy = Tag/Cuxr- (4.5) 


(a) Consider first the case R = 1, and define the positive exponent x 
by the (assumed) dependence near 7 = T,,, 


CylCy ~ R-— (—e)*(1 + ---) = 1 — (-e)*(1 +--+). (4.6) 
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Then, on substituting into (4.5), we obtain 


1 — {1 — (—€)*(1 +---)} = (—e)? +28+7'-2(1 +--+), (4.7) 
or 


2+2=a' + B+ y’. (4.8) 


(b) Next consider the case R = 1 — y < 1 (ie. y > 0). Then near 
T, eqn (4.5) leads to 


1— {i — (1 + ---)} = y(l +--+) = (—e)h tt -41 4...) (4.9) 
and 
pee! ae (4.10) 


4.1.2. The Coopersmith inequality: T = T,, H > 0+ 

The Rushbrooke inequality was obtained by setting H = 0 in (4.1) 
and letting 7’ — T,,. Suppose instead that we set 7’ = 7’, and then let 
H — 0. In this case, M ~ H* 80 that xy, ~ H1/°-1, Next introduce the 
exponents gy and by means of the definitions 


Cn ~eia? ~ ee? [T = T'] (4.11) 
and 
S(H) ~ —H* ~ mM” [ie See (4.12) 


Finally, we use the Maxwell relation (2.46c) to replace (2M/0T),, on the 
right-hand side of (4.1) by (08/0H),; ~ —H*~1. Hence (4.1) becomes, for 
SU 
H-°(1 +--+) > H2W-V-ae-n] 4...) (4.13) 
or 
gy + 24 — 1/6 > 1. m (4.14) 


Equation (4.14) was first derived by Coopersmith (1968a). Unfortunately 
the exponents ¢ and y¥ are not readily measured experimentally. 
The exponent ¢ is defined by means of the relation 


BS ~ —M1tt 0T apy (4.15) 
From eqn (4.12) we have that 
C= $6 — 1, (4.16) 
so that the Coopersmith inequality may be written in terms of { as 
pt+(2¢+ V)/521 or pi + 204+12 8. (4.17) 


Many authors prefer to use ¢ instead of y. 
The mean field approximation (cf. Chapter 6) predicts that p = 0, 
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5 = 3, and % = 2 (so that £ = 45 — 1 = 1); hence the Coopersmith 
inequality reduces to an equality for this model. Unfortunately, the new 
exponents » and % are not known for most model systems, thereby 
precluding extensive tests of the Coopersmith inequality. 


4.2. The Griffiths inequality. 
The proof of the Griffiths inequality (Griffiths 1965a, 19650), 
a’ + B(1 + 8) = 2, (4.18) 


illustrates the utility of the convexity relations described in Chapter 2. 


T, ih 


Fra. 4.1. Zero-field magnetization as a function of temperature. M, is the value of 
the magnetization when 7’ = 7,. This diagram is useful in proving the Griffiths 
inequality (4.18). 


We consider here a magnetic system as the proof is simpler than for a 
fluid. Choose an arbitrary temperature J = 7, which is less than 7, 
and let M, denote the value of the zero-field magnetization at tem- 
perature 7’, (cf. Fig. 4.1), that is, M@,(7,) is just the spontaneous 
magnetization which is assumed to vanish as (7, — 7)’ when T, > 
T.,. Now since for all M < M,, (dA/0M), = H = 0 (see eqn (2.45d)), 
it follows that 


A(T,,M) = A(T,,0), M < M,(T,). (4.19) 
Similarly, the fourth Maxwell relation for magnetic systems, eqn (2.46d), 
implies that 

S(T,,M) = 8(T1,0), M < MT). (4.20) 
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Now define the functions 


Fi ae) = {A(7, M) = ADs (7 — T Se (4.21) 
an 
a M) = Ol, M) = her (4.22) 
where A, = A(T,, M) and 8, = S(T, M). With these definitions, 
aA* 
* ee 
S8*(T, M) = (FF re (4.23) 


The function A* is shown as a function of 7 and M in Fig. 4.2. Note 
from (4.21) that A* has the same convexity properties as does A, since 
the addition of a term linear in 7’ cannot affect the second derivatives. 

We next utilize the convexity properties of A* to obtain our first 
inequality. Choose some temperature 7, < 7’, and, as before, let 


Fic. 4.2. General appearance of the function A* (7, M); note that the point (7 = T,, 
M = 0) is a saddle point. After Griffiths (19650). 


M,(T,) denote the saturation magnetization corresponding to T,. Then 
consider the function A*(7', M) for constant M = M, (cf. Fig. 4.3). 
Draw a tangent to this curve at the point T = T,; the equation of the 


tangent is e 
f(D) = A*(T,, My) + (P - t.)(Fr) (4.24) 


Then since A* is a concave function of 7' for constant M, all points on 

the A* curve must lie below (or on) the tangent curve (4.24); in particu- 

lar, A*(7, M,) for T = T, must lie below (4.24), that is, A*(T,, M;) 
< f(T.) or, on using (4.23) and (4.24), 

A*(T,, M,) < A*X(T |, iyi le 75, f;). (4.25) 

Because of the relations (4.19) and (4.20), eqn (4.25) is equivalent to 

A*(T,, My) < A*(T1, 0) — (P, — Ti)8*(T), 9). (4.26) 
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Next observe that the concavity property of A* implies A*(7',, 0) < 

A*(T., 0) since the tangent to A*(7’, M,) is horizontal at 7’ = T,. 

Finally, we note from the definition (4.21) that A*(7,, 0) = 0; hence 

(4.26) implies that 

A*(T., My) < —(T, — T,)S*(T1, 0). (4.27) 

Assuming that H(M,, T,) ~ Mi (recall eqn (3.11)), the relation 
H = (0A*/0M), implies 

A*( To) w(t Tee. (4.28) 


(b) 


Fia. 4.3. (a) A(7’, M,) as a function of 7 for fixed M = M,. Note that the slope is 
always negative, as is required for the entropy to be positive. (b) 4*(7’, M,) as a function 
of T for M = M,,. The slope of this plot is given by 


—(2A*/aT)y = S*(T, M,) = S(T, M;) — Sp. 


Consider next the right-hand side of (4.27). Since 7’ is slowly varying 
near 7',, we may write 
C os —_ pr 
7 (a7),..7 To a 
or 

S*(T,, 0) = 8(T;, 0) — S(T,, 0) ~ -—(T, — T,)'-”. (4.30) 


Hence the right-hand side of (4.27) varies as (J, — 7',)?~%’; comparing 
with (4.28) and using Lemma 3 (§ 3.5) yields 


A(8 + 1) = 2 — ee, > (4.31) 


which may be recognized as the Griffiths inequality (4.18). 

Additional complications arise for a fluid system because a plot of A 
as a, function of V has a straight-line portion whose slope, given by — P, 
changes with temperature as 7’ — 7’, and the derivation of the Griffiths 
inequality for the fluid case is rather more difficult (Griffiths 1965b). 

Note from Table 3.4 that (4.31) holds as an equality for the classical 
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theories. Observe, further, that for the two-dimensional Ising model, it 
provides the rigorous result § > 15, which is consistent with the value 
6 = 15 + 0-08 provided by numerical approximation methods (Gaunt, 
Fisher, Sykes, and Essam 1964). 

The Griffiths inequality may be tested by comparison with experi- 
ments on a system such as helium-4 for which all three exponents «’, B, 
and 6 have been measured. Specifically, Roach and Douglass (1967) and 


c , 1400 
490003 0-04 0-05 0-06 0-07 0-08 0-09 0-10 0-11 0-12 


p (g-cm-3) 


i = the critical point, showing 
. 4.4. Pressure—density—temperature surface of He near 
a along which Roach and Douglass obtained their data. After Roach (1968). (Note 
5 that 1 atm = 760 torr.) 


Roach (1968) have attempted to map out the PpT surface of *He by 
making measurements along the paths shown in Fig. 4.4. They obtained 


B = 0-354 + 0-010 (4.32) 
and 
3-8 < 6 < 4-1. (4.33) 


In order to test the Griffiths inequality, Roach and Douglass calculated 
a’ = 0-017 + 0-008 by analysing specific heat data taken by Moldover 
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(1969). Using these values of the exponents, we obtain 1-660 < a + 
A(S + 1) < 1-881, that is : 


{o’ + B(S + l}max = 1881 < 2. (4.34) 


Thus the experimental results as reported would appear to be inconsis- 
tent with the requirements of thermodynamics. However, in any situ- 
ation such as this there is always one easy way out, namely to conclude 
that the experimental measurements did not extend in temperature 
sufficiently close to 7’, that the limiting behaviour could be ascer- 
tained. If this is the case, thermodynamics has told us something very 
useful indeed: the experiment should be repeated. In the particular case 
of the Roach—Douglass helium data, several other possible interpre- 
tations of the discrepancy (4.34) have been suggested (Moldover 1969, 
Coopersmith 19685). In particular, Moldover (1969) has recently pub- 
lished a detailed account of his own specific heat measurements and he 
concludes that «’ ~ 0-15, whereupon 


{cc + B(S + l}nar = 2.01 > 2. (4.35) 


4.3. More inequalities 


In the preceding sections we discussed in detail three of the more 
easily proved inequalities that relate various of the critical-point expo- 
nents. These inequalities are of particular utility for reasons indicated 
above and also because each has as a counterpart an equality predicted 
by the non-rigorous scaling-law theory of exponents. There exist several 
more useful inequalities which we shall collect in this section. Since 
most of these remaining inequalities cannot be demonstrated easily, 
we shall refer the interested reader to the original work for details of the 
proofs. 


4.3.1. The remaining Griffiths inequalities 


What is generally termed the Griffiths inequality, (4.18), is actually 
only one of many inequalities proved by Griffiths. For example, two 
other inequalities Griffiths (19655, 1968) has proved are 


y 2 Be — 1) (4.36) 

and 
y(8 + 1) = (2 — a)(S — 1). (4.37) 
The remaining Griffiths inequalities are listed in Table 4.1 (Nos. 3-9). 
Most of these require for their ‘proofs’ certain plausible assumptions 
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TABLE 4.1 


Rigorous inequalities among critical-point expo- 
nents for magnetic systems. Assumptions are listed 
in Table 4.2; exponents not defined in Table 4.2 are 
defined in Table 3.2. Adapted from Griffiths (1 965D). 


Inequality Assumptions 
1. « + 28+ y’ > 2 = 
2. we + B(5+1)>2 — 
3. 2— ee’) + 12> (1 — a’) B 
4. (8 + a: = (2 2)(s = 1) B, Cy 
5. y = B(6 — 1) A, C, 
6.+ s> 8. cau 
et eee a B 
8.+ (2 — alo > 8 + B 
9.F y(8s + 1) = (2 — a8, vy) B, Cz 
10. gt 24—1/s>1 — 
11 ds — 1)/(8 +1) >2— D-F 
p25 dy’/(2 — a’) = dy 108 + 7)22—9 D-F 
13. (2—nv>y D-F 
14. do’ > 2— ng D-F 
15. 2dpd/(8 + 1+ 3) = de/(p + vy) => 2— m2 D-F 
16. dy’ > 2 — a’ other 
el dv>2—ea other 


t If « = a’, inequalities 3, 6, 7, and 8 lead to the result 6, = 6 
(Griffiths 1965b). 


that have not been established yet for general systems; these auxiliary 
assumptions are given in Table 4.2. For example, (4.37) is obtained by 
making essentially the following three assumptions: 


(OM/OT), < 0 for H =O, (4.38) 
(02?M/0H?), < 0 for H >= 0, (4.39) 

and 
a> a’, (4.40) 


Assumption (4.38) has recently been proved for Ising ferromagnets, and 
is plausible for other systems (cf. Fig. 4.5(a)). Assumption (4.39) states 
that the M—H isotherms are concave and, although it has not been 
proved either generally or for any particular systems, it is certainly 
plausible (cf. Fig. 4.5(b)). Assumption (4.40) states that the specific heat 
singularity is not stronger when 7’, is approached from below than from 
above. It is valid for the Ising model if d = 2 (and probably also valid 
if d = 3). Thus the inequality (4.37) may well hold for some systems. 
One must note the difference in proving a general thermodynamic 
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TABLE 4.2 
Assumptions referred to in Table 4.1 


A. (0H/OT)4 = —(@S/@M); = 0 for M = O. Cf. Fig. 4.5(a). 

B. (eS/8M), < OforM >0;T = T,. 

C,. (@H/@M), is a non-decreasing function of M (>0) for T < 7,. Cf. Fig. 4.5(b) 

C,. (@H/2M), is a non-decreasing function of M (>0) for T > T,. Cf. Fig. 4.5(b) 

D. Positivity of the correlation functions—for all temperatures T and any non-negative 
field (i.e. H > 0), I, > 0, Ta(r) —T? = 0, and T4(r1,72,73) — Pe(ri)V2(ra — 72) = 0, 
where here I’, denotes the j-spin correlation function (and hence I’, is proportional 
to the spontaneous magnetization). 

E. Monotonicity with magnetic field—for any fixed value of T,T,(7, H), [.(T, H), and 
I',(7, H) are monotonic non-decreasing functions of H for H > 0 (in particular, for 
Te Te l= 0 provided) i — 0): 

F. Monotonicity with temperature—for any fixed (non-negative) value of H, I',(T7, A), 
T.,(7, H), and I',(7, H) are monotonic non-increasing functions of T. 

Exponent definitions: 

(a) So —S ~ Mé+1 
(b) T— TT, ~ M? 
(c) H ~ M?°s 

(d) Cy ~ H-? 

(e) S(H) ~ —HY 
(cles wy 4-9 * 82) 


[¢ = $8 — 1) 


SHS aaK 
tun de wy 
ARAZes 


M,(T) 


Fia. 4.5. (a) General form of the magnetization curves required by assumption (4.38), 
that M be a non-increasing function of 7’ for fixed non-negative H. (b) Assumption (4.39) 
requires that the M—H isotherms be concave. 


relation, such as (4.1) and (4.18), and one valid for particular systems 
for which auxiliary assumptions such as eqns (4.38)-(4.40) must be 
satisfied. 
Notice that if we further assume that 2 — a — y > 0 (as is generally 
true), then (4.37) implies 
piles Js iy dre 


agperes (4.41) 


which is a useful upper bound on the critical isotherm exponent 8. 
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For example, for the three-dimensional classical Heisenberg model, one 
set of numerical estimates is (« = —0-10, y = 1-40) and another set is 
(« = —y¢, y = 4¢'). Equation (4.41) predicts 8 < 5 for both sets of 
data (Stanley 19716). We can combine (4.41) and (4.31) to obtain the 
relation 


2-a+y 2-—a’-f 
pees = eg (4.42) 


or equivalently, 
B(2 —a+ y) = (2-—a — B\2—a— y). (4.43) 


Note that (4.42) and (4.43) contain both high-temperature and low- 
temperature exponents. Note also from Table 3.4 that both (4.42) and 
(4.43) are satisfied as equalities for the classical theories. 

For the d = 2 Ising model «’ = a = 0; also assumption (4.38) has 
been proved rigorously. Hence the only assumptions that are still 
needed to obtain the value 6 = 15 from (4.42) are (4.39) and y = $, 
which is almost rigorous. 

Note that the values a = }, y = 3, and 8 = 5-2 are inconsistent with 
(4.41), while the values of «’ = 75, a = 3, B = 33, and y = 2 are incon- 
sistent with (4.43). These values were at one time the best numerical 
estimates for the d = 3 Ising model (Baker and Gaunt 1967). Note also 
that we can restore the inequality (4.41) by setting 5 = 5 and the 
inequality (4.43) by setting «’ = 4. Of course there are many other sets 
of values that are capable of satisfying (4.41) and (4.43) but current 
estimates support decreasing 5 to 5 and increasing a’ to 4 (Gaunt 1967, 
Gaunt and Domb 1968, Garelick and Essam 1968). With these values the 
inequalities (4.31), (4.41), and (4.43) become equalities; also in this case 
both the Rushbrooke inequality (4.2) and the inequality (4.36) predict 
that y’ > 4. It is therefore still possible that y’ = 7%, as is favoured by 


some recent work (Guttmann and Thompson 1969). 


4.3.2. The Buckingham—Gunton inequalities 

We begin by recalling that the critical exponent 7, as defined in 
eqn (3.16), characterizes the decay with distance r of the pair correlation 
function I',(r). Buckingham and Gunton (1969) and Fisher (1969) have 
proved the following two inequalities relating 7 and the dimension- 
ality d of the-system (see also Stell 1968): 


56-1 


iT 


= ey (4.44) 
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and 
dy’ ° 
i Daa 4.45 
A corollary to (4.45) is easily obtained from the Rushbrooke inequality, 
2-a’ < 2B+y’, 
ys ”. (4.46) 


= 


The proofs of (4.44) and (4.45) depend on three further assumptions 
concerning the behaviour of the correlation functions of the system. 

D. Positivity of the correlation functions—for all temperatures 7’ and 
any non-negative field (i.e. H > 0), 


eo 0: (4.47) 
Eo(r) — CF 20; (4.48) 

and 
T4(r3, 72. 3) — Tari) o(r3 — r2) = 9, (4.49) 


where I’, denotes the j-spin correlation function (and hence I, is pro- 
portional to the spontaneous magnetization.) 

E. Monotonicity with magnetic field—for any fixed value of T, 
T,(T, HZ), T.(7, H), and I,(7, H) are monotonic non-decreasing 
functions of H for H = 0 (in particular, for T > 7T,, T, = 0 provided 
Heo), 

F. Monotonicity with temperature—for any fixed (non-negative) value 
of H, 1,(7, H), 1,(T, H) and [,(7', H) are monotonic non-increasing 
functions of 7’. 

Assumptions D-F have been proved rigorously for the Ising model 
with arbitrary ferromagnetic interactions of arbitrary range and with 
arbitrary spin quantum number S (Kelly and Sherman 1968, Griffiths 
1967a, 1968). For other magnetic models and for real magnets, assump- 
tions D-F are at least intuitively plausible. For fluid systems, on the 
other hand, assumption D (positivity) is certainly not valid; rather, 
I(r) oscillates in sign. Moreover, it is not yet known whether or not the 
spin correlation function develops a monotonically-decaying tail as 
TT, (Fisher 1969). Hence the Buckingham-—Gunton inequalities 
have not been proved for fluid systems—but neither have they been 
disproved! 

The inequality (4.44) is especially useful since it provides for y a 
lower bound which depends only on 6. For example, if 8 = 5 for a 
three-dimensional system (as is true for the spherical model and as is 
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extremely likely for both the Ising and Heisenberg models), then 
(4.44) requires that y > 0. Moreover, many experimental measurements 
of 5 yield a value smaller than 5, whence (4.44) implies that y must be 
larger than zero. Note, however, that if 8 = 4:3 for a system (as for 
CrBr;—cf. Table 3.4), then we cannot conclude that 7 must be larger 
than 0-132 unless the assumptions D-F could be verified for the system. 

We observe that the inequalities (4.44)-(4.46) differ from the in- 
equalities we have considered earlier in this chapter in that they are not 
satisfied by the van der Waals and mean field theories. They are, 
however, satisfied (as equalities!) by the two-dimensional Ising model, 
providing we choose 6 = 15 and y’ = $ (Fisher 1964). 


4.3.3. The Fisher inequalities 
Fisher (1969) has recently extended and refined the arguments for the 


Buckingham—Gunton inequalities. He has also proved, subject to the 
same assumptions (D-F above), the following inequalities: 


(2) ay (4.50) 
doa’ = 2 — up, (4.51) 

and 
dpo 2 Rg as (4.52) 


l+C+95 opty 
where the exponent 7, characterizes the decay of the energy—energy 
correlation function at 7 = T'.; v, n, p, #, and ¢ are defined, respec- 
tively, in eqns (3.15), (3.16), (4.11), (4.12), and 4.16. 
We can easily derive the following corollary to (4.52), 


2d—p 
(eee >2-— NE (4.53) 
from the Coopersmith equality (4.14), (p + %) = (1 + 1/8 + ¢). 

As we can see from the exponents presented in Table 3.4 the inequality 
(4.50) is satisfied as an equality for (a) the classical theories, (b) the 
d = 2 Ising model, and (c) the d = 3 spherical model. Unlike the other 
inequalities discussed in this chapter, (4.51) and (4.52) are not satisfied 
as equalities when the scaling hypothesis (cf. Chapter 11) is made. 


4.3.4. The Josephson inequalities 
Josephson (1967) has proved the inequalities 
dv’ > 2 — a’ (4.54) 


d 
SS dv > 2-4, _ (4.55) 
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subject to certain additional assumptions which we shall not discuss 
here. Observe that if we could prove the analogue of (4.50) for T < T,, 
(2 — yn)’ = y’, then combination with (4.46) would produce the first 
Josephson inequality (4.54). 

The Josephson inequalities, (4.54) and (4.55), fail for the classical 
theories for d => 3 (which predict the same values of the critical 
exponents regardless of the lattice dimensionality d). Observe from 
Table 3.4 that the Ising model satisfies the Josephson inequalities as 
equalities for d = 2, and as inequalities for d = 3. Similarly, the 
spherical model satisfies (4.55) as an equality. 


Suggested further reading 


Fisher (1964). 

Griffiths (1965). 

Fisher (1967). 

Fisher (1969). 

Griffiths, Hurst, and Sherman (1970). 


PART III 


CLASSICAL THEORIES OF COOPERATIVE 
PHENOMENA 


5 


THE VAN DER WAALS THEORY OF 
LIQUID-GAS PHASE TRANSITIONS 


VAN DER WAALS presented in his doctoral thesis ‘On the continuity 
of the liquid and gaseous states’ (1873) an approximate equation of 
state for a fluid system. His work provided one of the earliest qualitative 
explanations of critical phenomena, although we shall see that many 
quantitative predictions are not borne out by detailed experimental 
work. 


5.1. Heuristic derivation of the van der Waals equation of state 


The simplest theory of a fluid system corresponds to assuming that 
the particles of the system interact so weakly with one another that 
these interactions may be neglected altogether. Such a treatment 


results in the ideal gas law, 
PV = NkT = #&T, (5.1) 


where N is the number of molecules and x = N/N, is the number of 
moles in the system, N, is Avogadro’s number, & is the Boltzmann 
constant, and # = kN, is the ideal gas constant. 

For a gas at very low density and/or high temperatures eqn (5.1) is 
fairly well obeyed. Therefore it might seem reasonable to attempt to 
describe an interacting gas at normal densities by means of simple 
corrections to the non-interacting result (5.1). To this end, van der 
Waals attempted to take into account (i) the non-zero size of the molecules 
and (ii) the attractive force between the molecules. 
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(i) The ideal gas law assumes that the volume of the molecules may 
be neglected; for example, the equation P = ~2T/V means that as 
we increase the pressure at fixed temperature, the volume decreases 
without limit. Actually there is a limit if we think of the molecules as 
being like rigid spheres; i.e. there is a minimum volume 

Viuin = N x volume of a rigid sphere molecule. 

Of course real molecules are not rigid spheres, yet it may be a reasonable 
approximation to replace V in eqn (5.1) by V — Vinin, where Vinin i8 
regarded as a phenomenological parameter. Now in order that V — Vyin 
be an extensive quantity, V,,,, must be linear in NV. We call the pro- 
portionality constant ¢/N, and therefore make the substitution 
V —V — (é/N,)N into eqn (5.1), with the result 


P = «&T|(V — af). (5.2) 


Equation (5.2) is sometimes called the Clausius equation of state. 

(ii) The attractive force between the molecules of a gas clearly leads 
to a decrease in the pressure that the gas would otherwise exert on the 
walls of the container. This decrease AP has contributions from the 
decrease in momentum per molecule, and from the decrease in the 
number hitting the walls. If we assume that both contributions are 
proportional to the density of molecules, then AP  (p/m)?. 

We call the proportionality constant 2/N% and therefore subtract 
the term (a/N2) (N/V)? from the value of the pressure given by eqn 
(5.2) obtaining 

P = 2&T(V — xt) — an*/V?. (5.3) 


Equation (5.3) is the van der Waals equation of state and it is usually 
written in the form 


(P + an?/V?) (V — xt) = nT, m (5.4) 
or else in the form 


(P + a2/V2) (V — @) = &T, (5.5) 


where V = V/x is the volume per mole or specific volume. Clearly 
the van der Waals equation of state reduces to the non-interacting 
result (5.1) in the limit of low density, ie. when both a and @ are negli- 
gible compared to V. It is important to stress that 2 and ¢ are pheno- 
monological parameters characteristic of the fluid. Values of a2 and @ 
that provide a fairly satisfactory fit of (5.4) to the thermodynamic 
data (at least far from 7',) are listed in Table 5.1 for a few selected 
substances. 
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TABLE 5.1 


The van der Waals constants a and ¢ for selected fluid systems, together 
with the ratio Z, = PV ,/AT.. The van der Waals constants appear in the 
equation of state (5.4) ; because of the dimensions of a and ¢ used here, we 
should measure P in atm, V in litres, and take B ~ 0-08206 litre-atm| 
mole-degree. Note that a is a measure of the attractive force between 
particles, and & measures the non-zero volume of the molecules. Since both 
a and € vary with temperature, the values shown here are only approxi- 
mate ; they are obtained from the CRC Handbook, 45th edn. The systems 
are listed in order of increasing Z,. The van der Waals theory predicts 
Z, = $ = 0-375, while in the non-interacting limit Z = 1. 


Fluid a (1? atm mol~?) é (1 mol~*) Z, = P.V,|&T, 
Water, H,O 5-464 0:0305 0-230 
Sulphur dioxide, SO, 6-714 0-0564 0-269 
Ethylene, C,H, 4-471 0-:0571 0-270 
Acetylene, C,H, 4-390 0-0514 0-274 
Carbon dioxide, CO, 3°592 0:0427 0:275 
Ethane, CoH, 5-489 0:0638 0-285 
Xenon, Xe 4-194 0:0511 0-288 
Methane, CH, 2-253 0-0428 0-290 
Nitrogen, Nz 1-390 0:0391 0-291 
Argon, Ar 1-345 0-0322 0-291 
Oxygen, O2 1-370 0:0318 0:292 
Carbon monoxide, CO 1-485 0:0399 0:294 
Hydrogen, Hz 0-2444 0-0266 0:304 
Helium, *He 0-03412 0:0237 0-308 
van der Waals theory: — = 0-375 


5.2. van der Waals isotherms and the Maxwell construction 


Note that the van der Waals equation of state (5.4) may be written, 
for 1 mole (z = 1), as 


a at 
Ve — (@+ AT/P)V* +5V- == 0, (5.6) 
so that for a given value of P and 7 there will correspond in general 
three values of V instead of only one. For small 7 all three roots of 
(5.6) will be real (see Figs. 5.1, 5.2(a)). As we increase the temperature 
these roots move together and for 7’ > 7’, one pair of roots becomes 
complex; at very large T’, eqn (5.6) becomes V? — (ZT /P)V? = 0, 
which is just the ideal gas law, eqn (5.1). 

For all subcritical (7 < 7) isotherms there will be a region in 
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which the slope @V/@P is positive corresponding to the unphysical 
occurrence of a negative isothermal compressibility Ky; = —V~?* 
(OV /0P)>. 

This dramatic breakdown of the van der Waals theory for T < T, 
was recognized from the outset, and less than two years had passed 


Fie. 5.1. The PV T surface for the van der Waals theory. Any point on this surface satisfies 
the van der Waals equation of state (5.4) and hence is predicted to correspond to an 
equilibrium state of the system. The reader should determine that portion of the surface 
that corresponds to unstable states. After Kubo (1968). 
Fie. 5.2. (a) A single subcritical (or 7 < T,) isotherm, as given by (5.4). (b) The Max- 
well construction restores the convexity of the Helmholtz potential A(T, V) as a 
function of V. After Huang (1963). 


from the date of van der Waals’ thesis when Maxwell proposed an ad 
hoc remedy which is commonly called the Maxwell equal-area con- 
struction. Following Huang (1963), we construct in Fig. 5.2(b) the 
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Helmholtz potential A(7', V) for a fixed temperature T, < T,, and 
we find that the region in which @P/@V > 0 corresponds to a region 
where ¢?A/0V? < 0 (ef. eqn (2.36)). Now A(7'y, V) must be a convex 
function of V for all V in order that the system be stable. The 
Maxwell construction consists in replacing the Helmholtz potential 
in the entire region V; < V < V. (which is somewhat larger than the 
unstable region referred to above) by the dashed line shown in Fig. 5.2(b). 
This modification of the Helmholtz potential corresponds to a hori- 
zontal straight line connecting points 1 and 2 of the P—V isotherm of 
Fig. 5.2(a). It is easy to show that the horizontal line is at just such a 
value of the pressure that the areas labelled A and B of Fig. 5.2 (a) 
are equal, and for this reason the Maxwell construction is sometimes 
called the equal-area construction. An equivalent formulation of the 
Maxwell construction focusses instead on the Gibbs potential—whose 
dependence upon pressure the reader can easily construct from 
Fig. 5.2 using the methods developed in Fig. 2.4. One finds that the 
Gibbs potential becomes a three-valued function in the neighbourhood 
of the phase transition, and that the Maxwell construction is equiva- 
lent to deleting all but the lowest branch of this function. 


5.3. The van der Waals critical point: P,, V,, and T, 


The P-V isotherm for 7’ = 7, is characterized by a horizontal 
tangent and an inflection point when P = P, and V = V,. Hence 
we may obtain the three parameters P,, V., and T,, (which define the 
critical point) by solving simultaneously the three equations: 


(i) (0P/@V)r=7, = 9, 


(ii) (22P/0V)p_-7, = 0, and 
(iii) the'van der Waals equation (5.4), 


where in all three equations we set P = P,, V = V,, and T = T,. 
An alternative procedure is to observe that we may equate coefficients 
of identical powers of V in the two equations: 


(V — V,)8 = V3 — 3V2V, + 3V V2 — V3 =0 (5.7) 


and . 
Ve=4 + AT ./P.) V? + (a@[2av — 24k, = 0 (5.8) 


Equation (5.8) merely states that for P= Po and Pe 7T'.,.all three 
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roots of eqn (5.7) are the same and in fact are equal to the critical 
volume V,. We thereby obtain the three equations: 


—3V, = a ct AT /P.), (5.9) 
+3V2 ra alP., (5.10) 
and 
—V2 = —at|P,. (5.11) 
Equations (5.10) and (5.11) may be combined to yield 
P, = a/27é? (5.12) 
and 
V, = 30. (5.13) 
Finally, substitution of (5.12) and (5.13) into (5.9) results in 
AT, = 8a/27é. (5.14) 


Table 3.5 lists values of P,, p,, and 7’, for a few representative fluids. 


5.4. The law of corresponding states 


We begin by observing that eqns (5.12)—(5.14) provide three relations 
among the two parameters a and ¢ which characterize a given fluid. 
Hence there must be one relation involving P,, V,, and 7’, which is 
independent of the parameters a and ¢; clearly 


Z, = P.V./RT, = (a/2762) (3) (276/82) = % = 0-375 (5.15) 


Typical values of Z, are listed in the last column of Table 5.1. Note 
that for an ideal gas (which has no critical point), 


Z=PV/AT =1 (5.16) 


for all values of P, V, and 7’ so that the van der Waals theory has 
achieved some improvement over the non-interacting result, although 
from Table 5.1 we see that Z, < 3 for real fluids. 

Suppose we multiply both sides of the van der Waals equation by 
(27é/a) and then use eqns (5.12)-(5.14) to eliminate the parameters 
a and € ;we thereby obtain 


(P + 3/V¥2) (3V — 1) = 87, m (5.17) 
where 


FPP, V=ViV a nd 2 = Tine (5.18) 


This new form of the van der Waals equation, (5.17), means that if we 
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measure pressure, volume, and temperature, respectively, in units of 
P,, V,, and T,, then the equation of state is the same for all substances. 
Thus any two fluids with the same values of P, V, and 7 may be said 
to be in corresponding states; eqn (5.17) is generally called the law of 
corresponding states. 

One might expect that the law of corresponding states is obeyed by 
real gases only to the extent that the van der Waals equation (5.4) is 
obeyed. However, experimentally we find remarkable confirmation of 
the (more general) notion that materials should behave similarly pro- 
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Fra. 5.3. Dependence of the compressibility ratio Z = PV/#T upon reduced pressure 
P for different reduced temperatures 7’. The fact that the data for a wide variety of 
fluids fall on identical curves supports the law of corresponding states. After Su (1946). 


vided that P, V, and 7 are measured in units of P,, V,, and 7',. For 
example, in Fig. 5.3 we display measurements of the compressibility 
ratio Z = PV/AT for a variety of fluids. Even though these materials 
do not obey the van der Waals equation near 7, (e.g. the value of Z, 
is not 3), the ‘data for all materials nevertheless lie on the same curve 
for a given reduced temperature 1’. See also Fig 1.8. We shall discuss 
behaviour analogous to the law of corresponding states in Chapter 11. 
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5.5. Critical-point exponents for the van der Waals theory 


One of the simpler methods of obtaining critical-point exponents 
for the classical van der Waals theory is to begin with eqn (5.17), the 
van der Waals equation in terms of reduced variables P, V, and T. 
We then expand each variable about the critical point; thus, on de- 
fining 
=) = Pe (5.19) 


yv=V—1=(V — V.)/Veos (5.20) 
e=T-1=(7 — T/T. (5.21) 


we find that eqn (5.17) becomes 
{(1 + p) + 3(1 + v)~7} {8(1 + v) — 1} = 8(1 + ©). (5.22) 
Multiplying both sides by (1 + v)?, we get 


{4 + 2v + v? + p(l + 2v + v7)} {2 + 30} = 8(1 + €) (1 + 2v + 0%), 
(5.23) 


and on expanding both sides and combining terms, we get 
2p(1 + 7v/2 + 4v2 + 3v3/2) = —3v? + 8e(1 + 2v + v?). (5.24) 


To obtain the critical isotherm exponent 5 and the coefficient D 
defined in eqn (3.10), we set « = Oin (5.24), 


p = —§v9 (1 + Tv/2 +---)-+ = —$ v83(1 — Tv/2 +--+). (5.25) 


The leading term on the right-hand side is cubic; hence 6 = 3. To 
obtain the coefficient J, we observe that 


ei ne | es 
\ a a =3(-3°) —v (5.26) 


where we have used the fact that P? = @T,/V, =§ P, from eqn (5.15). 
Thus from (3.10) and (5.26) we see that 
) 
Consider next the behaviour of Ky as T + T?% along the critical 
isochore (v = 0). From (2.17), (5.19), and (5.20), 


(-~VKy7)7* = (>). = re (2), = 7 (=) (5.28) 
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where the last equality in (5.28) follows from (5.24) On using (K7)-1 = 
P. = $ P., we find 


Koger ss 1 41 
ae ire pe Se 


Hence y = 1 and the coefficient @ defined in eqn (3.8) has the value #. 
We can show in a similar fashion that when we approach the critical 
temperature from above, we obtain the values y’ = 1 and @’ = 2. Thus 
the inverse compressibility is linear in e, but it rises twice as fast below 
T, as above T, (cf. Fig. 5.4). This result can be remembered easily by 
means of the following mnemonic device: when the system is below 


(a) 


Ky 


Fig. 5.4. (a) Inverse isothermal compressibility predicted by the van der Waals theory. 

Note that y’ = y = 1, yet @'(=3) < @(=$). (b) A PV projection for three isotherms, 

T = T,,and T = T, + To. The circles indicate the regions where the slope is propor- 

tional to the inverse compressibility. That @’ < @ is often said to correspond to the fact 
that the lower circle is further from the critical point than the upper circle. 


the critical point, it is removed both in temperature and in density, 
whereas when it is above 7',, we are on the critical isochore and hence 
are removed only in temperature. 

Similarly, we can calculate the shape of the coexistence curve and 
we find that the exponent f has the value 8 = $, while the coefficient @ 
defined in eqn (3.6) has the value # = 2. 

Finally, the specific heat predicted by the van der Waals theory is 


a eVe(l — fret) elt =< 7] 
By Cike\ 0 [T > T.] 


where C°. = 3Nk& is the constant volume specific heat predicted for the 


non-interacting (high-temperature) limit or ideal gas. Thus a’ = « = 0. 
Note that the slope of Cy vs. T is finite as T’' > T’, from below, so that 


a, = 0as well. 


AG? (5.30) 


76 THE VAN DER WAALS THEORY 5, § 6 


It is clear from Table 3.4 and Fig. 3.3 that the predictions of this 
classical theory disagree with most experimental results on fluid and 
magnetic systems near the critical point. On the other hand, we see 
that the d = 3 Ising and Heisenberg models agree rather better with 
experiment. It is by now generally believed that the classical exponent 
values are to be associated with the assumption, inherent in all of the 
classical theories, that the interparticle forces are of extremely long 
range. In fact, the essential results of the van der Waals theory can be 
derived by making the approximation that each particle moves in a 
mean field due to all the other particles. Correspondingly, in the next 
chapter we show that the molecular field (or mean field) theory of 
magnetism can be derived by making the assumption that each spin 
interacts equally with all the other spins in the system. Presumably 
these rather drastic assumptions are unrealistic for real fluid and mag- 
netic systems. 


5.6. The van der Waals equation of state as a mean field theory 


In this section we show that the van der Waals equation of state 
also results if we approximate the interactions among the particles 
comprising the fluid by an effective potential of the form shown in 
Fig 5.5(a). The technique of approximating the effects of molecular 
interactions by means of the assumption that a particle moves in such 


U(r) 


(a) (b) 


Fie. 5.5. (a) The effective potential U(r) assumed in the Reif-derivation of the van der 

Waals equation of state consists of a hard core of radius 7, and a long-range tail for which 

the potential is approximately constant. (b) The effective potential U(r) = o forr < ro 

and U(r) = —xe~"" for r > ro. A system of particles interacting with this potential 
behaves, in the limit x > 0, as a van der Waals gas. 
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a mean field due to all the other particles is a trick that we shall use 
again in the following chapter to develop the so-called mean field 
theory of magnetism. Our present mean field theory of fluids follows 
Reif (1965). Assume, then, that the particles are independent, yet that 
they move about in an effective potential of the form 


oO far, 
U = 0 
(r) \ otherwise [wu < 0]. CES) 


Then the pressure in the fluid is, from (2.11d), 


P=- (=), = kT (In a) . (5.32) 


where the partition function Z is given by the product of the partition 
functions of the NV independent particles; defining B = 1/k7', we have 


2" o [dp [dr exp[—B {p?/2m + U(n)}]. (5.33) 


Now the momentum integral factors out; its value is independent of V 
and hence cannot contribute to the pressure in (5.32). Because of the 
form of U(r) assumed in eqn (5.31), the spatial integral may be written 
as 

ZivoeVi2e- = +(V — V.)e % (5.34) 
where V., represents the volume excluded by the hard core in eqn 
(5.31). Since the first term on the right-hand side of (5.34) is zero, the 
expression for the pressure in eqn (5.32) becomes simply 

7) = 

a7 {In (V — Vex) — Ba}. (5.35) 
It is easy to see that V., ocN. We call the proportionality constant 
(4/N 4); thus 


P = NkT 


Vex = (¢/Na)N = bx. (5.36) 
Similarly, one can argue that wo — N/V. Calling the constant of 
proportionality (z/N ,?), we have 


a= —(a/N3) (7) = —ax/NV. (5.37) 


On substituting (5.36) and (5.37) into (5.35) and carrying out the in- 
dicated volume differentiation, we obtain 


a 1 2 Nd nkT _ an P 


which is precisely the van der Waals equation of state, (5.3). 
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A more precise formulation of the van der Waals theory as the limit 
of an infinite-range potential has been formulated in recent years by 
Kac, Uhlenbeck, and Hemmer (1963). These authors consider the 
potential 


_ fa Tits 
= ee cer (5.39) 


where the parameter x determines the range of the potential (cf. Fig. 
5.5(b)). The integral i U(r) dr is simply -exp (—«ro), and when we take 
the limit x — 0, the potential becomes both infinite in range and in- 
finitely weak. Kac et al. have shown that in this limit, the model 
becomes essentially the same as the van der Waals theory, with one 
noteworthy improvement—there are no unstable regions (i.e., the 
‘Maxwell construction’ of § 5.2 is no longer necessary). The interested 
reader is referred to this important work for the details of the argument. 


Suggested further reading 


Huang (1963). 

Kac, Uhlenbeck, and Hemmer (1963). 
Baker (1963b). 

Reif (1965). 

Widom (1967). 

Kittel (1969). 
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THE MEAN FIELD THEORY OF MAGNETIC 
PHASE TRANSITIONS 


In 1907—two years after the appearance of Langevin’s theory of para- 
magnetism—Pierre Weiss proposed a phenomenological theory of 
ferromagnetism in which he assumed that the spins interact with one 
another through a molecular field proportional to the average magnetiz- 
ation. It was only some years later, after the Heisenberg exchange inter- 
action had been proposed, that the molecular field was given an 
interpretation in terms of pair-wise exchange interactions J,,; between 
spins S, and S; situated on sites i andj in the lattice. Fairly recently 
this mean field theory has received yet another interpretation. It has been 
shown that if we consider a model system in which every magnetic 
moment interacts with every other moment—with an equal strength— 
then the properties of this model are identical to those of the mean 
field theory. In this chapter we shall consider each of these three inter- 
pretations of the mean field theory in turn: 


(i) the Weiss molecular field, 
(ii) the molecular field theory as an approximation to the Heisenberg 
model, and 
(iii) the solution of an infinite interaction range model. 


We shall see that the critical-point exponents predicted by the 
molecular field theory are identical to those of the van der Waals 
theory. This should come as little surprise, as we saw in § 5.6 that the 
van der Waals theory could be interpreted as an infinite interaction 
range model also. Most systems in nature have relatively strong, short- 
range interactions, and we shall see in Chapter 9 that the nature of the 
cooperative phenomena observed depends crucially on the fashion in 
which these interactions ‘propagate order’ from one particle to another. 
Hence we will come to appreciate why it is that the mean field theory 
provides an iriadequate description of phenomena in the critical region. 

We begin our discussion with the derivation of the partition function 
and the thermodynamic properties of a system for the limit in which the 
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constituent magnetic moments interact so weakly with one another 
that these interactions may be neglected altogether. We shall find that 
the techniques illustrated in this calculation for the ‘perfect para- 
magnet’ prove useful in deriving the predictions of the mean field 


theory. 


6.1. The non-interacting magnetic system 


The Hamiltonian for a system of N non-interacting magnetic mo- 
ments in an external magnetic field H is 


N 
H = —Ghp »& S,-H, — (6.1) 
i=1 


where the product S; - H may assume the values 
S,-H = mJ, (m, = —S8, = 8 1, ses 05d =e) (6.2) 


and where we have used the relation —u = gyzS between the magnetic 
moment pw and the spin S. In eqn (6.1) g is the Landé factor and pz = 
eh/2mc is the Bohr magneton; since the combination gu, occurs in 
many of the formulas to be presented, we shall introduce the notation 


ie = gus. (6.3) 


The partition function or Zustandsumme is obtained by weighting 
each state by the appropriate Boltzmann factor from (6.1) and then 
summing over all (2S + 1)" states of the system. Thus we have 


Ss 


L= > Sale S exp (« > mi); (6.4) 


m=-S my=-S 


where 
= pH/kT. (6.5) 


The summations in eqn (6.4) are particularly elementary for the case of 
a two-level system (S = 4), and we have 


Le ] { exp (am) 


m= 


Tl 2 cosh (42) 
i=1 


= 2" cosh” (42). (6.6) 
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For general S, the solution becomes 
Z = [exp (—#8) [1 — exp {(28 + 1)z}]/{1 — exp (x)}]* 


ances 


sinh (2/2) (6.7) 


Thus it is possible to obtain a closed form expression for the partition 
function in the non-interacting limit. 

We say that we can ‘solve’ the paramagnetic system in the sense that 
since we can obtain the partition function, we can also obtain a great 
many thermodynamic functions that are directly related to the par- 
tition function. For example, the Gibbs potential G(7', H) is, directly 
from eqn (6.7) (Wannier 1966), 


Q(T, H) = -kTInZ 


(6.8) 


— _NkTIn E {(S + 13}. 


sinh 4a 


The magnetization is related to the Gibbs potential by eqn (2.45c), 
whence 


M(T, H) = - (zi), = Wer In Z 
= My Bs (Sz), (6.9) 


where 
M,.= M(T = 0, H = 0) = NSp = NSgus (6.10) 


is the maximum value of the magnetization, and 


28 + 1 28 + 1 i al 
B;(y) = 38 coth ( 38 y) — xg coth (55 v) (6.11) 


is called the Brillouin function. This function, which relates the magnet- 
ization of the system to the applied field, is plotted in Fig. 6.1. Note 
that for S = 3 (that is, the single electronic spin value), 


B, ($a) = 2 coth (x) — coth (x/2) 


coth? (z/2) + 1 
= cathe coth (x/2) 


tanh (2/2). (6.12) 
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Fig. 6.1. Dependence of the reduced magnetization o = M/M, = M(T, H)/M(0, 0) 

upon jHS/kT for a magnetic system in the non-interacting limit, as given by eqn (6.9). 

The curves are those of the Brillouin function B;(Sz), which reduces to the hyperbolic 
tangent and to the Langevin function in the limits S = 4 and S = © respectively. 


6.2. The assumption of an effective molecular field 


We note from Fig. 6.1 that M = 0 when H = 0; we say that the 
spontaneous magnetization M(7T, H = 0) of the paramagnet is zero. 
This prediction is not supported by observation—in fact, for all ferro- 
magnetic materials there is some temperature below which there exists 
a spontaneous magnetization. 

The basic assumption of the mean field theory is that the inter- 
actions among the spins give rise to a magnetic field H,, in addition to 
the external field H. If one assumes that H,, is proportional to the 
magnetization, H,, = AM(T, H), then the effective field seen by each 
spin is 

Herp = H + AM(T, A). (6.13) 
The parameter A in (6.13) is called the molecular field parameter. The 
derivation of the partition function proceeds as before, and all the above 
expressions remain valid providing we replace the magnetic field H 
(which enters into the parameter x of eqn (6.5)) by the effective field of 
eqn (6.13). 
In particular, eqn (6.9) becomes 


M = M,By {paS (H + AM)}, (6.14) 
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where M denotes M(T, H), M, = M(T = 0, H = 0) asin (6.10), and 
B = 1/kT. For H = 0, eqn (6.14) reduces to 


M = M, B,(BpSXM). > (6.15) 


Equation (6.15) is an implicit equation in the sense that M appears 
in the argument of the Brillouin function as well as on the left-hand 
side of the equation. We consider therefore a graphical solution, and 
refer the reader to Fig. 6.2 which shows both sides of (6.15) plotted as 
functions of M. Equation (6.15) possesses the trivial solution M = 0 for 
all values of 7’, but there exists a second solution with M # 0, providing 


> 


Fia. 6.2. Plotted as functions of M are the left-hand and the right-hand sides of eqn 
(6.15). The solution M = 0 exists for all 7, but the solution M # 0 exists only for T 
sufficiently small that the initial slope of the Brillouin function is larger than 1. 


the initial slope of the right-hand side of (6.15) is larger than the initial 
slope of the left-hand side. To study the initial slope, we consider the 
small-argument expansion of the Brillouin function, 


S+1 S + 128? + 2841 


Bee ee yy ee ye. ss 6.16 

Therefore the initial slope of a graph of the right-hand of (6.15) as a 
function of © is 

S+1\pSA_ A 6.17 

Me (~aa-) oe = Co oD) 


where we have used eqn (6.10) to eliminate 1, and where 


Np2S(S + 1) 


c 3k 


(6.18) 


Ii 
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is called the Curie constant. We see from (6.17) that non-trivial solutions 
exist for 7’ < AC, whence we have the result that the critical temperature 
for the molecular field theory is given by 


T, = AC. (6.19) 


Thus 7’, is proportional to the molecular field parameter A and ap- 
proaches zero when A approaches zero. This should not be surprising, 
since for A = 0 we recover the paramagnetic or non-interacting result, 
= 0 
S : 


6.3. Critical-point exponents for the mean field theory 


We begin by considering the case S = 3, so that the equation of 
state in the mean field theory is, from (6.14) and (6.12), 


M = M, tanh {487 (WH + AM)}. (6.20) 
If we introduce the reduced variables 
_M _ MT, #) 
"=, = M0, 0) oe 
and 7 = T/T., then (6.20) becomes 
1 pH 
o = tanh (sor + o|T ). m (6.22) 


In order to facilitate the calculation of the critical-point exponents, it 
is convenient to write the equation of state (6.22) in the form 


iH o — tanh (0/7) 
h = tanh co) = ———_. 2 
(F7 1 — o tanh (o/T) eee) 
where we have made use of the trigonometric identity 
ane tanh x + tanh y (6.24) 


1 + (tanh x) (tanh y) 


Near the critical point (HW = 0, M = 0, T = T,) the arguments of all 
the hyperbolic tangent functions in eqn (6.23) are small, and we can 
therefore use the expansion 


tanha = a — 44° + a5 4+... (6.25) 
to obtain 


h = o(1 — 1/T) + 05{1/(37%) + (1 — 1/T)/T} + O05). (6.26) 
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Most of the critical-point exponents for S = 5 are obtainable from (6.26). 


6.3.1. Magnetization exponent B 
From eqn (6.23) we see immediately that in zero field, h = 0, and 
for T’ < T, eqn (6.26) becomes 
we T/T -—1 
T3@T) + (TIT) — TIP) 


aN T,-T 
i dip , 


(oy 


(6.27) 


Ne 


Thus the square of the zero-field magnetization vanishes linearly with 
T, — T, so we have B = }, just as in the van der Waals theory of a 
fluid system. Notice, however, that the coefficient # defined in eqn (3.7) 


has the value 1/3 here, in contrast to the van der Waals prediction 
ceo, 


6.3.2. Critical isotherm exponent 8 


To obtain the curvature of the M-H isotherm at the critical temper- 
ature, we set 7’ = 1 in (6.26) and consider both H and M to be small. 
Thus we have 


$B fH + O(H*) = 03/3 + O(0°), (6.28) 
where 8, = 1/kT.. Hence 5 = 3, just as in the van der Waals theory. 


However the coefficient again differs, and we find that D = 2 (ef. eqn 
(5.27)). 


6.3.3. Specific heat exponents « and «’ 
For S=i, a straightforward though somewhat lengthy calculation 
leads to the expression 


A(T, M) = NkT[—In2 + }In(1 — o?) + goln {(1 + o)/(1 — 0} 
— 07/27"): (6.29) 
From (6.29) and (2.47), we see that Cy = — T(0?A/@T?)y=0 for all 7. 
We can find C,, either from (2.48), Cy, = —7(@?G/éT?),,, from (2.51a), 
Cy = T yr71 {((0M/0T) 4}, or from (2.54), Cy = T yp {(0H/0T)y}?. All 
three calculations lead to the same expression: for H = 0, C, = 0 for 
ieee, whilefor ds 7’, 


Ca eed (Tarr 4 -.-}. (6.30) 
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Thus the limiting slope of C,, vs. T' remains finite as T' — T',, and we have 
the results o; = a, = 0, as well as «’ = a = 0. Further, we see that 


Cy—>3Nk/2 as T>T;, (6.31) 


so that there is a jump discontinuity in the specific heat of magnitude 
AC; = 3Nk/2 for S = 3 (cf. Fig. 6,3). 


6.3.4. Susceptibility exponents y and y’ 


We begin by observing that the zero-field isothermal susceptibility 
Xr = (@M/0H);, satisfies the relation 


where we have used (6.18) for the Curie constant for S = 4. Hence we 


iG 
Nk 
5/2 
2 ee) 
3/2 


T/T, 1-0 
Fra. 6.3. Dependence of C, for H = Oupon reduced temperature f = T/T,. Notice 
that although there is a simple jump discontinuity for all values of S (i.e. a = a’ = 0), 
the magnitude of the discontinuity depends weakly upon S. Notice also that the behaviour 


for the classical limit (S = 00) is only slightly different from the finite-S results in the 
critical region, but is qualitatively different at low temperatures. After Mattis (1965). 


differentiate both sides of (6.26) with respect to h, obtaining, for T ~ T, 
1 = (d0/0h) {((1 — 1/7) + 30? (1/37) + O(o4)} (6.33) 


or, on using (6.32), 


Cie ce Le 
= TF + 7 + oo) : (6.34) 


Now for T > T.,¢ = Owhen H = Oand (6.34) reduces to 


) C(t, T—7.\- eae 
x= (FF ~F-] Tt 7 bes 2) 
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Hence y = 1 and the coefficient © defined in eqn (3.9) has the value 
unity also (cf. Fig. 6.4). However for 7 < T., we must substitute 
o? ~ —3e from (6.27), whereupon 


Le 
Xr = a7 (-—e)7}. (6.36) 


Thus we find y’ = 1 but the coefficient @’ is only half as large below 7, 
as above T, (€’ = 4). 


<|— 
<6 


——Non-interacting 
limit 


— Mean field 
theory 


== 6 = T 
T 


Fig. 6.4. Dependence upon temperature of the inverse isothermal susceptibility y,—1 for 
the non-interacting limit (perfect paramagnet) and for the mean field theory. Only the 
behaviour for T > 7, is shown (cf. Figs. 5.4 and 10.2). 


6.3.5. The gap exponents A; and A,’ 


The gap exponents were defined in § 3.4 in terms of successive field 
derivatives of the Gibbs potential. Thus, for example, we have 


1=2—0'—§B =i, (6.37) 
A,=Bt+y =% Ag=Hy+ 2-4) =F. (6.38) 


To obtain Aj, we need to differentiate the Gibbs potential three times, 
or, equivalently, we need to find the field derivative of the susceptibility 
evaluated at H = 0. From (6.34) we have 


(22), = a + o8)-2 126 (3), + 40") (6.39) 


For 2 > T,, H = 0 implies o = 0. Hence the right-hand side of (6.39) 
reduces to zero, as we would already have suspected because the odd- 
order field derivatives of the free energy vanish for T > T. 
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For T < T,, (dc/dh) = (T/C) xr ~ 4(—€)7} from (6.36) and o ~ 
3!( — )* from (6.27). Hence 


= 6% = (Bt) oc F fe — 3)? (= Bef"? (=) ~ (—e) 8 (6.40) 


and, since —G? = yr; ~ (—«)7~}, using (3.19) we have the result 


At = #. (6.41) 


TSrir. ee 


Fic. 6.5. Dependence of reduced magnetization o = M/M, = M(T, H)/M(0, 0) upon 


reduced temperature 7 = T'/T,. The fact that there is a slightly different curve for each 

value of the spin quantum number S means that this law of corresponding states is valid 

only for a given value of S. The solid circles represent typical experimental data for 
Gd (S ~ }), Fe (S ~ 1), and Ni (S ~ 4). After Martin (1967). 


6.3.6. Law of corresponding states 


For general angular momentum quantum number S we can use 
(6.18) and (6.19) to eliminate the molecular field parameter \ from the 
equation of state (6.14) with the result 


3S oo 
o= By (a ar waa *) (6.42) 
where H = BjSH is a dimensionless magnetic field. The critical-point 
exponents are the same for all values of angular momentum quantum 
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number S, although the coefficients do depend upon 8. For example, we 
find 


-. 10 (8 + 1) 


— 3+ (S41) (—e) (6.43) 
and 
2 _ 
Bee pg + a (6.44) 


Ca eae 


Notice that eqn (6.42) is analogous to the law of corresponding states, 
eqn (5.17), in the van der Waals theory. However, (6.42) predicts that 
even if we measure H, M, and T in the proper units, two materials will 
behave differently if they have different spin quantum number S (see 
Fig. 6.5). 


6.4. The mean field theory as an approximation for the Heisen- 
berg model 

In the preceding section we obtained a set of critical indices for the 
molecular field theory without assuming anything concerning the 
nature of the coupling constant A. Further, the theory does not give a 
microscopic argument for the introduction of the effective molecular 
field. This can be done, for example, through the Heisenberg model 
for a magnetic system. 

The basic idea of the Heisenberg model is that there exists an exchange 
interaction between the magnetic moments S; and S, localized on sites 
i and j, which can be represented by the form 


ee = = 2S; S; > S,. (6.45) 


The minus sign is included in eqn (6.45) in order to conform to the 
convention that if the exchange parameter J,,; in (6.45) is positive the 
configuration in which the spins S,; and S; are parallel is energetically 
favoured. (The case in which J;,; is negative favours anti-parallel align- 
ment of S, and S,, giving rise to an antiferromagnetic ordering.) In 
order to render manageable the complexity of calculations based upon 
(6.45), it is often assumed that J,; = 0 except when sites 2 and j are 
neighbouring sites of the lattice. However, within the framework of the 
molecular field approximation it is possible to consider interaction 
potentials J,, of arbitrary range. 
The Hamiltonian for the entire system is then 


N WN N 
KH — > > Ju S,°S; ~%D S, - H. | ad (6.46) 
i=1 f=1 =1 
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The mean field approximation to the Heisenberg Hamiltonian of eqn 
(6.46) is one of a large class of cluster approximations (Smart 1966) 
for which we treat only the interactions among the spins within a 
cluster exactly, whereas for the remaining spins in the system we set 
S,, = <S,> and S,, = S,, = 0. For the molecular field approximation, 
we choose the cluster to consist of a single spin, so that the cluster 
Hamiltonian is simply 


#, = (—25 Jy 8.) ~ HH) Be (6.47) 

Clearly the dynamics described by (6.47) are those of asingle spin situated 
in a magnetic field of magnitude 

Fore = H + 2(Jo/iz) <S.) =H+ 2(F,/Nja?).M, (6.48) 


Comparing this equation with (6.13), we see that the molecular field 
coupling constant A is given by 


A = 2S,/Np2. (6.49) 
Hence it follows from (6.19) that the critical temperature is 
2 
T, = a0 S(S + 1). » (6.50) 


We see that for the case of nearest-neighbour interactions (J,, = J 
only when site 7 is one of the q sites that are nearest neighbours of site #), 
J, = qJ and the critical temperature is given by the expression 


kT JJ = 2qS(S8 + 1). > (6.51) 


When we compare eqns (6.50) and (6.51) with experimental results on 
materials that are thought to be described fairly accurately by the 
Heisenberg model and also when we compare with numerical calcu- 
lations (to be described in Chapter 9), we find that eqns (6.50) and (6.51) 
significantly overestimate the value of T’,—by as much as 50 per cent 
(see Fig. 6.6). 

What is perhaps more disconcerting about (6.51) is that it predicts 
that two lattices will have the same value of the critical temperature 
if they have the same coordination number (i.e. the same value of q). 
For example, the simple cubic lattice is predicted to have the same 
value of 7’, as the plane triangular lattice, since for both lattices ¢ = 6 
(cf. Fig. 6.7). Thus the mean field theory is evidently too crude to take 


6, § 5 INFINITE INTERACTION RANGE 91 


into account the dimensionality of the lattice, which is believed to be 
one of the crucial features determining critical behaviour. 


————— Mean field theory 


—-—-—— Experiment 


Te T. fi 
(experiment) (MFT) 
Fic. 6.6. Schematic comparison of typical experimental measurements on a Heisenberg 


ferromagnet (such as EuS) with the predictions of the molecular field theory (cf. Fig. 3.3). 
Note that the curve for 1/y7 is shown only for 7 > T,. 


(a) (b) 


Fia. 6.7. (a) The plane triangular lattice, and (b) the simple cubic lattice. The fact that 

both lattices have the same coordination number (q = 6) means that within the mean 

field approximation they are predicted to have the same critical temperature (cf. (6.51)). 

This prediction is at odds with the more accurate approximation procedures to be dis- 

cussed in Chapter 9, and it is currently believed that the critical temperature depends 
rather strongly upon lattice dimensionality. After Ziman (1964). 


6.5. Equivalence of the mean field theory and an infinite inter- 
action range 
In this section we show that the mean field theory results follow from a 
model which assumes that each spin interacts equally with all the other 
spins in the lattice. The argument (Kac 1968) is most easily illustrated 
for an ‘Ising’ interaction, 


H=(-2/N) > %8. » (6.52) 


1si<jsN 
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Here the spins s, are one-dimensional unit vectors, i.e. s,; = +1 for allt. 
We wish to calculate the Gibbs potential per spin G(7', H), in the ther- 
modynamic (NV —> oo) limit, 


G(T, H) = —kT lim (N-1 In Zy). (6.53) 
N-o 


Our argument, following Kac (1968), begins by rewriting eqn (6.52) in 
the form 


By pg jf x J [xX 2 


Hence the partition function is 


Zy = e~F S ee er {#(dsn-) | (6.55) 


s;=-1 


where ¥ = J/kT = BJ is a dimensionless coupling constant. 
Using the identity 
exp (a*) = (27)7? ee exp (—4 2? + 2tax)da, (6.56) 


we can write the partition function in the form 
Co} ? 1 a N 
Zy = (on)-teny [7 e-27/2 e. eS exp {2( a(2f/N)* 28 j} ae. 
- 2 ace — 
(6.57) 


The summations now can be performed independently, and we have 
Zy = (2n)-te-F [” e-*72 {2 cosh (2F/N)'x}"¥ dx. (6.58) 
If we substitute « = yN?, we obtain 
Zy = (N|2n)te-F 2% |” {o-¥2 cosh (2f)ty}" dy, (6.59) 
which suggests application of the saddle-point method. Thus 
Zyx Nte"% 2" max {e-%!? cosh (29)ty}" (6.60) 


-am<y<@ 
and, from (6.53) the Gibbs potential is 


G(T, H) = —kT{in2 + In F(Y);, (6.61) 
where 
F(Z) = max Je v*l2 cosh (2f)ty}. (6.62) 


-o<y< 
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6 TReosh yN2¢ 


Yo + Yo y 


Fig. 6.8. A graph of the function which appears in the curly brackets of eqn (6.62), 
for two different temperature parameters ¥ = J/kT. For ¥ < 4 (or T > 2J/k), the 


maximum occurs at y = OandG(T,H) = —kT 1n2fromegn(6.61).For J > 4(orT < 2//k), 
the maximum occurs at y = yp and there is an additional contribution to the Gibbs 


potential G(7, H). This figure is adapted from Kac (1968). 


To find the maximum in eqn (6.62), we calculate the maximum of the 
logarithm of the bracketed factor, 


fly) = —4y? + In cosh (2Y)ty. (6.63) 
Setting f’(y) = 0 results in the equation 
y = (2)! tanh (29)y. (6.64) 


Equation (6.64) is recognized as being essentially the molecular field 
equation for H = 0; in particular, for JY < 4 (or T > 2J/k), the only 
solution of (6.64) is yy = 0, whereas for J > 4 (or T < 2J/k) there 
exists a solution y, # 0 (see Fig. 6.8). 


Suggested further reading 
Weiss (1907). 

Van Vleck (1945). 
Ziman (1964). 

Kittel and Shore (1965). 
Brout (1965). 

Smart (1966). 

Kae (1968). 
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THE PAIR CORRELATION FUNCTION AND 
THE ORNSTEIN-ZERNIKE THEORY 


In this chapter we shall consider a third classical theory—the Ornstein-— 
Zernike theory. In the course of our development, we shall introduce 
the pair correlation function for a fluid system. This function plays a 
particularly important role in almost all discussions of critical phenom- 
ena. 


7.1. The density-density correlation function for a fluid system 


Consider a fluid confined in a macroscopic volume V. If the fluid is in 
equilibrium and can exchange particles with an external reservoir, 
the probability density for the system to have N particles in a particular 


configuration of position and momenta (r,,..., fy, P;..-, Py) is given 
by the grand canonical ensemble to be 
OXDe— OU (0s. 0. Ee aces © + 
Ey. Ty Buys Pr) = a ee 
(7a) 


where 8 = 1/kT7’, h is Planck’s constant, uw is the chemical potential, 
Uy(0,, Yo,--- Ty, Pi,--- Py) is the energy of the system, and 


oO 


ebENn 
¥= » arp | ti-+- dty dps... dy 


N=0 


x exp{—BUy (f1,--- Ty, Pis--- Py)} (7.2) 


is the grand partition function. 

What will concern us here are the average values of variables when 
they are weighted with the probability factor (7.1). Let us first consider 
the density 


n(r) = 2 oe — 1) (7.3) 


at a point r in the fluid; here r, is the spatial coordinate of the ith 


7,§1 DENSITY-DENSITY CORRELATION FUNCTION 95 


particle. On using (7.1) we obtain for the average value of the density 
the expression 


G(r) = Bri > (Vie) - 1 fave d”p n(r)exp(—BUy + BuN), (7.4) 
N=0 
where we have adopted the shorthand notations Uy = Uy(r,,.. {Ty 
Vig . Py); ar = ac; a dry and dp => dp, dpa. . . dpy. In a 
uniform system, <n(r)> is independent of position and is therefore 


simply 
Cr) = <7> = Nn. (7.5) 


A quantity that reflects in a more detailed fashion the microscopic 
properties of the system is 


ir) n(r’)> = 2 S (ae) 2 fave d™p n(r) n(r’) x 
N=0 
x exp(—BUy+BuN). (7.6) 


The quantity <n(r)n(r’)> is proportional to the probability of finding a 
particle at the position r if we know that there is a particle at the 
position r’. In this sense <n(r)n(r’)> is a measure of a conditional 
probability. 

A function of more immediate interest is 


Gr, r') = C{n(r) — <n(r)>} {n(r’) — <n(r’)}, (7.7) 


which measures the correlations of the fluctuations of the density from 
its average value. We shall call G(r, r’) the density—density correlation 
function or, when no confusion should arise, simply the correlation 
function. Since our system is assumed to be ‘spatially uniform’ (i.e. 
translationally invariant), we shall write G(r, r’) > G(r — r’). Further- 
more, <n(r)> = <n(r’)>, and eqn (7.7) may be written in the equivalent 
form 

G(r — r’) = <n(r)n(r’)> — n?. > (7.8) 
As |r — r’| 00, the probability of finding a particle at r’ becomes 
independent of what is happening at r; that is to say, the densities 
become uncorrelated. Hence 


<n(r)n(r’)> > <n(r)> <n(r')> = n? [as |r — r’| 00], (7.9) 
and from eqn (7 <8); 
Gir —1’')—>0 [as |r — r’| ->oo]. (7.10) 
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G(r) 


Fic. 7.1. Lennard-Jones model of a fluid. (a) Two-body potential U(r). (b) Density— 
density correlation function G(r). 


The dependence upon |r — r’| of G(r — r’) is shown in Figs. 7.1 and 
7.2 for two different interparticle potentials U(r), a Lennard—Jones 
potential and a hard-sphere potential. 


U(r) (00) 
U(r) 


G(r) 


4 (a) (b) 


Fic. 7.2. Hard-sphere model of a fluid. (a) Two-body potential U(r). (b) Density— 
density correlation function G(r). 


7.2. Relation between density fluctuations, the isothermal com- 
pressibility, and the density—density correlation function 


In this section we shall show that the isothermal compressibility 
Ky, can be directly related to the fluctuations in the total number of 
particles in the system—which in turn is directly related to G(r — r’). 
We shall see that the divergence of K, as T' > T, is equivalent to the 
correlation function G(r — r’) becoming very long range (i.e. G(r — r’) 
approaches zero very slowly as |r — r’| increases without limit). We 
first note that the fluctuation in the total number of particles is 


(Ae) = KN NY 
= 9-1 S (N1A9%)-2 fare dp N? 
N=0 
exp (—BUy + BuN) 
~{g-1 > (N1n3")-2 | dr d¥p N 
N=0 
exp (—BUy + BuN)}*. (7.11) 
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Equation (7.11) can be written in the form 


2 
((N — <NY)) = (kT? »( “=| (7.12) 
fis T,V 
which the reader may verify by direct differentiation. Since 
PV 
iT = In 2 (7.13) 
(Huang 1963), we can write (7.12) in the form 
g2 
CW = ayy’ = cary STEED 
on I T,V 
as (7.14) 
- e7(F) 
Now 
oP ANOS 
Ge T= ™ a 
whence (7.14) becomes 
((N — <N)) = RIV ore = 
Op TAN, 
(7.16) 
_<ND ATV (=) ; 
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The second line of eqn (7.16) follows from application of the identity 
of eqn (2.22). Next we introduce the isothermal compressibility, 


1 (eV 
k= -7(3),., 


(7.17) 
——s (=) 
<N> \ Gu] 7,5 
whence eqn (7.16) becomes 
Apa y 

CW = <Nyy) =<SZE K, 

(7.18) 
= <N)nkT Ky. 

Since the compressibility of an ideal gas is given by 

—— (7.19) 
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we can write (7.18) in the desired form, 


Ky _ (WN — <N)"). (7.20) 


T <N 
To relate the compressibility to the density-density correlation 
function G(r — r’), we observe that 


QW — <N>)®) = C far {nr — <n(r)>} fdr’ {m(e’) — <n(e’)y} > (7.21) 
If we introduce the definition (7.7) of G(r — r’) into (7.21), we obtain 
((N — <N))®) = fdr fdr’ G(r — 1’) 


v far" o(e"), 


(7.22) 


where the last equality in (7.22) follows from the uniformity (trans- 
lational invariance) of the system. Combining eqns (7.20) and (7.22), 
we have 


= = nt far G(r). > (7.23) 


From eqn (7.23) we see that a divergent compressibility near 7’, 
corresponds mathematically to an increase in the range of the pair 
correlation function G(r — r’). Sufficiently close to 7’, the correlation 
length becomes as large as the wavelength of light and the density 
inhomogeneities scatter light strongly; this is the phenomenon of 
critical opalescence, which is displayed in Figs. 1.6 and 1.7. 

In summary, then, we see from eqns (7.20), (7.22), and (7.23) that 
the three phenomena that are observed near the critical point, 


(i) increase in the density fluctuations, 
(ii) increase in the compressibility, and 
(ili) increase in the range of the density—density correlation function 


are all interrelated phenomena. In particular, eqn (7.23) is the analogue 
for fluid systems of the fluctuation—dissipation relation (A.20) which 
relates the isothermal susceptibility x; to the summation over all spins 
of the two-spin correlation function of a magnetic system. 


7.3. The structure factor: relation between the pair correlation 
function and the scattering of electromagnetic radiation 


In this section we relate the above discussion of the correlation 
function G(r) to the intensity distribution of elastically-scattered electro- 
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magnetic radiation. Imagine that we irradiate our critical fluid with 
a monoenergetic beam of X-rays, neutrons, or light. Assume that the 
scattering takes place quasielastically, that is, assume that the energy 
of the radiation is much larger than the typical excitation energies of 
the system. Hence we can write for the momentum transfer vector 
q = k, — k, the expression (see Fig. 7.3), 


mae 
q=|a| = 2ksin>; & = |k,|~|k,]. (7.24) 


We wish to calculate J(q), the intensity of the scattered radiation. 


Now - 
N 2 
1a) = <| > ata [>> (7.25) 


where a,(q) is the scattering amplitude for scattering from particle j. 


k, q 
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Fia. 7.3. Scattering geometry used to determine eqn (7.24). 


Now we know that the scattering from two different particles in the 
system is simply related by a phase factor; thus 


' aj(q) = a,(q) e~ 8s“ FP, (7.26) 


Ma) = € e (7.27) 


= Jaa)? <| > o>. (7.28) 


Now if there were no correlation between the particles, the scattering 
intensity I°(q) would be given by 


1°(q) = N{a,(q)?. | (7.29) 


Hence 


N 
a0) > eos 
j=4 


Hence from eqns (7.28) and (7.29) 


I(q) = N-1 —la-(F,-¥,) 7.30 
rome <\o° y a 
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which may be written as 


I a cian 
ann = x far far’ ¢ > a(e ~ ny) Bee” — 7) 7H » 


: x far [eee Cie 2 ra}{ a r’ — r)} >: 


(7.31) 
On acs the number density n(r) through (7.3), (7.31) becomes 


I(q SOG SS), 
Pa) a =x {a far e <n(r) n(r’)> ae 


= x {a far eta —-F) (Gir — r’) + 7}, 


where the second equality in (7.32) follows from (7.8). Equation (7.32) 
may be written as 


an = — x {a et G(r?) an 5(q). (7.33) 


The last term in eqn (7.33) contributes only when q = 0, and hence, by 
(7.24), only for forward scattering (9 = 0). Therefore it is customary 
to omit this term in many expressions, and to simply write 


T(q) _ Piese ak 2 
m5 “| dro" G(r) = = S(a), (7.34) 


where the second equality in (7.34) serves to define the structure factor 
S(q) as the spatial Fourier transform of the density—density correlation 
function. Equation (7.34) tells us that the intensity of radiation 
scattered through a wave vector q is changed from the value [°(q) 
(predicted if the particles of the fluid were not interacting) by an amount 
proportional to the Fourier transform of the density—density correlation 
function. In particular, as the critical point is approached, the integral 
in (7.34) becomes extremely large for small values of q. This dependence 
upon q is displayed in Fig. 7.4 for scattering from a binary alloy at 
several temperatures in the critical region. 


7.4. Ornstein—-Zernike theory of the scattering amplitude 


The first qualitative explanation of the huge increase of forward 
scattering called critical opalescence was due to Ornstein and Zernike 
(1914). Two particularly readable reviews of their original work and of 
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Fia. 7.4. The g-dependence of the structure factor S(q) for several temperatures just 

above the critical temperature 7, = 351-5°C. After the work of Miinster and Sagel 

(1958) on Al-Zn alloy. The ‘lattice-gas’ model of a simple fluid (cf. §1.1) also provides 
a useful model for a binary alloy. 


102 THE PAIR CORRELATION FUNCTION 7,§4 


numerous subsequent developments are Miinster (1966) and Fisher 
(1964). 

In order to develop the Ornstein— amar theory, we must make use 
of the density—density correlation function G(r — r’) introduced in 
eqn (7.7). We begin by substituting eqn (7.3) for the number density 
n(r) into eqn (7.8), with the result 


G(r — rr’) = ex > 8 d(r — r,) 8(r’ — r) > —at (7.35) 
t=1j= 


Notice that the terms with ¢ = j are not excluded in eqn (7.35). This is 
reflected in the fact that G(r — r’) includes not only correlation between 
different particles, but also the correlation of a particle with itself. 
Therefore it is convenient to partition G(r — r’) into two terms, 


Gir — r’) =n &(r — r’) + n? T(r — vr’), (7.36) 


where the first term is the contribution to G(r — r’) due to correlation 
of a particle with itself and the second term is the contribution to 
G(r — r’) due to correlation between different particles. Notice that 
the presence of the factor n? in the second term implies that the function 
I(r — r’) is dimensionless. We next introduce the ‘direct correlation 
function’, C(r), by means of its Fourier transform, O(q) = 
fcc) exp (—iq ‘r) dr, where O(q) is defined by 


Iq) 
C(q) = 7.37 
here I'(q = | I(r) exp (—iq‘r)dr is the Fourier transform of the 


function a ). Note that C(q) thus defined does not depend very strongly 
on temperature: at high temperatures where I'(q) is almost zero, 
C(q) ~ T'(q), while as T-—>7T, where [(q = 0)-> 0, O(q = 0) = 
{c(r) dr ~ n~'. Thus this new function C(r) must remain compara- 
tively short-range even at 7',! It is perhaps convenient to think of C(r) 
as being some function with a range similar to that of the interaction 
potential U(r), and then to imagine that ['(r) becomes long-range near 
T, as a result of the propagation of this direct correlation—see for 


example, Fig. 7.5. This intuitive picture is supported by the Fourier 
transform of eqn (7.37), 


Pir -r') = Cr — 2’) + nfOr — 42) Pe" —r’)de”. (7.38) 
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Equation (7.38) has come to be called the Ornstein—Zernike integral 
equation, and of course it may equally well be chosen as the defining 
equation for C(r), since (7.37) and (7.38) are equivalent (as may be 
seen from the convolution theorem). 


7.4.1. The Ornstein—Zernike assumption 


Our goal is to calculate the structure factor S(q) = n + n?I(q), since 
this gives us the scattered intensity I(q). We can obtain the qualitative 
form of S(q) by following Ornstein and Zernike and assuming that 


Clryda_ C(r55) 


DEP 55 
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fic. 7.5. Schematic diagram to illustrate the difference between the total correlation 
function I(r) (which can be long-range) and the direct correlation function O(r) (which 
is short-range). 


O(q) may be expanded in a Tayor series about g = 0 for all temperatures 
right up to 7’,. Thus, for an isotropic system, 


O(q) = C(0) + > é(n, T)q. (7.39) 
¢=0 


The coefficients ¢,(n, 7’) in eqn (7.39) are given by Maclaurin’s ex- 
pansion, 


é 2 as 5 Sl. ae +2 O(n) dr (7.40) 
én, T) lhl ag UM) Pere Bil a ; if : 


where the first integral in eqn (7.40) arises from the angular integration 
and is zero for odd values of the integer 7. Although we know from the 
definition of C(q) that C(r) is integrable at T = T',, we have no reason 
to expect that all of the moments of C(r) are also integrable at T. 
Yet let us follow Ornstein and Zernike and assume for now that the 
coefficients ¢, (n, 7',) are finite for all 7. Then it follows at once from the 
defining equation for C(q) that for small g, the scattered intensity is 
very nearly a Lorentzian. To see this, notice from (7.36) and (7.37) that 


1 A 1 2 
~8q) = 1+ al@ = v= Sle (7.41) 
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Hence 
aii = 1 — n6(q) = 1 — n{6(0) + é.(n, T) q? + O(9*)} 
= é,(n, T) (ae —ng+ out) 
= R%x2 + g2 + O(g')}, (7.42) 
where 
R? = —né,(n, T) oc [r°O(r) dr (7.43) 


is directly related to the second moment of C(r), and 


2 = 1 ~ n0(0) (7.44) 


K R2 


is related to the zeroth moment. From eqn (7.42) we would predict 
that a plot of inverse scattering intensity, °(q)/I(q) = n/S(q), against q? 
for various temperatures would result in a family of curves which for 
sufficiently small g? are linear, with slopes given by R? = —né,(n, T) 
and intercepts by 


R?2 «2 = 1 — nO(0) = {1 + nf(0)}-! = nS(0)-! = K3/Kyp. (7.45) 


Note that x? ~ «’, assuming R? is not singular at 7’ = 7',. The slope 
parameter # is sometimes called the Debye persistence length but here 
we regard it as phenomenological parameter since we have seen no 
way in which C(r) and hence R? may be calculated. A plot of inverse 
scattering intensity against g? (called an Ornstein—Zernike—Debye or 
OZD plot) is given in Fig. 7.6 for argon. That the limiting slopes of the 
curves in Fig. 7.6 change only slightly as 7’ — T,, is consistent with our 
assumption that C(r) remains reasonably short-range in the critical 
region. 


7.4.2. The Ornstein—Zernike approximation 


Next we make what we shall call the OZ approximation—we truncate 
the expression (7.42) by neglecting all terms of order g* and higher. In 
this approximation (which presumably is good for small qg) I(q) is indeed 
a Lorentzian, 


i s R-? 
i = af =a » (7.46) 


The Fourier inversion of eqn (7.46) shows that the OZ approximation 
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Fic. 7.6. Dependence on q? of the inverse scattering intensity for argon. Apparently the 

predictions of the Ornstein—Zernike theory are borne out by these measurements. Taken 

from Thomas and Schmidt (1963). Note that the slopes of the lines increase as T' > T,, 
corresponding to an increase in the parameter R? defined in eqn (7.43). 


to the asymptotic form for large r of the total correlation function G(r) 
is 
> (7.47) 


From the definition (7.44), we see that x? 0 as T —> T',. Clearly, xz? 
has the dimensions of length and we set 


: K, = = £7} (7.48) 


where « is called the inverse correlation length. 
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From eqns (3.8), (7.45), and (7.48) we find that as T > T,,x ~ 3”. 
Hence from the exponent definitions in eqn (3.15), we have 


A ey, (7.49) 
v= thy. (7.50) 


7.5. Further developments of the Ornstein-Zernike theory 
7.5.1. Failure of OZ theory for two-dimensional systems 

Suppose we consider applying the OZ approximation to a fluid system 
of arbitrary dimensionality d. The development of the proceeding 
section proceeds through eqn (7.46) essentially unchanged. To get 
G(r) we must invert eqn (7.46) for general dimensionality d. 

The d-dimensional Fourier transform, 


G(r) = [S(aye*" dq. with q=(ddn--- 94) (7.51) 


has a volume element dq = g?-1 dg (sin 0,)¢~? d@, dQ,_,, where 
q = |q|, and dQ,_, is an element of solid angle in d — 1 dimensions. 
Hence eqn (7.51) becomes, for an isotropic system, 


= [8(q) {[* etree (gin 0,)4-2 do, } dQy-1 9% dg. (7.52) 
Now the integral inside the braces in (7.52) can be evaluated in terms 
of Bessel functions (Arfken 1970), whence 


and 


Gir) 2 [° Sq) “ese? gt dg (7.53) 


where J,(x) is a Bessel function of the first kind. Note that the kernel 
multiplying S(q) in the integrand reduces for d = 3 to the familiar 
expression (sin gr)/ qr. 

Fisher (1962) has carried out the Fourier inversion in detail for general 
d, with the following results: 


Case (i). Fixed 7’ > T, (and hence fixed x > 0) but let r — oo. 


en d—3 3 
Case (ii). Fixed r, but let 7’ > a (k > 0). 


(In r) e-*" {1 +0 (=)} i 


e7*r 


Gr) o d=3 (7.55) 


r 


ca=a {i + Ole} ar 


7,85 FURTHER DEVELOPMENTS 107 


For d = 3, we see that the higher order terms in eqn (7.54) vanish 
identically; thus case (i) and case (ii) both give the same answer, 
Gir) oc r-* e-™, 

The correlation function, for large values of r, is found from (7.55) 
to behave as 


Inr d = 2 (7.56) 
G(r)|r=r, oc 
yr (4-2) d > 3. (7.57) 


From eqn (7.56) we see that the Ornstein—Zernike theory predicts that 
at the critical temperature of a two-dimensional fluid, the correlation 
increases with distance—this is clearly a nonsensical result! Indeed, 
for the two-dimensional Ising model, we can obtain the two-spin 
correlation function exactly (Kaufman and Onsager, 1949, Stephenson 
1964) and find that 


G(r) |rparo ocr 14 [d = 2 Ising]. (7.58) 


7.5.2. Fisher's Modification of Ornstein—Zernike Theory 


For many systems one finds experimentally that plots of inverse 
scattering intensity against g? are not straight lines but rather that as 


q? 
Fia. 7.7. Sketch of the normalized inverse scattering intensity as found for many 


systems. The curvature is smaller for many systems (as, e.g. for Ar in Fig. 7.6.) and the 
result 7 = 0 is not outside the experimental error. By eqn (7.34), 1°(q)/I(q) = n/S(q). 


T > T,., they become concave as sketched in Fig. 7.7. Fisher (1964) 
explains this downward turn of the isotherms for small q by means of 
the assumption that 


SQ)\r-r,~9-7*" = [gq ~ 9], (7.59) 
where the index 7 is zero for the Ornstein—Zernike theory. Equivalently, 
on Fourier inverting (7.59), we have 


G(r)|por, ~ 77 4°2*™ [rr large], (7.60) 
which is the definition of 7 used in eqn (3.16). 
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For the two-dimensional Ising model, eqn (7.60) is rigorously true 
and, using (7.58), we have 7 = }. Moreever, v = 1, and y = }s0 that 
the relation y = (2 — y) vis satisfied. For the three-dimensional Ising 
model, the best numerical approximations (Moore, Jasnow, and 
Wortis, 1969) suggest that 


y = 1.25, ° (7.61) 

py = 0:638 +9:902, (7.62) 
and 

1 = 0-041 +9-998, (7.63) 


The estimate of 7 was obtained from the estimates of y and v and using 
the relation y = (2 — ») v. 

For the spherical model (the one exactly-soluble three-dimensional 
magnetic model), y = 2,v = 1, and 7 = 0. Most experimental measure- 
ments suggest a value of 7 between zero and 0-1, but the experimental 
error in 7 is frequently so large as to make excluding 7 = 0 impossible. 


Suggested further reading 
Ornstein and Zernike (1914). 
Fisher (1964). 

Miinster (1966). 

Egelstaff (1967). 

Rowlinson (1969). 

Stell (1969). 


PARTS 


MODELS OF FLUID AND MAGNETIC PHASE 
TRANSITIONS 


8 


RESULTS PROVIDED BY EXACT SOLUTION 
OF MODEL SYSTEMS 


ALTHOUGH both the van der Waals theory of a fluid system and the 
molecular field theory of a magnetic system were originally introduced 
as purely phenomenological descriptions of interacting many-particle 
systems, we have seen in Chapters 5 and 6 that the predictions of both 
of these classical theories can be regarded as obtainable from a simple 
model of interparticle interactions in which one makes the (rather 
unrealistic) assumption that each particle interacts equally with ail 
the: other particles in the system. Unfortunately such a crude model 
of interparticle interactions predicts values of the critical-point ex- 
ponents that are independent of the lattice dimensionality and that 
disagree with almost all experimental measurements. 

Clearly a detailed study of the predictions of more realistic model 
systems would be extremely desirable in order that we may obtain 
some clues regarding which features of interparticle interactions are 
important for determining critical properties and which are not. In 
this chapter we introduce several specific model systems (see Table 8.1) 
that are thought to be fairly good approximations to the true inter- 
particle interactions in at least a few physical systems. We shall see, 
however, that almost all these model systems cannot be solved exactly 
for a three-dimensional system! Therefore we devote this chapter to 
considering fhose cases (such as one-dimensional systems with short- 
range interactions) that can be solved exactly (see Table 8.2), and we 
defer to the following chapter a discussion of the approximation 
procedures that are used to obtain results for the more realistic cases 
that have not yet yielded to exact solution. 
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TABLE 8.1 


Special cases of the model Hamiltonian (8:1) The parameter D is the spin 
dimensionality. After Stanley and Lee (1970). 


D Hamiltonian Name System 
1 H = —J > Ses, . Ising model one-component fluid; 
«> binary alloy, 
mixture 
2 EF ex al] SS, Soh plane rotator model _A-transition in a Bose 
&| may Re (Vaks-Larkin fluid 
model) 
3 oP S ou > (Si2Sjiz + SiySyy classical Heisenberg ferromagnet; 
a + SieSia) model antiferromagnet 
Oo #=~J > ie SiS) spherical model none 
ay \n=1 
TABLE 8.2 


Some of the cases in which the model Hamiltonian (8.1) is exactly soluble. 
Here the notation n.n. stands for nearest-neighbour interactions only. A 
blank indicates that the system has not yet been solved. D and d denote the 
spin and lattice dimensionality respectively. After Stanley and Lee (1970) 


D d=1 d=2 d=3 d>3 
1 all H; both H = 0; n.n. oe = 
n.n. and I/ré+* 
2 H = 0; nn. — — — 
3 H = 0; n.n. — — —_ 
(oe) all H; both all H; both all H; both only critical-point 
n.n. and 1/r¢+* nn, and I/r¢** n.n. and I/ré+* exponents are 


known exactly 


8.1. A model Hamiltonian for a classical spin system: the 
generalized Heisenberg model 


The techniques to be discussed in this and in the following chapter 
can all be illustrated by applying them to a single model Hamiltonian 
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(Stanley 1968c, d, 1969a). We shall see that this Hamiltonian reduces 
for four special cases to four commonly-studied models. More com- 
plicated interactions can be taken into account by systematic modi- 
fications of this model. 

The model Hamiltonian may be written as 


HO = —J » S;>- S), > (8.1) 
<i) 
where the spins S{ are D-dimensional unit vectors and —J is the 
energy of a nearest-neighbour pair ij) of parallel spins localized on 
sites 7 and j of the lattice. Thus (S,,, Sj2,...,S;p) are the Cartesian 
coordinates of S{, then S2_, S?, = 1 for 1 < i < N, and the scalar 
product in eqn (8.1) denotes the quantity >?_, SinSjn- 

For example, if D = 1, the spins are simply one-dimensional ‘sticks’ 
capable of assuming the two discrete orientations +1 (up) and —1 
(down), and the model Hamiltonian (8.1) reduces to the simple (spin 
half) Ising model. Although it was first introduced as a crude model of 
ferromagnetism, the Ising model has come to serve as a practical 
model for many systems such as a one-component fluid and a binary 
alloy. Perhaps better—or at least more consistent names—for the case 
D = 1 would be the Lenz model, after its inventor (Lenz 1920), or the 
Ising—Onsager model, after the men who solved it for one- and two- 
dimensional lattices, respectively (Ising 1925, Onsager 1944). 

For D = 2, the Hamiltonian (8.1) describes a system of isotropically- 
interacting two-dimensional unit vectors, and is generally called the 
planar Heisenberg model, the plane rotator model, or the classical 
planar model. It has also been called the Vaks—Larkin model, because 
Vaks and Larkin have considered it to be a lattice model for the super- 
fluid transition in a Bose fluid (Vaks and Larkin 1966). 

Finally, for the case of three-dimensional spins (8.1) reduces to the 
classical Heisenberg model. The classical Heisenberg model can also 
be considered as the S — oo limit of the quantum-mechanical Heisen- 
berg model; that is, instead of allowing the Heisenberg spins a finite 
number (2S + 1) of discrete orientations, we assume that they can 
take on an entire continuum of orientations. Also, we renormalize the 
magnitude of each spin from {S(S + 1)}* to 1. The classical Heisenberg 
model was studied in the low-temperature domain as early as 1934 
(Heller and Kramers 1934), but it is only within recent years that it 
has been realized that the classical model is an extremely realistic 
approximation to the quantum-mechanical case for temperatures near 
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T., (Stanley and Kaplan 1966a, Wood and Rushbrooke 1966, Joyce 
and Bowers 1966a). It is now believed: that critical point indices are 
either independent of spin quantum number S or they depend on S so 
weakly that to an extremely good approximation the spin dependence 
may be neglected. Hence, although the classical Heisenberg model is an 
unrealistic approximation to the quantum-mechanical case in the low- 
temperature domain, it is extremely realistic in the neighbourhood of 
T', as regards critical indices. 

It is important to stress, however, that even the quantum-mechanical 
Heisenberg model is not valid for a very wide range of real magnetic 
materials, as it makes the rather stringent assumptions of (a) well- 
localized spins and (b) complete isotropy of interaction. Most magnetic 
materials in nature fail in one or the other of these two stringent 
assumptions. For example, the 3d transition metals probably do not 
satisfy assumption (a), whereas most of the rare-earth elements do 
not satisfy assumption (b). Fortunately, certain materials have been 
discovered in recent years which satisfy both assumptions to a fair 
extent. Hence, when we compare the predictions of the Heisenberg 
model with experiments, we will have in mind materials such as the 
europium chalcogenides EuO and EuS. 

Worth noting here is the fact that the lowest energy state of eqn 
(8.1) depends on the sign of the exchange parameter J. The minus sign 
appears in (8.1) in order to conform to the convention that if J is 
positive, then parallel alignment of neighbouring spins is favoured. 
Conversely, if J is negative, then neighbouring spins will want to be 
antiparallel. This is possible if the spins are situated on a loose-packed 
lattice, ie. a lattice that is decomposable into two interpenetrating 
sublattices such that all the nearest neighbours of a given spin on one 
sublattice belong to the other sublattice. Interesting theoretical prob- 
lems are posed by the other case—the so-called close-packed lattices— 
of which the plane triangular and face-centred cubic lattice are examples. 
A typical antiferromagnetic material that is probably well described by 
the Heisenberg interaction is RbMnF3. 

For D > 3, eqn (8.1) continues to describe a well-defined system— 
although it becomes rather difficult to draw a picture of the spins. 
Moreover, no physical system has been put forward that corresponds to, 
say, four-dimensional spins. Nevertheless, when the Hamiltonian (8.1) 
was first considered (Stanley 1968c) the author was led to investigate 
whether any simplifications occurred in the limit D — oo, that might 
render the system soluble for lattices of dimensionality d > 1. He 
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found that the model of infinite dimensional spins was in fact quite 
simple to solve—even for a three-dimensional lattice (Stanley 1968d, 
Helfand 1969, Kac and Thompson, 1971). This was particularly excit- 
ing, in as much as only one other non-trivial interacting many-body 
system has yielded to solution for three-dimensional lattices—namely 
the Berlin-Kac spherical model (or spherical approximation to the 
Ising model). Surprisingly, it turns out that the expression for the 
partition function of # in the limit D — oo is in fact identical to the 
spherical model partition function. This result will be discussed in § 8.4. 

A study of eqn (8.1) will allow us to determine the variation of critical 
properties with both spin dimensionality D and lattice dimensionality d, 
and thereby to consider a variety of physical systems near their critical 
points. However, we should take care to point out explicitly that there 
are several assumptions that (8.1) makes for all D and d that are probably 


Jie J 25 Jy. 

Fig. 8.1. Schematic diagram representing a chain of N Ising spins (i.e. d = D = 1) with 
a@ non-uniform interaction J; ;,, between spins situated on sitesi andi + 1. In§ 8.2 we 
denote J; ;4; by J; for simplicity. 
not realistic assumptions for most of the physical systems that we have 
been discussing above. These assumptions are made largely in order 
that the mathematical problem of obtaining critical-point predictions 
from a model Hamiltonian remains one of manageable complexity. 
Fortunately there is evidence that the assumptions that the interactions 
are (i) uniform in direction, (ii) nearest-neighbour in range, and (iii) 
isotropic in symmetry do not significantly affect the critical-point 
predictions. We now indicate what happens in the cases for which these 

assumptions do not hold. 
(i) Non-uniform interactions. One simple modification of (8.1) is 
Fe As) pe > JySP “S> (8.2) 
<i> 

where, as before, two spins can interact only if they are on neighbouring 
sites of the lattice, but the interaction strength J,,; depends on the sites 
i and j. Two soluble examples of (8.2) will be discussed in § 8.2 and in 
Appendix B. In the first of these, the case D = 1 (Ising model) and. 
d = | (linear chain lattice) will be considered, and the exchange inter- 
actions J;,;,, are arbitrary positive numbers (see Fig. 8.1). We find 


114 EXACT SOLUTION OF MODEL SYSTEMS 8, §1 


that the critical behaviour is not affected by our choice of the exchange 
interactions. A second example is that of a two-dimensional square 
lattice with Ising spins (d = 2, D = 1) which interact with their 
nearest neighbours in the horizontal and vertical directions with 
energies J,, and J, respectively (see Fig. 8.2). Here also, the critical 
predictions that can be obtained exactly are independent of the magni- 
tudes of J, andJ,. 

(ii) Further than nearest-neighbour interactions. A more general (and 
mathematically considerably more complex) case is 


H = — > ISP. SP, (8.3) 
1,J 


where now we allow for the (very realistic) possibility that spins other 
than nearest neighbours may interact with each other. In the absence 


@---4--6-------@ 
J,| 
6. yee 


Fic. 8.2. Temperature dependence of the reduced zero-field magnetization o = 
M(T, H = 0)/M(T = 0, H = 0) for the Ising model when the lattice is a two-dimen- 
sional square net, and when the exchange interaction is J, between neighbouring spins 
situated in the same row and J, between neighbours in the same column. (This lattice is 
sometimes called a rectangular net, reducing to the square net when J, = J,.) Here Ty 
is the critical temperature when J, = J,. This figure should serve to remind us of two 
facts. The first of these is that there is a phase transition (i.e. T, > 0) regardless how 
small is the ratio R = J,/Jy, i.e. as soon as one turns on J,, 7’, becomes different from 
zero (and, in fact, we see that T, rises rather steeply with J,/J, for small values of this 
ratio). The second fact is that the critical exponent 8 has the value } for all positive 
values of J,/J,, i.e. the exponent £ is independent of the non-uniformity of exchange 
interaction. After Chang (1952). 


of exact solutions to (8.3) we appeal to the results of numerical cal- 
culations of the sort described in Chapter 9. These have been carried 
out for the Ising model, when J,; has the value J for spins that are 
either nearest neighbours, second nearest neighbours, or third nearest 
neighbours, and J,, is zero otherwise. The results of the numerical analy- 
sis indicate that the critical indices studied probably do not change 
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from the simple nearest-neighbour case (Dalton and Wood 1969, and 
references contained therein). However, when one assumes that the 
exchange interaction is of extremely long range, the exponents are 
found to change from their values for the case of nearest-neighbour 
interactions. For example, the particularly tractable case J,,; = r-@*™ 
has been studied for both Ising and spherical models, where here 
r = |r, — r,|, the distance between sites i and j (Hiley and Joyce 1965, 
Joyce 1966). It appears that for large values of the parameter x the 
critical-point exponents assume their finite range values, but for small 
values of x (corresponding to longer range interactions) the exponents 
change—in the direction of the results predicted by the mean field 
theory (infinite range interactions). 

(ili) Anisotropic interactions. Returning to the case of nearest-neigh- 
bour interactions, we consider the system defined by 


D 
He = > DY I SiSes (8.4) 

<ij> n=1 
where S,,, denotes the mth Cartesian coordinate of the spin S,. Clearly 
(8.4) reduces to the isotropic limit, eqn (8.1), when J, = J for n = 1, 
2,...,D. Again the best indication of the effect of such anisotropy 
on the critical-point prediction is obtained from numerical studies. 
For example, Jasnow and Wortis (1968) have considered the aniso- 
tropic classical Heisenberg model (D = 3), in which case the inter- 
action energy between neighbouring spins is of the form J,S,,S;, + 
J SiS, + JS;S;.. They investigated the fashion in which the D = 3 
critical-point exponents approach the D = 1 exponents when J, and J, 
approach zero, and they concluded that the critical-point exponents 
(which they studied) jump discontinuously from their D = 3 values 
to their D = 1 values as soon as the slightest amount of anisotropy 

occurs. 

With the above reservations, we proceed in the following sections to 
discuss some of the cases (cf. Table 8.2) in which the Hamiltonian of 


eqn (8.1) is exactly soluble. 


8.2. Exact solution of the case d = 1, D= 1, H = 0: the linear 
chain Ising model in the absence of an external magnetic 


field 
Probably the most easily solved interacting many-body system is 
the one-dimensional (or linear chain) Ising model in the absence of an 
external field. This system corresponds to the case d = 1, D = 1 of our 
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model Hamiltonian (8.1). Although we shall consider (8.1) for all D in the 
next section, we nevertheless feel that the straightforward elegance of 
the solution for the special case D = 1 merits the special treatment 
given here. 

The problem of the linear chain Ising model has an interesting 
history (Brush 1967). It was first put by Wilhelm Lenz to his student 
Ising in the early 1920s—several years before the advent of quantum 
mechanics and hence before the Heisenberg model (Heisenberg 1928). 
At that time the best model of magnetism was the phenomenological 
molecular field theory of Pierre Weiss (Weiss 1907, Langevin 1905, 
Van Vleck 1945). The hope was that the Ising system could provide a 
specific model of interparticle interactions that would display a mag- 
netic phase transition. Ising succeeded in solving the model that is now 
named after him (though it is still occasionally called the Lenz—Ising 
model) only for the case of a one-dimensional lattice. He was extremely 
disappointed when the solution failed to display a phase transition. 
His disappointment is perhaps not surprising in the historical context, 
since the predictions of Weiss’ mean field theory are independent of 
lattice dimensionality and hence the linear chain is predicted to undergo 
a phase transition at non-zero 7',. We often say that the Ising chain 
has a phase transition at a critical temperature 7’, = 0 since the system 
indeed undergoes long-range ordering at absolute zero. 

It is less surprising to us nowadays that the linear chain Ising 
model does not have a phase transition, especially in the light of the 
oft-repeated heuristic argument that one-dimensional systems with 
short-range forces of finite magnitude can not have phase transitions 
with 7, > 0. The idea of this argument is easily illustrated using the 
Ising chain with nearest-neighbour interactions. Suppose the contrary, 
namely that there exists a phase transition with 7, > 0. Then for 
some 7’ < T',, let us ‘flip’ half the chain to assume an opposite polarity. 
Clearly this process increases the enthalpy by an amount 2J, the en- 
thalpy required to change the relative polarity of a nearest-neighbour 
pair of spins. However, since it can be carried out in N ways (according 
to which of the N bonds is ‘flipped’) there will be a resultant increase 
in entropy of order (log NV), and the Gibbs potential G = H — TS will 
decrease rather than increase! Thus the system is unstable against such 
‘flips’, and we conclude that for an infinite system an ordered phase 
for T > 0 cannot exist. 

In order to be able to obtain easily the two-spin correlation function 
directly from the partition function, it is useful to consider the case in 
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which each of the nearest-neighbour interaction energies can be of 
arbitrary magnitude. Thus our Hamiltonian is of the form 


N-1 
H = — 2, Foisisy (8.5) 


where the spins s, are one-dimensional unit vectors assuming only the 
discrete values +1 and —1 and J, is the interaction energy between 
spins situated on sites i and i + 1. Note that J, replaces our clumsier 
(but more symmetrical) notation J;,,, used in § 8.1 and in Fig. 8.1. 

The goal of our calculation is to obtain, in closed form, the partition 
function 


: 1 1 = 

Ln = Zy(J1, JS 95- . in aa) = > > . Rp p(> Ji ssi+1) 
S;=—-1 sg=-1 N= —1 bag 

(8.6) 


where Y, = BJ; = J,/kT is a dimensionless exchange energy and the V 
summations extend over the 2” configuration states of the system. The 
method of solution is to calculate the effect of adding one additional 
spin to the end of the chain. That is, we seek to express the partition 
function of the ‘extended chain’, Z, ,,,in terms of the partition function 
for the original chain Z,. Once we succeed in accomplishing this, we 
shall have a recursion relation which we can iterate to find the solution. 
From eqn (8.6) it follows directly that 


Zyei = > a ghar S exp (> F.881+1} 3 


so= Ses SL Sn=-1 Sy+1=—1 


exp (J y8ySn +1): (8.7) 
Now the last summation in (8.7) is 


> exp (F y8y8y+1) = 2 cosh (F yy), (8.8) 


8v+1=—1 
and we discover that, since the spin sy can take on only the values + 1 
and —1, the right-hand side of (8.8) is independent of the orientation 
of sy. Hence eqn (8.7) may be written in the form 


Zya1 = 22 cosh Y y. (8.9) 
Equation (8.9) may be iterated easily, with the result 
Zn+1 = Z,2 (cosh J, cosh J, cosh J... cosh Jy). (8.10) 


Now it is simple to see that Z, = 2, since Z, is just the partition func- 
tion for a system consisting of a single Ising spin—so the ‘sum on 
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states’ is simply the ‘number of states’. Hence from (8.9) and (8.10) we 
have the final result for the partition function of a system of N spins 
with arbitrary nearest-neighbour interactions, 


N-1 
Zy = 2" { | cosh J. > (8.1la) 
1=1 


In the uniform case (J; = J for all 2), (8.11a) becomes 
Zy = 2" cosh*-1 ¥. (8.11b) 


In the present form the partition function (8.11) tells us nothing 
concerning the ordering temperature 7’,. Therefore, we calculate the 
two-spin correlation function 


N-1 
r,(r) = (84847) = Dee >) Sr Siar exp (5 Fe) (8.12) 
{s} t=1 


where the summation symbol in (8.12) denotes the N-fold summation 
of eqn (8.6); i.e. a summation over all 2” states of the system. Note 
that 7 is a measure of the distance between spins, in units of a lattice 
constant. Thus the nearest-neighbour correlation function is simply 
I’,,(1), which satisfies the relation 


N-1 3 N-1 
ZyV,(1) = > S8e+1 exp (> Fess) = TF, 2 OP > Fess) 
{s} {=1 K {s} i=1 
(8.13) 


Clearly the argument leading to eqn (8.13) can be generalized to arbi- 
trary r, with the result 


ZyT,(r) = Lae i (Zy). (8.14) 
Hence we obtain from differentiation of eqn (8.11a) 
I,,(1) = tanh J, (8.15) 
and 
I(r) = (tanh f,) (tanh J,,,,)... (tanh Y;,,,-1) = Tl tanh Ji4i-1 
sa > (8.16) 


which is just the product of the intermediate nearest-neighbour correla- 
tion functions. Equation (8.16) reduces, for the case of a uniform 
interaction, to 


Dr) = (8e4r> = tanh’ J, (8.17) 


8, § 2 THE LINEAR CHAIN ISING MODEL il9 


which is independent of site k. For example, the correlation between 
two spins near the end of the chain is identical to that between two 
spins in the centre of the chain, providing the spins are separated by 
the same distance r. We shall achieve some insight into this result in 
Chapter 9, when we consider the allowed interaction paths between 
two spins in a linear chain lattice. 

An instructive check on the results (8.11a) and (8.16) is to permit 
one of the Y; to approach zero so that the chain becomes simply two 
separated entities. Equation (8.1la) predicts that the partition function 
of the total system is given by the product of the partition functions 
of the separated chains. Equation (8.16) predicts that if the break 
occurs between spin s, and spin s,,, the correlation function I,(r) 
becomes zero, while if the break occurs elsewhere in the chain, I’,,(r) is 
unaffected. 

We are now prepared to find the temperature at which long-range 
order sets in, i.e. the temperature at which the two-spin correlation 
function falls off sufficiently slowly with interspin distance r that the 
magnetization becomes non-zero. By analogy with eqn (7.9), 


o? = lim Y,(r), (8.18) 


where o = M(T,H = 0)/M(T = 0, H = 0) is the normalized zero- 
field magnetization. From eqns (8.16) and (8.17) we see that so long as 
all the parameters Y, are finite, the values of the hyperbolic tangents 
are less than one and hence the products approach zero in the limit of 
infinite r. However, in the limit of zero temperature all the parameters 
41 = BJ; =J,/kT approach infinity and the products in (8.16) and 
(8.17) approach 1. The linear chain therefore displays zero spontaneous 
magnetization for all non-zero values of the temperature, but ‘suddenly’ 
at T = T, = 0 the magnetization acquires its full value. Thus we see 
that the Ising model, unlike the mean field theory, predicts no phase 
transition for a linear chain system. 

The absence of a spontaneous magnetization for non-zero tempera- 
tures does not imply that all the other thermodynamic functions fail to 
have singularities except at 7’ = 0. In fact, there exist some model 
systems in which the zero-field susceptibility diverges at a temperature 
T 1, even though there is no zero-field magnetization until we reach 
T.., where To. < T, (see Fig. 8.3). According to Ehrenfest’s classi- 
fication of phase transitions, the fact that the susceptibility, which is 
proportional to a second derivative of the Gibbs potential, diverges 
at 7',, means that the system undergoes a second-order phase transition 
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at 7, even though the spontaneous magnetization does not appear 
until a lower temperature is reached. ~* 

Let us then calculate the zero-field susceptibility for the one-dimen- 
sional Ising chain. The reader might think that since x,(7', H = 0) = 
(@M/@H),,-9, we need first to calculate the magnetization in the 
presence of a non-zero magnetic field. This is, however, not necessary, 
for according to the fluctuation—dissipation relation discussed in Ap- 
pendix A, the susceptibility is also given by 

a2 


p N N 
x(T, H = 0)= 2, > > <g,), (8.19) 
t=1 j=1 


where, as in Chapter 6, jt = gy. Hence it is sufficient to carry out the 
lattice summation (8.19), which is straightforward for a one-dimensional 


Tee Der Tt 


Fic. 8.3. A rare but real possibility: the susceptibility diverges at a different temperature 
than the onset of spontaneous magnetization. 


lattice. For the uniform interaction case, <s,s;> = v''~7!, where v = tanh 
# - Hence the contributions to (8.19) are the following: 


(i) N terms for which |i — j| = 0, each of which contributes a 
factor v°, 

(ii) 2(N — 1) terms for which | i— j| = 1 (corresponding to the 
N — 1 nearest neighbour pairs in the open linear chain lattice), 
each of which contributes a factor v', 

(iii) 2(N — 2) terms for which |i — j| = 2 (corresponding to the 
N — 2 next nearest neighbour pairs in the lattice), each of 
which contributes a factor v?, and so forth until we have the two 
terms for which |i — j| = N — 1, each of which contributes 
a factor v¥-1, 
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Hence we may express the double summation in (8.19) in the form 
ia N~-1 
xr(7, H = 0) = iF {x +2> (N- kyo. (8.20) 


The geometric series in (8.20) may be easily evaluated using the 
elementary relations 


N-1 
> #& =(1— eo) — ») (8.21) 
k=0 
and 
N-1 N-1 
> kv® = v(8/dv) > uk (8.22) 
k=0 k=0 
with the result 


2 \  20(1 — v¥) 
xr(T, H = 0) = Fe er AN (1 + ;) 2 aaa} (8.23) 


Equation (8.23) is an exact expression for the two-spin correlation 


Gh 


Fie. 8.4. Temperature dependence on the inverse susceptibility for the linear chain 
Ising model. Note that the singularity is an essential singularity, i.e. xy ~ e!/7 as T — 0. 


function for an open linear chain of N spins. In the thermodynamic 
limit, N — oo, (8.23) simplifies to 


=2 
ee ee ee ee a ear (8.04 
ee ag Ty 5 kT 1 — tanh J kT ° ee) 


The result (8.24) is shown as a function of temperature in Fig 8.4; 
note that in the neighbourhood of the critical temperature 7’, = 0, 
the zero-field susceptibility of (8.24) varies as 


1 
xr (T, H = 0) ~ pene, (8.25) 


Thus the susceptibility has an essential singularity of the type e’/” 
where x — 0 (cf. Fig. 8.4). 


122 EXACT SOLUTION OF MODEL SYSTEMS 8, § 2 


Although the susceptibility diverges to infinity as T approaches T,,, 
(T, = 0), the specific heat remains finite—in fact it approaches zero (as 
one might expect from the third law of thermodynamics). The simplest 
method of obtaining the specific heat is by differentiating with respect 
to temperature the enthalpy, given by (Wannier 1966) 


lI 


E(S8,H = 0) = — lind (T,H = 0} = - Dx tanh J, (8.26a) 
= — J(N — 1)tanh f, 
(8.26b) 


Uh 
Fic. 8.5. Temperature dependence of the zero-field specific heat for the d = 1 Ising 


model. The specific heat of the paramagnet (cf. Chapter 6) has the same temperature 
dependence if we make the identification J <> H. 


where the last equality holds for the uniform case, J; = J. Hence we 
have, from (2.48), that 


CAT Hie) = LS (J, sech J,)°, (8.27a) 
i=1 
= k(N — 1)(f sech Y)?. (8.27b) 


The specific heat for the uniform case, eqn (8.27b), is plotted in Fig. 8.5. 
Finally, we consider the zero-field entropy, which is related to the 
Gibbs potential through eqn (2.45c), whence 
é@ fl 
Sy), 2 — Oo) ap git Zn (T, H = o} 
(8.28) 


= kin Zy (7, H = 0) + kT {ln Zy (T, H = 0). 
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Hence for the uniform model we obtain 


Sy (7, H = 0) = k{NIn2 + (N — 1)Incosh Y — (N — l) J tanh J}. 

(8.29) 
As a check on this expression, we notice that if we calculate the specific 
heat from (8.29), using the relation (2.48), the result agrees with (8.27b). 
Note that the entropy approaches k In 2 at low temperatures (with zero 
slope), and (Nk In 2) at high temperatures—see Fig. 8.6. 


Ss 


UR 
Fic. 8.6. Dependence of entropy upon temperature for the Ising chain. Notice that S 
approaches zero as J'-»> 0 with zero limiting slope, consistent with the fact that 
Cy = T(aS/2T),, approaches zero, as we see in Fig. 8.5. 
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Fie. 8.7. Dependence on site separation r (in units of a lattice constant) of the two-spin 

correlation function I(r) = <8;8;.,> for the linear chain Ising model in zero magnetic 

field for a uniform interaction. Both the ferromagnetic (J > 0) case and the antiferro- 
magnetic (J < 0) case are shown. 
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In this section we have emphasized the wide range of properties 
that can be obtained from a knowledge of the two-spin correlation 
function. Before concluding, we also note that the case of an anti- 
ferromagnetic interaction (J < 0) is easily obtained by simply changing 
the sign of J in many of the expressions thus far derived. It is 
interesting to note that although the spin correlation function now 
alternates in sign from site to site (see Fig. 8.7), certain quantities 
are nevertheless changed only slightly from the ferromagnetic case. 
In fact, on physical grounds we expect the H = 0 enthalpy, specific 
heat, and entropy to be unchanged; our expectations are confirmed 


Xa 


ff 


Fic. 8.8. Temperature dependence of the susceptibility y, for the linear chain Ising 

antiferromagnet (J < 0). Note that y, remains finite for all temperatures, in marked 

contrast (cf. Fig. 8.4) to the ferromagnetic case. This corresponds to the fact that for the 

antiferromagnet the spin correlation function alternates in sign from site to site 
(cf. Fig. 8.7). 


by examination of eqns (8.26), (8.27), and (8.29). On the other hand, 
the susceptibility depends upon the summation of the two-spin cor- 
relation function over all sites in the entire lattice, and therefore be- 
haves quite differently in the antiferromagnetic case (see Fig. 8.8). 


8.3. The linear chain of arbitrary dimensional spins in zero 
magnetic field 

In the previous section we considered the case of the linear chain 
Ising model in the absence of a magnetic field, i.e. the case D = 1, 
d = 1, and H = 0 of our model Hamiltonian equation (8.1). In the 
remainder of this chapter we shall consider other cases in which (8.1) 
is exactly soluble, although we shall not carry through the solutions 
in most cases. In particular, in this section we consider the general- 
ization of the results of the previous section to arbitrary spin dimension- 
ality D (Stanley 1969d, Stanley, Blume, Matsuno, and Milogevié, 1970). 


8,§3 CHAIN OF ARBITRARY DIMENSIONAL SPINS 125 


Before undertaking discussion of yet another linear chain prob- 
lem, perhaps we should comment on why one-dimensional problems 
merit the consideration of physicists (whose ultimate goalis, presumably, 
to understand a three-dimensional universe). 

(i) One motivation for considering exactly soluble one-dimensional 
models is that their solutions frequently help us in judging the validity 
of approximation techniques that are used for three-dimensional 
systems. 

(ii) A second motivation is that a one-dimensional model may serve 
as a reasonable approximation to some special physical system. For 
example, there exist materials in which the magnetic ions may be con- 
sidered to form linear chains in the sense that interactions between 
spins within the chains are appreciably stronger than interactions 
between spins belonging to different chains (Skalyo, Shirane, Friedburg, 
and Kobayashi 1970). We can often obtain reasonable agreement. 
with experimental results from a model in which intrachain inter- 
actions are treated exactly and the interchain interactions are approxi- 
mated in some simple fashion (Stanley and Kaplan 1967b). 

(iii) A third motivation is that results discovered for one-dimensional 
models are sometimes generalizable to higher dimensionalities. In fact, 
we shall find that two results of the d = 1 calculation in this section 
lead to analogous results ford > 1. 

The partition function for the general D linear chain may be cal- 
culated in straightforward analogy to the D = 1 case, with the result 


Q N-1 
Zy (T, H = 0) =(1 + 81, p)” I] (F;/2)*~?? P(D/2)Ipj2-1(F 1), (8.30) 


where 5, pis the Kronecker delta function, I(x) is the gamma function, 
and J,(xz) is the modified Bessel function of the first kind of order v. The 
nearest-neighbour two-spin correlation function is obtained from an 
expression completely analogous to eqn (8.13) above, with the result 


SP > SiP1> = Ine (Fu)/Loi2-1 (Fx), (8.31) 


while the spin correlation function for two spins a distance r apart is 
given by the appropriate product of nearest-neighbour spin correlation 
functions in analogy with (8.16). Since J _ (x) = 4nx)~* cosh x and J, (x) 
= (47x)-+ sinh x, we see that (8.30) and (8.31) reduce to (8.1la) 
and (8.15) for the Ising model (D = 1). 

For the uniform case (J; = J), the magnetic enthalpy EF is simply 
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proportional to the nearest-neighbour spin correlation function (cf. 
(8.26b)); Fig. 8.9 shows Z/NJ ~ —I\,(r = 1) plotted as a function 
of kT /J and of J/kT. We are struck by the fact that the spin correlation 
function decreases monotonically with increasing spin dimensionality 
for a given temperature. This result is somewhat plausible on intuitive 
grounds, if one regards the higher dimensionality spins as being a 
more ‘floppy’ system in the sense that there is more phase space avail- 
able. (In particular, since the nearest-neighbour spin correlation func- 
tion is strictly less than unity for any non-zero temperature, there is 
no spontaneous magnetization for any value of D except when T' = 0.) 


0 0-5 1-0 1-5 2:0 2:5 0 0-5 1-0 15 20 2:5 
kT /J J/kT 
(a) (b) 
Fig. 8.9. Normalized enthalpy # = E/NJ = —yp as a function of (a) kT/J, and (b) 
J/kT = Y for the various spin dimensionalities D. Curves for other values of D lie in 
between the values shown. The correlation function between two spins located r sites 
apart is proportional to yp raised to the power r—hence the correlation between any 


two given spins decreases monotonically with increasing spin dimensionality (MiloSevié, 
Matsuno, and Stanley 1970). After Stanley (1969d). 


The fact that the correlation function between any two spins in the 
lattice is a monotonically decreasing function of spin dimensionality 
has not yet been proved rigorously for lattices of higher dimensionality, 
but this result is consistent with recent results using approximation 
methods of the sort to be described in the following chapter. Moreover, 
these same approximation methods suggest that critical-point exponents 
are also monotonic functions of spin dimensionality. For example, 
in Table 8.3 we show, for the case d = 3, the dependence on D of the 
exponents y, «, and vy and some related quantities. These d = 3 values 
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are obtained by approximation methods to be described in the following 
chapter. r 

A second result of our linear chain calculation which has led to inter- 
esting results for systems with d > 1 is the fact that the partition 
function approaches, in the limit D — oo, the partition function for the 
spherical model. In the following section we shall find that this result 
is valid for all d. . 


8.4. The spherical model as the limit of infinite spin 
dimensionality 


Tn this section we discuss the fact that one can solve for the partition 
function of our model system (8.1) in the limit D— oo, even for a 
three-dimensional lattice. The solution turns out to be identical with 
the Berlin-Kac spherical model or spherical approximation to the 
Ising model. This work is of particular interest because it represents 
essentially the only case of a many-body system that can be solved 
exactly for three-dimensional lattices. 

The spherical model has had a very colourful history, ever since it was 
conceived by Professor Mark Kac in 1947. It seems that Professor 
George Uhlenbeck had interested Kac in the Ising model, which had 
recently been solved for the case of d = 2 by Onsager in 1944 but had 
not yet yielded to solution in three dimensions. To quote from Kac’s 
own account (Kac 1964): 


‘With his usual clarity, Uhlenbeck explained to me what the problem was 
all about and discussed the remarkable implications of the Onsager solution. 
That afternoon, having noticed that Uhlenbeck suffered from a bad cold, I 
persuaded him to take a nap, and during that nap I sat down in my study to 
think about the Ising problem. 

It soon became obvious that it was not a problem one solves on the spur 
of the moment, and, in the best mathematical tradition, not being able to 
solve the original problem, I looked around for a similar problem which I 
could solve. I then proceeded to replace the discrete spins by continuous 
ones distributed according to the Gaussian distribution. In no time I had 
the free energy per spin calculated, and to my amazement and pleasure the 
answer looked remarkably like Onsager’s. I could hardly wait for Uhlenbeck 
to finish his nap, and only my regard for his cold kept me from waking him. 
When he finally got up, and I presented him with what I thought was a 
shattering discovery, I recall that he too was a bit startled. Our enthusiasm 
dampened considerably a little later when we noticed that the solution suffers 
from what may be called the ‘low temperature catastrophe’, i.e. the answer 
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blows up below a certain temperature. Clearly the model, which became 
known as the Gaussian model, was not terribly good. In the ensuing weeks I 
tried to get rid of the catastrophe, and it finally occurred to me that one 
should try to assume the spins s,, s2,... to satisfy the condition: s? + s2 
+.--- = N = number of lattice sites, and to average over the surface of 
the sphere which the above condition defines.’ 


This second model became known as the spherical model, because 
if we represent each of the configurations of the Ising system of N 
spins by the 2” corners of an N-dimensional hypercube, then the 
spherical model replaces this discrete set of configurations by a con- 


s 


Example: V=2 


Ising model 
x SN, 


Spherical model | \ 
s N, 


Fic. 8.10. The spherical model was originally defined by Kac as a ‘continuum modifi- 
cation of the Ising model’ in which the one-dimensional spins s, are no longer restricted 
to the diserete value +'1 and — 1], but instead are allowed to assume any values whatso- 
ever, so long as the sum of their squares is equal to the total number of spins in the 
system. This figure illustrates the case N = 2, and represents the 2" = 4 allowed states 
of the Ising system by the corners of an N-dimensional hypercube. The spherical model 
replaces this discrete set of allowed states with a continuum of states, by replacing the 
N-dimensional hypercube with an N-dimensional hypersphere. Note that the spins are 
still one-dimensional scalar quantities—all that we have done is to replace the strong 
constraints that each spin be of unit magnitude by the weak constraint that the sum of 
the squares of all the N spins in the system add up to N. After Stanley (1971c). 


tinuum of configurations defined by the N-dimensional hypersphere 
that circumscribes the hypercube. An illustration for the case N = 2 
is provided in Fig. 8.10. One might think at first glance that the spheri- 
cal model would be harder to solve instead of easier, because in replacing 
each of the NV separate constraints, 


Pet) ea), oye NV, my S832) 
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by a single constraint, 
N 
ee Se (8.33) 


we have effectively allowed a much larger number of states to enter 
into our partition function. The simplifying feature of the spherical 
model is that instead of our summing over the discrete number of 2% 
states, we can now integrate over the continuum of states described 
by the hypersphere. The partition function for the d = 3 Ising model 
was thus transformed by Kac from an unmanageable N-fold summation 
to an unmanageable N-fold integration. After some effort at performing 
the spherical model integral, Kac sought the help of his colleague at 
Cornell, Richard Feynman, who succeeded in doing the integral for a 
d = 1 lattice only. However, Feynman’s method did not generalize 
to higher d, and it looked for a time as if the spherical model was harder 
to solve than the Ising model. Fortunately, Kac presented a lecture 
on the spherical model at which the late Professor Theodore H. Berlin 
was present. Berlin became interested in the problem, and to continue 
the story (Kac 1964), 


‘Very shortly after returning to Ithaca, I received a long letter from Ted, 
in which by a remarkable application of the method of steepest descent he 
produced a solution in one, two, and three dimensions. I had hardly heard of 
the method of steepest descent, and what I had heard was mainly a warning 
against its use because of the difficulties of rigorous justification. Here, be- 
fore my eyes on about ten handwritten pages, was one of the most advanced 
applications of the method. Only a combination of the optimism of a physicist 
with the fantastic power and skill of a classical analyst could have produced 
the results. To say that I was immensely impressed would be a pale under- 
statement of my reaction to that letter.’ 


The most exciting feature of the solution (Berlin and Kac 1952) to 
the spherical model is that it displays a phase transition for a three- 
dimensional lattice (although, unlike the Ising model, 7', = 0 ford = 2). 
Moreover, the nature of the singularities in the various thermodynamic 
functions is of the power law type, and the critical-point exponents are 
numbers that are of the same general order-of-magnitude as those for 
the Ising model (cf. Table 3.4). 

The spherical model has received considerable attention during the 
past two decades from pure mathematicians to applied metallurgists 
(the Ising or ‘lattice-gas’ model also provides a realistic model of a 
binary alloy system). However, the spherical model was not very 
satisfying on various physical grounds; for example, the constraint 
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(8.33) allows as states of the system exceedingly unusual possibilities 
such as the length of one spin being N?# and all other spins being of 
zero length! Moreover, as an approximation to the Ising model, it was 
essentially a single-shot approximation in the sense that there are no 
intermediate models that link-up the Ising model and the spherical 
model. For these and other reasons, it was particularly gratifying when 
it was discovered that the exact solution in the limit D-—>0o of the 
Hamiltonian (8.1) reduces to the Berlin-Kac spherical model. The 
original derivation of this result (Stanley 1968d, 1969a) is rather lengthy 
to include here; instead we refer the interested reader to a very recent 
derivation of this same result (Kac and Thompson 1971) which has the 
pedagogical advantage over the original argument in that it does not 
use the method of steepest descent. 


8.5. The transfer matrix method: application to the d = 1 Ising 
model in a magnetic field 


So far in this chapter we have considered in detail the cases in which 
the model Hamiltonian (8.1) can be solved exactly. Unfortunately 
these are few in number; moreover, the exact solutions which are of 
greatest interest in the study of critical phenomena, the d = 2 Ising 
model (D = 1) and the d = 3 spherical model (D = 00), are so complex 
that we can include only the former (see Appendix B). Hence we have 
concentrated on those elementary exact solutions that serve to illustrate 
methods that are used in obtaining exact solutions to more difficult 
problems. The transfer matrix technique led to Onsager’s solution of 
the d = 2 Ising model (Onsager 1944), and to Lieb’s solutions of certain 
two-dimensional ferroelectric and antiferroelectric models (see 
Appendix F). Hence it is perhaps appropriate that we conclude this 
introduction to exact solutions by applying the transfer matrix tech- 
nique to derive an expression for the partition function Z,(T,, H) for a 
linear chain Ising model with nearest-neighbour interactions situated 
in a non-zero magnetic field H. 

We begin, then, with the Ising Hamiltonian 


N. N 
Ke = —kTY > 83:41 = kTh> 8, (8.34) 
f=1 i=1 


where and h are the exchange parameter and magnetic field, re- 
spectively, in dimensionless units, and where we choose periodic 
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boundary conditions (sy ,, = $,) for reasons that will become apparent 
below. 
Next we define 


U(8;, 8:41) = —kTZY 8,841 —H(kTA) (8, + 8:41) (8.35) 
and the transfer function 
F (9 8141) = exp {—BU(@, 6141)} (8.36) 
in terms of which we can write the partition function as 
1 1 
ZA(T,H)= > ... > f (81 82) f (82 83)... f(8y, 81). (8.37) 
sy=—-1 Sy=-l 


The next step in the conventional derivation is to introduce the 
transfer matrix, defined by 


f Leh oa (ee; e-F 
= = > 8.38 
where the matrix elements are 
Tos =f(s = £1,841, = £1) (8.39) 


By using eqn (8.38) we can perform the summations in the partition 
function of eqn (8.37) over the spins sq, 83,... $y, with the result 


1 
Z(T, H) = > (T"),, s, = trace (1). (8.40) 
31= -1 

Thus for the closed chain we have reduced the problem of finding the 
partition function to that of finding the sum of the diagonal elements 
(or trace) of the Nth power of the transfer matrix. Now the trace of a 
matrix is simply the sum of its eigenvalues, and the eigenvalues of 
T” are simply AY, where A, are the eigenvalues of T, determined by 
the equation 

eF +h _X e-F 

es coal” (8.41) 
with solutions 

Ax = e% coshh + (e?% sinh? h + e ~27). (8.42) 

Hence the partition function is simply 

Aga = Nie Ae (8.43) 


where the A, are given by eqn (8.42). For a fixed non-zero value of the 
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temperature, in the limit of large N, we may write (8.43) in the form 
Zy(T, H) = AX{1 — (A_/A,)%} and neglect the second term with respect 
to the first (since A_ < A,.), with the result 


Zy(T, H) ~ »X, N large. (8.44) 
For example, if we set H = 0, the eigenvalues (8.42) become 
A, =e tes (8.45) 
and hence from (8.43) 
Z(t, 2 = 0) = 2” (cosh” # + sinh” J), (8.46) 


which differs from our earlier expression (8.11b) due to the effect of the 
periodic boundary conditions that were assumed in deriving (8.46). 
However, in the thermodynamic limit, the Gibbs potential per spin is 
identical for both cases (the open and the closed chains), 


G(T, H = 0) = -kT lim Ln Zy(T, H = 0) = —kT In (2 cosh J). 
N- 0 


(8.47) 
Suggested Further Reading 


Domb (1960). 

Lieb and Mattis (1966). 
Brush (1967). 

Lebowitz (1968). 
Montroll (1968). 
Thompson (1971). 
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RESULTS OBTAINED FROM MODEL 
SYSTEMS BY APPROXIMATION METHODS 


In the previous chapter we saw that the model Hamiltonian (8.1) was 
soluble for three-dimensional lattices only in the limit of infinite spin 
dimensionality (D-— 0). Moreover, the D->oo limit or spherical 
model does not correspond to any known physical system. It would, of 
course, be extremely desirable to find another, more realistic, model 
Hamiltonian which is exactly soluble for three-dimensional lattices. 
Unfortunately, attempts along these lines have not met with any suc- 
cess so far. Therefore if we wish to obtain predictions of critical proper- 
ties for realistic models, we must resort to numerical approximation 
techniques. We shall discuss in this chapter certain of these techniques 
which in fact have been so successful in predicting accurate values of 
critical temperatures and critical-point exponents that one often forgets 
that they are only approximations. 

Of course an exact solution is always to be preferred over a numerical 
approximation. However, as regards comparison with experiment, the 
errors in the numerical procedures are often smaller than the errors in 
the corresponding experimental measurements. In addition to predict- 
ing precise numerical values, exact solutions frequently provide insight 
into qualitative features of the model, but in the case of the model 
systems we have been discussing, the complexity of the derivation 
appears to obscure much of the physical insight we might have hoped to 
obtain. For example, in the case of the two-dimensional Ising model, 
Yang’s derivation (Yang 1952) provides no more understanding of why 
B = } than does the numerical result 8 ~ 0-125. On the other hand, the 
efforts that have been invested in numerical approximation procedures 
have produced not only extremely accurate numbers, but in addition 
have led to some qualitatively new ideas concerning the critical region. 
As an example, it is worth mentioning that the concept of a power law 
singularity in the susceptibility of the Ising and Heisenberg models 
arose first from the numerical work of C. Domb, W. Marshall, and 
collaborators. 
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9.1. Successive approximation concept 

The basic philosophy of the approximation methods to be discussed 
in this chapter concerns the reliability of a method of successive approxi- 
mations. An analogy with perturbation theory is perhaps appropriate. 
In most physics work using perturbation theory, one accepts the results 
of a first- or second-order calculation. But suppose we wish to attach 
confidence limits of, say, 1 per cent to a result obtained using second- 
order perturbation theory. Then we should seek (i) a proof that the 
perturbation series converges and (ii) a method for estimating the 
magnitude of the remainder terms. Since (i) and (ii) in general do not 
exist, the next best thing might be to perform a third-order pertur- 
bation theory calculation in order to ascertain whether the second- 
order calculation is affected by as much as 1 per cent. It turns out that 
for many physical quantities the perturbation series are sufficiently 
slowly convergent that one needs to calculate more than two terms in 
order to achieve accuracies of the order of 1 per cent. In particular, 
for the series that we shall discuss in this chapter, many more than two 
terms are necessary. Hence the calculation becomes fairly complex, 
and ingenious diagrammatic procedures have been devised to assist 
in rendering this complexity manageable. However, having learned to 
cope with the complexity of proceeding beyond second order, it is 
tempting not to stop at whatever order the 1 per cent accuracy is 
obtained, and for some model systems predictions believed to be as 
accurate as 0-01 per cent have been obtained. 

It is important to stress that there is no rigorous proof that the 
series which we shall discuss in this chapter are in fact convergent, 
nor do we have methods that permit us to estimate the magnitude of 
the remainder that we neglect. Hence a reasonable strategy might be 
the following: (a) calculate Z terms in a series; (b) make a prediction 
concerning the limiting (Z_— oo) behaviour based on these L terms; 
(c) calculate the (Z + 1)st term; (d) make a revised estimate based 
upon the extended series; and (e) ascribe as our confidence limits 
roughly the difference between the predictions made in steps (b) and 
(d). 

We shall attempt through worked examples to illustrate this strategy. 
The main point is that there is no guarantee that the predictions to- 
ward which the successive approximations appear to converge are in 
fact the exact answers. Nevertheless, our confidence in these methods 
is considerably enhanced because when we carry out such procedures 
for exactly-soluble cases (such as D = 1 with d = 1-2, and D= © 
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with d = 1-3) we find that the predictions are extremely close to the 
exact answers—for example, the exactly-known critical temperature 
of the two-dimensional Ising model is located by these approximation 
methods to an accuracy of better than 0-01 per cent. Moreover, no 
examples have yet been produced in which the successive approxi- 
mations appear to converge to an answer that is known not to be 
correct. 


9.2. Series expansion methods 


Successive approximation methods of the sort described in the pre- 
ceding section are based on expanding the thermodynamic function of 
interest in ascending powers either of temperature (a low-temperature 
expansion) or of inverse temperature (a high-temperature expansion). 
Since the former case is restricted in applicability to the Ising inter- 
action, we shall focus mainly on high-temperature expansions; however, 
much of the discussion in this chapter is equally applicable to both 
cases. 

The basic idea of the high-temperature expansion method is the 
expansion of the exponential exp (—8#) as a power series in its argu- 
ment, 

exp (-B#) =1-B#H + 4(BAH)4+---. (9.1) 


The motivation for such an expansion is that the partition function 
Zy(T', H) is directly related to exp (—8#) through 


Z,(T, H) = Tr {exp (—B#)}. (9.2) 


Here the symbol ‘Tr’ denotes a summation over all the allowed states 
of the system in the case of a discrete (finite) number of states (e.g. for 
the Ising model and the quantum-mechanical or finite-S Heisenberg 
model). For a system in which the constituent magnetic moments are 
free to assume a continuum of orientations (such as the classical or 
infinite-S Heisenberg model or the system of eqn (8.1) for D > 1), 
the symbol ‘Tr’ denotes an integral over all allowed portions of the 
phase space of each magnetic moment. In this chapter most specific 
examples will be for the Ising model so that the former definition of 
‘Tr’ will apply. 

Now if we can calculate the first Z terms in an expansion of the 
partition function, then we can obtain, by straightforward mathemati- 
cal manipulations, expressions for the first Z terms in expansions of 
other thermodynamic functions of interest. We shall illustrate this fact 
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by considering briefly just how one could obtain an expression for the 
Gibbs potential, 
GUigHy = —kT in Z,(T dd), (9.3) 


from an expansion of the partition function—this relation is similar 
to that between the moments and cumulants of a distribution and is 
familiar from probability theory. 

We begin by substituting the expansion (9.1) into (9.2), with the 
result 


Zy(T, H) = Tr (1) {1 — Ptr (0) + 4p? tr (9%) +--}, (9.4) 
where tr # denotes the normalized trace, 


Trv 


o— ‘ 
CE Tr (1) 


(9.5) 
and where the quantity Tr (1) denotes the total number of states of the 
system; for example, for an Ising system of N spins, Tr (1) = 24, 
while for a quantum-mechanical Heisenberg model with spin quantum 
number S, Tr (1) = (2S + 1)%. The coefficients of successive powers of 
B in eqn (9.4) are proportional to the moments of the Hamiltonian, 
b, = tr (#*). Since the thermodynamic functions of interest are 
related to the Gibbs potential, (9.3), we must calculate the logarithm of 
the series (9.4), 


In Z,(7, H) = In {Tr (1)} + In {1 — Btr(#) + 4 A? tr (#7) +--+}. 


(9.6) 
It is customary to write eqn (9.6) in the form 
Cs) Cr 
In Z,y(7, H) = Ds (5) 56 (9.7) 


where the coefficients c, defined by eqn (9.7) are called the cumulants, 
corresponding to the moments b;. Expressions for the first few cumu- 
lants c, can be obtained easily, using the expansion In (1 + x) = x 
— 407+ 443 +... .Thus we find 


Cy = In {Tr (1)}, (9.8a) 
c, = —b, = —tr (#), (9.8b) 
Co = by — 6? = tr (#?) — {tr (#)}", (9.8c) 


and so on. An instructive example for the reader is to find a general 
expression for the cumulant of arbitrary order 7. 

Thus we see that if we calculate the first few moments b,, we can 
obtain the first few coefficients in the expansion of the Gibbs potential 
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and hence the first few coefficients in any of the thermodynamic 
functions derived from G(7', H). For example, consider the magnetic 
specific heat C,,, which from eqn (2.48) we see is related to G(T’, H) 
through 


Cae (=), = if? = (In Zy). (9.9) 


From eqns (9.7), (9.8c) and (9.9) it follows that the leading term in an 
expansion in powers of 8 of the specific heat involves the cumulant co, 


Cy = kB cs = aya ltt (#77) — {tr (#)}?). (9.10) 
Thus we see that the specific heat is predicted to fall off with tempera- 
ture as 1/7? + 0(1/T*) above 7,—in marked contrast to the incorrect 
prediction of the molecular field theory that C, = 0 for T > Ty. 
We caution the reader that although eqn (9.10) looks similar to the 
fluctuation—dissipation result, (A.23), the latter is an exact expression 
in terms of the expectation value of the Hamiltonian while the former 
involves only the trace of the Hamiltonian (i.e. the 8 = 0 expectation 
value). 

Although the leading coefficient for any of the thermodynamic 
functions is relatively simple to calculate, higher-order coefficients 
present rather more difficulty. Therefore sophisticated book-keeping 
techniques have been developed in order to render the resulting com- 
plexity manageable. These techniques in general involve a correspon- 
dence between a given contribution to a moment and a graph on the 
appropriate lattice being considered. Indeed, these graphical or dia- 
grammatic techniques have been developed to the extent that they have 
come to form a fascinating branch of study in their own right. 

Rather than develop this formalism in detail, we shall illustrate the 
basic concepts of these graphical procedures by means of a calculation 
of the high-temperature expansion of the partition function Z,(7, H) 
and the two-spin correlation function for a system of spins situated on a 
one-dimensional lattice and interacting through the Ising Hamiltonian 
—this is the case D = d = 1 of our model Hamiltonian (8.1). 


9.3. Calculation of the coefficients in the high-temperature 
expansion of the partition function 


In this section we illustrate the principles of the high-temperature 
calculation methods by calculating the coefficients in the high-tem- 
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perature expansion for the Ising model partition function for the case 
of a one-dimensional lattice (d = 1). Although it is only for the case 
d = | that we shail be able to calculate easily the arbitrary term in the 
expansion and to sum the resulting series, the methods that we develop 
are applicable to lattices of higher dimensionality. In fact, one of the 
most pedagogical of the many derivations of the zero-field partition 
function for the d = 2 Ising model essentially involves summing the 
high-temperature expansion and, as we have stressed earlier, our most 
credible approximation procedures concerning the d = 3 Ising model 
are based upon extrapolations from the first few terms of the appro- 

priate high-temperature expansion. 
Consider, then, the zero-field partition function for the Ising model 
Zy(T, H = 0) = De 8 = > TT! oF (9.11) 

{8} {s} <ij> 

where, as before, J = J/kT, the summation symbol >,,, denotes the 
N-fold summation of eqn (8.6), and the product [| [,;;, is restricted to all 


nearest-neighbour pairs of sites <17) in the lattice. Our analysis begins 
by applying the identity 


e4” = cosh A + ny sinh A = cosh A(1+7tanhA) (9.12) 


to the exponential in eqn (9.11), where 7 is any variable that can 
have only the values + 1 (here it is s,s;). We thereby obtain 


ZT, 0) = [cosh J]? > | |’ (1 + 3,8), (9.13) 


{s} <ij> 


where we have defined the variable v through 
v = tanh J, (9.14) 


and where we have factored out the quantity cosh Y from the product 
so that F denotes the total number of nearest-neighbour pairs in the 
lattice. For a lattice with periodic boundary conditions, then, 


P = Nq/2, (9.15) 


where q is the number of nearest-neighbour sites to a given site (the 
coordination number). 

Next we introduce a 1:1 association between each factor in the 
product of (9.13) and a graph on the lattice. The motivation for this 
association is that only a certain topological type of graph (and hence 
only a certain type of factor in the product) corresponds to a non- 
vanishing contribution when the summation }/,, is finally carried out. 
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For simplicity, we shall first carry out this graphical analysis for the 
case of the N = 3 Ising model with periodic boundary conditions 
(cf. Fig. 9.1(a)); the generalization to an arbitrary lattice with arbitrary 
N will then be straightforward. For N = 3, there will be A = 3(2)/2 = 
3 factors in the product in eqn (9.13), (1 + vs 89) (1 + 8283) (1 + v8383), 
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Fia. 9.1. (a) A lattice consisting of N = 3 sites. (b) The eight graphs that correspond to 

the eight terms in the Ising model partition function for the three-site lattice. Note that 

by virtue of eqn (9.17) only the terms corresponding to the graphs of order v® and of 

order v? make a non-zero contribution to (9.13); hence for this particularly simple lattice, 
there are only two terms in the high-temperature expansion. 


so that, on expanding this product in successive powers of v, we obtain 
2? = 8 terms in the partition function, 


1 1 1 


Zeuglt, 0)/(cosh J )° = > 


s:=—1 sg=-1 sg=-1 
x {1 + v (8182 + 8283 + 8383) 
+ 07(81898083 + 882838; + 8283838) 
+03 (818282838981 )}. (9.16) 
Notice that our expansion variable for the Ising model is actually not 
B = 1/kT but rather v = tanh J = tanhJ/kT. This illustrates the 
important fact that there is nothing special about the expansion para- 


meter 8, and that any function that goes to zero when B > 0 (i.e. 
T —> 00) is adequate. 
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We now associate one graph with each of the eight terms inside the 
curly brackets of eqn (9.16), by drawing a bond for each pair of vertices 
that occurs in the product. This set of eight graphs is shown in Fig 9.1(b). 
Notice that since v enters into the product in (9.13) linearly with a 
product of the form s,s,, all graphs of order v’ will contain j bonds. 

Next we utilize the topology of the graphs to enable us to carry out 
the multiple summation in eqn (9.16) easily. The first term of order v° 
on the right-hand side of (9.16) is simply 2% = 8. Consider now the 
three terms of order v; since >s,- -18; = 0, each of these terms will vanish. 
Similarly, each of the three terms of order v? contains at least one of the 
spin variables raised to an odd power, so that these too will vanish. In 
general, since 


Es 2 feven 
C= 
= e 7odd eo) 
the term of order v? will contribute, so that 
Zya3(T, 0) = cosh? Y(8 + 8v°) = 2%(cosh?Y + sinh? Z). (9.18) 


Turning again to Fig 9.1(b), we observed that the only graphs that 
correspond to non-vanishing terms in the partition function are those 
graphs all of whose vertices are even (i.e. an even number of bonds 
emanate from each vertex); these we shall call closed graphs. This obser- 
vation is in fact quite general, since each bond emanating from site 
j corresponds to a product of the form s,s;. Only if there are an even 
number of bonds emanating from site j will the quantity s, raised to an 
even power enter into eqn (9.13) and hence, by eqn (9.17), only then 
will the summation >,,, produce a non-zero contribution to Z,(T, H). It 
is therefore obvious that although there will in general be 2% graphs 
for a closed Ising chain of N spins, only the graph of order v° (with no 
bonds) and the graph of order v% (with N bonds) will contribute to the 
partition function (cf. Fig. 9.2(a)). Hence we can immediately write 
down the generalization of (9.18) to all N, 


Zy(T, 0) = cosh” $(2% + 2%vy%) = 2%(cosh” ¥ + sinh ¥), (9.19) 


which agrees with our earlier expression, eqn (8.46), for the partition 
function of a closed Ising chain. 

The difference between the open and closed chain is also easily 
interpreted in terms of graphs. If we do not impose periodic boundary 
conditions, then there will be no graphs whose vertices are all even 
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except the graph—with no bonds—that is of order v®° (cf. Fig. 9.2(b)). 
Hence eqn (9.13) becomes . 

Z,(1, 0) = 2" cosh®-1 (9.20) 


which agrees with eqn (8.11b). Notice that the exponent of the hyper- 
bolic cosine in eqn (9.20) is N — 1 rather than N because for an open 
chain there are only 7 = N — 1 pairs of lattice sites. 

The foregoing graphical analysis is by no means restricted to one- 
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Fia. 9.2. (a) The two graphs that correspond to the two non-vanishing terms in the 
high-temperature expansion of the Ising model partition function for a closed linear chain 
lattice of N spins. Since these graphs contain zero and N bonds, respectively, they 
correspond to terms of order v® and vw’. (b) The unique graph that corresponds to the 
only non-vanishing term in the high-temperature expansion of the Ising model partition 
function for an open linear chain lattice. This graph has no bonds, and hence corresponds 
to a term in (9.21) which is of order v°. For lattices of dimensionality d > 1, more com- 
plex graphs must be considered. 


dimensional lattices, and therein lies its power. In general, for the Ising 
model on any lattice eqn (9.13) may be written as 


4y(T, 0) = (cosh $)72" s gC )r’, (9.21) 
t=0 


where g(/) is the number of graphs that we can draw on the lattice 
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using / lines such that each vertex of the lattice is even (g(0) = 1). 
Thus the calculation of the partition function of the Ising model has 
been reduced to the problem of counting closed graphs on a lattice. 

We might think that by using this approach we could obtain On- 
sager’s result for the zero-field partition function of a two-dimensional 
lattice. This is indeed the case, but the analysis is so lengthy that we 
shall present it in Appendix B. Particularly clear treatments are given 
by Landau and Lifschitz (1969) and Glasser (1970); also the early 
work of Kac and Ward (1952), Burgoyne (1963), and Vdovichenko 
(1964, 1965) can be consulted. 

For three-dimensional lattices, although extremely ingenious tech- 
niques have been developed for counting the graphs that contribute to 
(9.21) for finite values of 7, no one has so far seen a way of counting all 
the graphs; at present the coefficients 9(/) in the expansion (9.21) have 
been calculated through order ¢ ~ 30 for some simple three-dimensional 
lattices and even through order 15 for the rather complex face-centred 
cubic lattice. We should also point out that the ‘graphology’ for 
the case of a non-zero magnetic field becomes somewhat more complex, 
and for this reason slightly fewer terms are at present known for most 
of the susceptibility series than for, say, the specific heat series. 

In addition to requiring different series for different lattices, we re- 
quire different series for different thermodynamic functions. We have 
concentrated so far on the high-temperature expansion of the zero-field 
partition function, the terms of which are used in obtaining the expo- 
nent « for the specific heat. In Table 9.1 we attempt to provide the reader 
with a guide to the literature, so that if he seeks a given series for a 
given lattice he can easily find it. Note that Table 9.1 pertains only to 
the three-dimensional Ising model, and that the references shown 
represent the longest published series (for certain series, additional 
coefficients have been calculated but not yet published—presumably 
because the all-important checking procedures are still under way). 

What about models other than the Ising model? There is nothing 
that limits the range of applicability of the general calculational pro- 
cedures that we have illustrated with the Ising model to any particular 
assumptions concerning the interactions among the spins. However, 
for systems other than the Ising model, eqn (9.17) is not valid and hence 
the coefficients in the high-temperature expansion are not simply the 
total number of closed graphs but instead they must be obtained from 
the consideration of graphs of somewhat more complex topology. 

Perhaps more significant is the fact that the series expansion method 
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TABLE 9.1 
A guide to the literature of high- and low-temperature expansions for the 
Ising model for two- and three-dimensional lattices (the one-dimensional 
lattice was considered in detail in the text). The references given are for 
the longest published series; for some functions longer series are available 
(but as yet unpublished). As an example, if we wish to find the critical- 
point exponent «' for the diamond lattice, we can find the longest published 
low-temperature series expansion for the specific heat in Ref. 11 (Essam 
and Sykes 1963). This table has been adapted from Guttmann (1969a). 


a’ a B y’ y 5 v 

Two-dimensional lattices 

square 13 12 13 9 3 5x a 

triangular 13 13 9 10 5x 7 

honeycomb 13 9 3 5x 
Three-dimensional lattices 

8.C. 5x 12 9 9 1 5x le 

b.c.e. 5x 12 5 5x 1 5x 1,7 

f.c.c. 5x 4 6 9 1 5x eed 

diamond 11 ll 5 5* i] 5x 

cristobalite 2 2 


References 

Moore, Jasnow, and Wortis (1969). 
Betts and Ditzian (1968). 

Sykes and Fisher (1962). 

Sykes, Martin, and Hunter (1967). 
Sykes, Essam, and Gaunt (1965). 
This series may be derived from Appendix IV of Ref. 5. 
Fisher (1967). 

Fisher and Burford (1967). 

Sykes (1963). 

Essam and Fisher (1963). 

10. Sykes and Zucker (1961). 

11. Essam and Sykes (1963). 

12. Baker Jr. (1963a). 

13. Domb (1960). 


Go Bo slice Caen P= Co oi 


is not limited to systems for which particular assumptions such as 
those of § 8.1 are valid. Thus, for example, calculations have been 
carried out for model systems in which the interactions are (i) not uni- 
form in direction, (ii) further than nearest-neighbour in range, and 
(iii) not isotropic in symmetry. Not surprisingly, such calculations for 
more general types of interactions involve more complicated graphs, 
and consequently not as many terms in the high-temperature expan- 
sions have been obtained. Nevertheless, the basic idea is the same, and 
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almost as many terms have been calculated for, say, the classical 
Heisenberg model as have been calculated for the Ising model. 

One reason for mentioning the classical Heisenberg model is that 
although the critical phenomena predictions of the classical and the 
quantum-mechanical (finite S) Heisenberg models differ little, the 
calculation of the high-temperature expansions proceeds much more 
simply in the classical case (Stanley and Kaplan 1966a, Wood and 
Rushbrooke 1966, Joyce and Bowers 1966a, b) and as a result many 
more terms are now known in the classical series than in the general S 
quantum-mechanical series (Moore 1969). However, when the method 
of high-temperature expansions was first proposed (Kramers 1936, 
Opechowski 1937, Van Vleck 1937), it was applied to the quantum- 
mechanical Heisenberg model. The early authors succeeded in cal- 
culating only the first three or four terms in the expansion, and the 
twenty or so years following their initial work witnessed many addi- 
tional papers—some adding a new term and others correcting the errors 
in the previously-calculated terms. One of the most monumental efforts 
was that of Rushbrooke and Wood (1958), who calculated—correctly— 
the first seven terms in the partition function series for general spin 
quantum number S. Needless to say, the coefficients become increasingly 
difficult to calculate as the order increases. In his Ph.D. thesis, Wood 
(1958) remarks that ‘the labour of calculating one more term in one 
of the series is considerably greater than that of calculating all the 
previous terms’. Nevertheless, the series for some functions of especial 
interest have been pushed quite a long way—at the cost of a rather 
considerable quantity of ‘labour’. 


9.4. Calculation of the coefficients in the high-temperature ex- 
pansion of the two-spin correlation function 


In addition to the partition function there is another useful function 
that involves the exponential exp (—8#), and this is the two-spin 
correlation function. We consider in this section the analogous high- 
temperature expansion of the correlation function, because this function 
contains information not contained in the expansion of the partition 
function. For example, high-temperature expansions of the spin 
correlation function have been used (Dwight, Menyuk, and Kaplan 
1965; Stanléy 1967a, 1968a) to obtain predictions of the elastic para- 
magnetic neutron scattering cross-section, which is directly related to 
the Fourier transform of the spin correlation function. A second reason, 
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and perhaps the more important reason, for considering the high- 
temperature expansion of the spin correlation function is that know- 
ledge of it, together with the fluctuation—dissipation relation (A.20), 
permits us to obtain the zero-field susceptibility without needing to 
consider the partition function in a non-zero magnetic field, as would 
be necessary if we were to obtain the susceptibility from differentiating 
the Gibbs potential G(7', H) with respect to magnetic field (Stanley 
and Kaplan 1966a; Fisher and Burford 1967; Stanley 1967a, 6; Jasnow 
and Wortis 1968). A third motivation for presenting the series ex- 
pansion of the two-spin correlation function will become apparent in 
§ 9.5, where we shall attempt to show that the coefficients in this 
expansion have a rather simple and direct physical interpretation. 

We shall limit our discussion to the case of the Ising interaction, 
and we shall see again that the linear chain lattice provides a case for 
which all the coefficients in the high-temperature expansion can be 
calculated exactly. However, the formalism that we develop is by no 
means limited in its applicability to the case of the one-dimensional 
lattice. 

The two-spin correlation function for the Ising model is defined 
through the relation (cf: eqn (8.12)) 


a> = 2x > Sake = Zu > Ente || 0 see) 
1) {3} <i 

The high-temperature expansion of eqn (9.22) proceeds exactly as 

with the partition function (9.11). Thus, in analogy with eqn (9.13) 
we find 

(973 95 (conn se ) > ye SmSn (1 + v5;8;). (9.23) 

{8} <if> 

As before, we can construct 27 graphs that stand in 1:1 correspon- 

dence with each of the 27 terms that are obtained when the product 

in eqn (9.23) is expanded. In fact, these graphs will be identical to the 

graphs for the partition function (9.13), because we shall not represent 

the factor s,,s, by a bond (m and n are generally not nearest neighbours). 

However, the rules determining which graphs make a non-zero contri- 

bution to the summation }>(,) in (9.23) must be based on the identity 

(9.17) as before, and since we now have an extra factor of s,,s,, we must 

modify the rule concerning which graphs contribute. Specifically, we 

must require that the vertices m and n have only an odd number of 

bonds emanating from them, so that, together with the factor s,,s, 

that is not represented in the graph, we will have each contributing 
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spin raised to an even power. (We could, of course, have retained our 
former rules if we were to draw an additional line between sites m and n; 
however this is rather clumsy since sites m and n will not be nearest- 
neighbours in general.) Hence the analogue of eqn (9.21) for the zero- 
field partition function is 


Kana) = {Zy(T, H)}~* (cosh J)? 2” Spald)%, (9.24) 
= 


where mn(¢) is the number of graphs of 7 lines, with even vertices 
except at sites m and n. Equation (9.24), like its counterpart, eqn (9.21), 
is valid for lattices of any dimensionality—the topology of the lattice 
enters through the factor 7,,,,(/). 

As an example of eqn (9.24), we consider the linear chain Ising model, 
without periodic boundary conditions. It is obvious from Fig. 9.3 
that the only graph with a non-vanishing contribution for this lattice is 
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Fia. 9.38. The single graph that corresponds to the single non-vanishing term in the 

high-temperature expansion (9.24) for the two-spin correlation function <s,,8,> for the 

linear chain Ising model without periodic boundary conditions. This graph is a chain of 

(n—m) bonds between sites m and n. For higher dimensional lattices more complicated 

graphs will contribute, but the dominant contribution is found to be the simple chain of 
bonds (called a self-avoiding walk in the research literature). 


the graph consisting of nearest-neighbour bonds joining all the lattice 
sites between sites m and n. Hence there will be only one term that 
enters into the summation (9.24), and this is the term of order v!"~™I, 
whence 


ise, — (2" com” > 9)-1 (cosh —1 9) 2% yie-™! — gln-ml, (9.25) 


which agrees with eqn (8.17). 

Having obtained the zero-field spin correlation function, we are in a 
position to use the fluctuation—dissipation relation (A.20) to calculate 
the zero-field susceptibility. It is somewhat more conventional in 
series expansion calculations to consider the reduced susceptibility, 


defined by the relation 
io(T, H = 0) = xx(T, H = )lxcune (LT; H = 0), (9.26) 


where xourie 18 the susceptibility in the non-interacting limit (for the 


148 MODEL SYSTEMS AND APPROXIMATION METHODS 9,§5 


Ising model, Xue = Nf?/kT). The normalization adopted in (9.26) is 
chosen such that in the high-temperature limit, v = tanh J/kT — 0, 
¥7(T, H = 0) + 1, and hence the leading term in the high-temperature 
expansion of the reduced susceptibility must be unity. Hence on using 
(9.25) and (8.19), we obtain, for the large N limit, the simple series 
expansion Yr, = 1 + 2v + 2v? + 2v34.---. This series may be 
summed exactly by first writing ¥¢ = 1 + 2e(1 + v + v0? + v2 +---), 
which is recognized as being identical to the expression of eqn (8.24), 


2v pibse 
a es 


fr = 1+ (9.27) 

If we wish to express the susceptibility in terms of the natural 
variable J = J/kT instead of the variable v = tanh J, then we simply 
substitute the expansion for v in terms of Y into the ‘v-expansion’ of 
eqn (9.26), with the result 


foe) 


(ee) = ee (9.28) 
¢=0 
where the coefficients a; are given, in general, by the expression 
9¢ 
ay = A (9.29) 


9.5. Physical interpretation of the terms in the high-temperature 
expansion of the correlation function 


We shall now consider briefly the nature of the graphs that make a 
non-vanishing contribution to the two-spin correlation function <s,,8,> 
for a lattice of dimensionality greater than 1. We shall see that each of 
these graphs can be interpreted as corresponding to a unique path in 
the lattice whereby the direct interaction of strength J (which only 
extends between nearest-neighbour sites in the lattice) is propagated 
from site m—via intervening pairs of lattice sites—to site n. If the 
graph involves ¢ bonds, then the ‘interaction path’ will involve 7 
pairs of intervening lattice sites, and it will enter first in the contribution 
of the order (J/kT')’. We present this argument because it should help 
to clarify the mechanism whereby nearest-neighbour interactions 
produce a significant effect between spins that are situated a long 
distance apart, and this is the essence of what gives rise to critical 
phenomena and phase transitions in the first place. 

Although for a one-dimensional lattice, the simple chain of nearest- 
neighbour bonds joining the sites m and n is the only graph to contribute 
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to the correlation function <s,,s,5, for lattices of higher dimensionality 
there will be much more complicated graphs as well. For example, we 
show in Fig 9.4 the graphs that make a non-vanishing contribution to 
the nearest -neighbour correlation function (i.e. sites n and m are nearest 
neighbours of each other) for orders v'—v° for the simple quadratic 
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Fia. 9.4. (a) The only graph that corresponds to a non-vanishing contribution of order » 
(and, since v = tanh J/kKT, the only contribution of order J/kT) in the high-temperature 
expansion of the two-spin correlation function ¢s,,8,> of a square lattice for the case 
when the lattice sites m and n are nearest neighbours of each other. (b) The two graphs 
that make a contribution of order v3. For the square lattice there is no contribution of 
order v? because there is no way in which the correlation can be propagated from site m 
to site n by means of two intervening interactions. (c) The seven graphs that make 
contributions of order v®. All but one of these consists of a self-avoiding walk between 
sites m and n. The approximation in which one neglects all but the self-avoiding walks 
in calculating the correlation function <8,,3,> leads to predictions which, not surprisingly, 
do not agree with exact solutions but are considerably more realistic than the classical 
theories (such as the molecular field approximation) in that, for example, they depend 
on lattice dimensionality. 


lattice. We see up to order v° the only non-vanishing graphs are those 
that represent a simple chain of bonds, and even though polygons 
begin to enter in the order v® contribution (for example, one graph 
consists of a single bond between sites m and n plus an isolated square 
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elsewhere in the lattice), the dominant contribution would appear to 
arise from the six different possibilities-of drawing a simple chain of 
five bonds between sites m and n. 

The reason for emphasizing the graphs of Fig. 9.4 is that we can see 
therein precisely how the correlation between two nearest-neighbour 
spins arises: there is a contribution, of order v (and hence of order J), 
which is due to the direct interaction (of strength J) between the nearest 
neighbour sites. The remaining contributions to the nearest-neighbour 
correlation function arise from the indirect interaction of the moment 
on sites m and n through the other moments in the lattice. For example, 
the contribution of order v? begins to contribute only in order J®, since 
v = tanhJ/kT ~ J/kT + --- when it becomes possible for sites » and 
m to interact through three intervening interactions. This argument is 
appealing to the intuition, for it implies that the contribution to the 
nearest-neighbour two-spin correlation function—which is the proba- 
bility that if a spin at site m is ‘up’ a spin at site ” will also be ‘up’—is 
made up of two sorts of effects: (1) the one direct interaction, which is 
of order J, and (2) a set of indirect interactions, each of which occurs 
as the result of ¢ other direct interactions, and each of which therefore 
contributes first in order J’. Since our high-temperature expansion is 
really an expansion in the variable J/kT (i.e. J enters linearly with 1/7’), 
what we are really doing when we perform a high-temperature expan- 
sion of the correlation function is performing aJ expansion. This involves 
considering all possible paths by which two spins can interact, i.e. we 
are literally examining what the system actually does in adding up 
these interaction paths. 

For example, if we calculate the first ten terms in the high-tempera- 
ture expansion of the nearest-neighbour correlation function, we are 
in effect taking into account, exactly, all possible paths by which the 
spin at site n can communicate with its nearest neighbour at site m and 
which involve first one interaction (the direct interaction), then two 
interactions, and so on through ten intervening interactions. Of course, 
if we stop our calculation with ten terms, we are clearly neglecting 
indirect interactions that proceed by, say, eleven intervening direct 
interactions. However, the extrapolation method used in obtaining 
information from high-temperature expansions involves the crucial 
assumption that we do not truncate our series at, say, ten terms, but 
rather we seek to extrapolate the regular behaviour of the first ten 
coefficients and thereby guess the behaviour of the eleventh. Such 
extrapolation procedures will be explained in § 9.6. 
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We have seen in this section that the topology of the lattice inter- 
connections plays a very substantial role in determining the value of 
the correlation function between two spins, for it is this that determines 
the nature of the allowed interaction paths between the spins. Therefore 
it would seem that we are in a position now to appreciate the obser- 
vation that critical behaviour depends very strongly upon lattice 
dimensionality. A somewhat stronger statement is often made—that 
critical phenomena depend much more strongly on lattice dimension- 
ality than they do on most features of the interaction Hamiltonian. 
For example, it was once believed that the critical-point exponent y for 
the Heisenberg model had different values for S = } and for 8 = 0 
(Stanley and Kaplan 19676, Baker, Gilbert, Eve, and Rushbrooke 
1967; Stanley 19676, Wood and Rushbrooke 1966, Joyce and Bowers 
19665). More recent evidence would appear to support the conjecture 
that y is independent of S (Bowers and Woolf 1969, Stanley 1969c, 
Lee and Stanley 1971), so that, in particular, the S = } Heisen- 
berg model has the same critical-point exponents as the classical (or 
S = 00) Heisenberg model. Although the critical-point exponents are 
now believed to be independent of S, the critical temperature is not. 
For example, the critical temperature of three-dimensional lattices 
obtained from extrapolations of high-temperature expansions may be 
fitted closely by the mnemonic formula (Rushbrooke and Wood 1958), 


kT, 
J 


Equation (9.30) is ‘to be compared with the analogous result of the 
mean field approximation, eqn (6.51), which is predicted to be valid 
for all lattice dimensionalities. 

Before concluding this section, we remark that the molecular field 
approximation does not consider the indirect interactions between 
spins on sites n and m and, for this reason, it fails to predict the correct 
expressions for the thermodynamic functions. For example, the mol- 
ecular field approximation predicts that C,, = 0 for T > 7’, when in 
fact we need only to consider the second coefficient in the high-tempera- 
ture expansion to obtain the rigorous result that Cy ~ 1/T? + 
O(1/T*). 

We shall not dwell any longer on either the derivation or the meaning 
of the coefficients in the high-temperature series expansions, but we 
shall instead turn directly to the question of how we attempt to ‘guess’ 
the limiting behaviour of thermodynamic functions—given only a 


= &(q¢ — 1) {1L9(8 + 1) — 1}. (9.30) 
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finite (and sometimes rather small) number of coefficients in an infinite 
series. 


9.6. Extrapolation procedures for estimating the limiting 
behaviour of a power series from the behaviour of its first 
few terms 


Our goal in this section is to discuss methods of obtaining information 
about the limiting behaviour of a thermodynamic function, given only 
the knowledge of the first Z coefficients in the high-temperature ex- 
pansion of that function. This is in fact a problem in applied mathe- 
matics that has engaged the best of minds for over a century, and we 
shall here discuss only those aspects of this fascinating area that have 
been applied to the specific problem of inferring the behaviour of a 
singular thermodynamic function in the critical region. 

We begin by considering why it is necessary to extrapolate in order 
to obtain a reliable estimate of the singular behaviour. The answer is 
that if we do not extrapolate, there will be no singular behaviour of 
any sort predicted. Suppose we have calculated ten coefficients in a 
series representation for the reduced susceptibility 7, of the form of 
(9.28), and we wish to find the critical temperature 7',. The salient 
feature of the susceptibility is that it diverges to infinity as T > T,. 
However, the successive approximations to 7, obtained by truncating 
the expansion (9.28) (at say, 5 terms, 6 terms,..., and 10 terms) will 
all be simple polynomials and hence will not diverge at any value of 
FS = BJ except J = oo, corresponding to 7’ = 0. Hence the considera- 
tion of successive truncations of the series (9.28) would appear to be 
fruitless. 

A more useful approach stems from the realization that what we 
are seeking is essentially the radius of convergence of the power series, 
since Yr is finite for all values of J/kT < J/kT, = Y,, and it diverges 
when J — Y, from below. Actually the above statement is not quite 
true, for there might exist another non-physical singularity elsewhere 
in the complex plane which lies closer to the origin than the physical 
singularity that we are seeking to determine, and hence determining 
the radius of convergence would yield no useful information. In apply- 
ing the ratio methods to be described in this section we are therefore 
assuming that the closest singularity is the physical singularity, 
SF = #-; when this assumption is not valid, other approaches will 
become necessary (cf. § 9.7). It should be remarked that if the coeffici- 
ents of a series are not all positive, then we might suspect that the 
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radius of convergence is not determined by the physical singularity, 
since a general property of power series is that if the nearest singularity 
is on the positive real axis, then all the coefficients in the series even- 
tually become positive. 

When we seek the radius of convergence of a power series, the first 
thing that frequently comes to mind is the ratio test, according to 
which the reciprocal of the radius of convergence is given by 

ro) = lim “4, (9.31) 
f>am Ay_y 
assuming that the limit exists. We shall see in this section that tech- 
niques based upon this simple approach are extremely powerful and 
that they predict not only the radius of convergence (or critical tem- 
perature) but also the fashion in which the function diverges at the 
critical temperature, i.e. the critical-point exponent. 

Our detailed discussion begins by assuming that y; has a simple 

power law singularity, of the form 


A Oe (teers +. ---). (9.32) 


The correction terms may be of a sort other than that indicated in 
eqn (9.32), without affecting the general validity of the argument that 
we shall present. It is important, however, to realize that there will in 
general be correction terms of some sort. 

For example, suppose there were no correction terms whatsoever, 
that is, suppose 


=6(PR2Y =< €(A (FY om 
or, equivalently 
xr = €(T)-* (1 — F-*)-? = SB — B)-’, (9.34) 


where 7 = T/T, and § = £/8, as before. Then we can expand (9.34) 
for T > T, (or B < B,) by using the binomial theorem, with the result 


x= OB {1+ hs Oe pe HD a Be 


ae +. (9.35) 


(Note that all the coefficients in this expansion are unity if y = 1, as 
in the molecular field approximation.) Now there are only three un- 
known quantities in eqn (9.35): y, B, and @. Hence it should be possible 
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to obtain all three unknown quantities by calculating the first three 
terms in the high-temperature expansion. 

Now let us examine some expansions for actual model systems and 
seek to determine if indeed our assumption of no correction terms is 
valid. To this end, it is useful to consider the ratio of successive terms 
in the series of eqn (9.28). Since the expansion variable in (9.28) is 
JS = pJ and not f = B/f,, the ratio of successive terms a;/a;.,; in 
(9.28) will be 


feet mea) 


oe Sel 
pe 


where %, = B.J =J/kT, as before. Hence we see that a plot of 
a,/a;_, against 1/¢ should be a straight line which, when 1/¢ = 0 
(corresponding to “= 00), will intercept the ordinate at the value 
2o' = kT./J; moreover, the slope of this straight line should be given 
by Fay = 1) 

Let us see if this is the case by examining the Ising model. Fig 9.5 
shows plots of the ratios of successive coefficients in the Ising model 
series for the linear chain lattice (d = 1), for the simple quadratic or 
square lattice (d = 2), for the simple cubic lattice (d = 3), and for the 
molecular field approximation. We have divided the ratios by an 
appropriate factor in order that the ordinate will be 7',/7\y, where 
here 7',, denotes the critical temperature predicted by the molecular 
field approximation to the Ising model and is given by the expression 
kTy = qJ. From examination of Fig. 9.5 we see that the linear chain 
Ising model and the molecular field approximation both (correctly) 
predict there are no correction terms, while the fact that for d = 2 and 
d = 3 all the ratios do not lie on precisely a straight line means that 
for the square and simple cubic lattices there are evidently correction 
terms. However, the fact that the observed oscillation of the ratios 
about the (conjectured) asymptotic behaviour seems to get smaller 
as ¢ increases is suggestive of the fact that the correction terms are not 
interfering strongly with the dominant singularity. 

To summarize our findings so far, we have seen that although there 
apparently exist correction terms for the case of thed = 2 andd = 3 
lattices, the ratios of successive coefficients appear to settle down to 
an apparent linear behaviour which is presumably dominated by a 


~ gr} (+25), (9.36) 
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simple power law singularity. Moreover, the limiting value (as ?—> co 
or 1/¢->0) of the ratios of successive coefficients approaches the 
exactly known value for d = 1, for d = 2, and for the molecular 
field approximation. Therefore it is rather tempting to extrapolate the 
behaviour of the d = 3 ratios, to identify the intercept with the critical 
temperature of a simple cubic lattice, and to utilize the slope of the 
asymptotic straight line to calculate the critical-point exponent y. 
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Fic. 9.5. Dependence upon inverse order 1/¢ of the ratios of successive coefficients a¢ in 
the reduced susceptibility series, (9.28), for the Ising model for the linear chain lattice 
(d = 1), for the simple quadratic or square lattice (d = 2), and for the simple cubic 
lattice (d = 3). Only the first ten ratios are shown, even though a larger number have 
been calculated. For purposes of comparison, we also show the first ten ratios for the 
molecular field approximation. For the Ising model, the ratios have been divided by the 
coordination number q in order that in their limiting (? >) values will be 7,/T', where 
kT = qJ. The exactly known values of 7../T' are indicated for the d = 1 andd = 2 
cases. By courtesy of D. L. Njus. 


The agreement with the exact results for d = 1 and d = 2 is so 
encouraging that some workers have come to refer to predictions based 
upon extrapolations such as this as representing exact calculations. 
This is certainly not the case. All that is exact is the calculation of the 
successive terms in the series, and the crucial step of extrapolation 
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that is needed to obtain specific predictions (such as the values of 7’, 
and y) is far from rigorous. In fact there does not exist a proof that the 
series even converges, let alone that its asymptotic behaviour is repre- 
sented by the first dozen or so coefficients in its high-temperature 
expansion. Nevertheless, in so far as approximation procedures near 
the critical point are concerned, extrapolations from coefficients of 
high-temperature expansions have proved to be quite reliable in the 
sense that there are no known cases in which they have failed to predict 
an exactly known answer. The evidence supporting their success is not 
restricted to two-dimensional lattices, for if it were the procedure 
might be suspect since we have seen that critical behaviour can change 
markedly with lattice dimensionality. For example, for the spherical 
model over eighty terms in the high-temperature expansion have been 
calculated for three-dimensional lattices (Dalton and Wood 1968, 
MiloSevié and Stanley 1971) and the agreement between predictions 
based upon a finite number of coefficients and the exact result is as 
good as it is for the d = 2 Ising model. 

There is, however, one ‘fly in the ointment’. This is the case of the 
two-dimensional lattice with D> 1 (e.g. the classical Heisenberg 
model, D = 3). It has been shown rigorously (Mermin and Wagner 
1966) that there can exist no spontaneous magnetization at any tem- 
perature greater than absolute zero, yet the ratios of successive co- 
efficients in the high-temperature expansion appear to be as regular 
as for the three-dimensional counterpart and they extrapolate to a 
value of 7', that is appreciably larger than zero (Stanley and Kaplan 
19666, 1967a, Stanley 1967c, 1968), c, 1969b, Moore 1969, Betts, Elliott, 
and Ditzian 1971). This can only mean either that the ratio method 
fails if d = 2 and D > 1 or else that there is in fact a non-zero tem- 
perature 7’, at which the susceptibility diverges but below which there 
is no spontaneous magnetization (cf. Fig. 8.3). This latter possibility 
has received limited support from recent theoretical calculations 
(Jancovici 1967, Reatto 1968, Lines 1971, Mubayi and Lange 1969, 
Watson, Vineyard, and Blume 1970, Wegner 1967), but the question is 
far from settled (Birgeneau, Skalyo, and Shirane, 1970). 

However, when the ratios behave smoothly with order /, it is possible 
to obtain a high degree of confidence in the extrapolations made there- 
from. For example, we show in Fig. 9.6 the behaviour of the ratios 
of successive coefficients in the susceptibility series and in the specific 
heat series for the three-dimensional Ising model. Not surprisingly, both 
sets of ratios appear to be extrapolating to the same intercept as 
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1/?—> 0. Moreover, we see that one can use the intercept determined 
from the susceptibility series to help determine the exponent for the 
specific heat series. Thus the dotted lines labelled « = 0 and a = 4 
correspond to the limiting slopes that one would expect for these two 


choices of the exponent a. Evidently the coefficients would seem to 
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Fic. 9.6. Dependence upon 1/¢ of the ratios of successive coefficients in the v-expansions 
of the susceptibility and specific heat of the Ising model for the fcc lattice. The dashed 
lines are obtained by assuming the value of q/v, = q/tanh (J/kT,.) ~ 9-828 as obtained 
from extrapolations based upon the susceptibility series, and then assuming that « = } 
(upper curve) and a = 0 (lower curve). It is evident that the specific heat series strongly 
favours « = } over a = 0. This procedure is typical of methods that permit confidence 
limits to be placed on numerical estimates obtained by extrapolation from high-tempera- 
ture expansions. Based upon examination of this data, we would place confidence limits 
at least as small as +0-1 on the estimate a = 0-125. This graph was privately com- 
municated to the author by M. F. Sykes. 


favour the choice « = } over the choice « = 0, so that the specific 
heat of the three-dimensional Ising model would appear not to have 
the same sort of logarithmic divergence as the two-dimensional case—as 
was originally believed (cf. § 4.1). 
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We conclude this section by remarking that we can systematically 
carry out these expansions for all lattice dimensionalities as well as all 
spin dimensionalities, and we find that the critical properties so ob- 
tained appear to vary monotonically with both spin and lattice di- 
mensionality, as shown in Fig. 9.7 and Table 8.3. Just as the limit 
D-—» oo corresponds to the spherical model, so the limit d — oo cor- 
responds to the molecular field theory. Although this latter result 
has not yet been proved, it is at least intuitively plausible, for as the 
lattice dimensionality increases without limit, so also does the lattice 
coordination number and hence the effective interaction range (for a 
hypercubical lattice, gq = 2d). One somewhat intriguing result that 
has arisen from the analysis of lattices with d > 3 is the following: 
rather than the anticipated mean field behaviour setting in gradually as 
d —> 0, the mean field critical-point exponents appear to be obtained 
for all values of d = 4 (MiloSevié and Stanley 1971). 


9.7. Padé approximants and transformation methods 


9.7.1. When the ratios are not smooth 

We have seen that the ratio method provides an extremely simple 
and straightforward method for estimating both 7, and the critical- 
point exponent for a thermodynamic function, given that the first few 
terms of its high-temperature expansions are sufficiently regular with 
order ¢. Moreover, there exist no examples of thermodynamic functions 
for which the ratios of successive coefficients appear to be regular, yet 
the extrapolated estimates are incorrect. This is not to say, however, 
that it is difficult to construct a function for which the ratios are not a 
smooth function of 1//, and in fact there exist some thermodynamic 
functions for which the ratios are exceedingly irregular. The most 
notable of these examples is the low-temperature series for the zero- 
field magnetization of the Ising model for three-dimensional lattices. 
For example, for the fcc lattice, the first twenty-five terms are (Fisher 
1965) 


M(T, H = 0) = 1 — 2u® — 24u)! + 26u3? — 48u15 — 252u1® + 720u17 
—438u1® — 192u1® — 984u2° — 1008u7! + 12924422 


— 19536u?* + 3062u24 — 8280u25 +... , (9.37) 
where here 
uw = en sslkT (9.38) 


is the low-temperature expansion variable (u-—> 0 as T —> 0). We see 
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Fra. 9.7. Dependence upon 1// of the square root of the ratio of alternate coefficients. 
According to eqn (9.40), these plots should also approach T/T (they have been 
normalized in analogy with Fig. 9.5). Also, we can show by arguments analogous to those 
leading to eqn. (9.36) that the limiting slope should again be proportional to y — I. 
The subject of critical behaviour for lattices of dimensionality d > 3 is of considerable 
theoretical interest, as the critical-point exponents appear to have their mean field 
values even though the critical temperatures do not. After Stanley (19695). 
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that the ratios of successive coefficients are oscillating wildly in sign, as 
well as in magnitude, and clearly the ratio test will not be applicable. 

There are many possible reasons for irregular behaviour such as in 
eqn (9.37). One possible reason is simply that the number of terms in 
the expansion that have been calculated is not sufficiently large for 
us to obtain information about the singularity. This reason is always 
an explanation for erratic behaviour, no matter how many terms in 
the series may have been calculated. As many authors have pointed 
out, a knowledge of the first L terms in the series 


L 
= ge eeseys (epee) (9.39) 
tells us nothing whatsoever concerning the singularity at 8 = B,. 

A second possible way to obtain information from a series, the ratios 
of whose coefficients are somewhat irregular, is to consider other means 
of determining the radius of convergence. For example, plots against 
1/? of (a;/az_2)*, (a,)\", and similar functions are frequently found 
to be smoother than the simple ratios a,/a;_,. However, in the case 
of the low-temperature magnetization series it is evident from inspection 
of (9.37) that none of these functions will be smoothly varying with 1//. 
This by no means implies that the radius of convergence is undefined, 
for tests such as the ratio test are all of the form that the radius of 
convergence r, is given by the relation 


lim A; /ae_4 
t7 0 
lim = (a,/a¢_2)4 
fot = fei3 (9.40) 
lim (a,)""”, 
f7 0 


providing that the limit exists, and it is not difficult to construct power 
series with well-defined singularities for which the “— oo limits in 
eqn (9.40) do not exist. 

A third possible explanation for the erratic behaviour of the magnet- 
ization series (9.37) is that the singularity closest to the origin in the 
complex wu plane is not the physical singularity u, = exp (—4J/kT,) 
about which we are seeking information. This possibility is supported 
by the fact that the signs of the known coefficients in (9.37) are by no 
means all positive, while if the radius of convergence of a power series 
is determined by a singularity on the positive real axis, the terms in the 
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series must (eventually) become all positive. We shall see that the singu- 
larities of the series (9.37) are distributed throughout the complex 
u-plane in a fashion roughly as shown in Fig. 9.8(a), and that the radius 
of the circle of convergence is not determined by the position of the 
physical singularity (i.e. the nearest singularity that is on the positive 


Fic. 9.8. (a) Distribution of singularities in the complex «w-plane, where w = exp 
(—4J/hT), as estimated by extrapolations from the low-temperature series (9.37) for the 
zero-field magnetization of the fee Ising mode}. The principal feature of this figure is that 
the radius of convergence is determined by singularities which are not on the positive 
real axis. (b) Distribution of singularities in the complex z plane, where z is related to the 
original variable « through the transformation of eqn (9.48). Notice that the trans- 
formation has shifted the relative location of the physical and non-physical poles so that 
in the z-plane the radius of convergence is determined by the physical singularity on the 
positive real axis. Not surprisingly, the cocfficients in the z-expansion, unlike those in the 
u-expansion (9.37), are of uniform sign. After Guttmann (19692). 


real axis) but rather by a complex conjugate pair of ‘non-physical’ 
singularities that are considerably closer to the origin. The elucidation 
of the behaviour shown in Fig. 9.8(a) can be facilitated by means of the 
method of Padé approximants, which we shall now discuss. 
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9.7.2. Analytic continuation beyond the non-physical singularity: the 
method of Padé approximants 

Although the method of Padé approximants has a colourful history 
dating back almost a century, it is only within the last decade that this 
procedure has become a part of the ‘bag of tricks’ of the working 
physicist (Baker, 1961, Gammel, Marshall, and Morgan 1963, Baker 
1965). The Padé approximant AX (x) to the function F(x) is simply 
the ratio of two polynomials, of orders N and D respectively, 


ae N 
ofa et es ee > (9.41) 


N —_ . 
P(x) = dy + dx rape 


Without loss of generality, we can choose dy) = 1, so that there are only 
N + D + 1 undetermined coefficients on the right-hand side of (9.41). 
Suppose, now, that we have obtained the first Z + 1 coefficients in the 
expansion of F(z), 


F(x) = S A hoe (9.42) 


Next we equate the series of (9.42) truncated at 7 = L to the function 
P(x) defined in (9.41); it is clear that since there are N + D+ 1 
unknown coefficients in the function AX(x) and LZ + 1 known coeffi- 
cients in the truncated series of (9.42), the truncated series can uniquely 
determine the function P}(zx) only if 


Nace Dean (9.43) 


Thus it is possible to form all Padé approximants P¥(x) to the function 
F(x) for which N + D < L. The actual process of determining the 
coefficients n,; and d; involves solving the set of Z simultaneous, 
homogeneous equations obtained when one combines (9.41) and (9.42) 
in the form 


(fo + fit +--+ fia”) x (1+ dy a +---+ dpx?) 
= My + MU ++++ +nyx%, (9.44) 


expands the cross product on the left-hand side, and equates coefficients 
of this new polynomial term-by-term with the corresponding coefficients 
of the polynomial on the right-hand side of (9.44). Thus we have essen- 
tially ‘fitted’ the function F(x) of (9.42) to the ratio of two poly- 
nomials! 

The motivation for this procedure becomes clear when we apply 
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the Padé approximant method to a thermodynamic function, such as 
the susceptibility, which has a power law singularity, 


ir = pe af ~ ($,— $)7". (9.45) 
Note that if we have calculated L + 2 coefficients a,(¢ = 0,1,... 
L + 1)in the series for ¥;, we can obtain, by straightforward differen- 
tiation, L + 1 coefficients (? = 0, 1,..., L) in the series for logarithmic 
derivative of ¥;. Choosing the function F(x) of eqn (9.42) to be given by 
this logarithmic derivative series, we obtain 


- 


FP = 5 ; he, oan : 
N= SII ~ Zz (0.46) 


We see that this logarithmic derivative series is predicted to have a 
simple pole at J = Y, with a residue equal to y. Thus if we go on 
to form the Padé approximants to the logarithmic derivative series— 
that is if we ‘fit’ the function F(Y) of eqn (9.46) to the ratio of two 
polynomials—then we might expect to find that among the roots of 
the denominator polynomial is the root J = Y, and that the residue 
corresponding to this root is precisely the critical-point exponent y. 
Our expectations are borne out in the sense that for each Padé approxi- 
mant constructed there is usually—but not always—one root that lies 
somewhat near the value Y, that we are seeking. Hence we must 
essentially take an average of these approximate values of Y, in order 
to obtain a reliable estimate for the true J ,. 

Perhaps the most dramatic success of the Padé approximant method 
in obtaining critical-point exponents concerns the series (9.37) for the 
zero-field magnetization of the Ising model, for which the nearest 
singularity to the origin is evidently not the physical singularity. What 
the Padé approximants do, essentially, is analytically continue the 
power series (9.37) beyond the radius of convergence (which is deter- 
mined by the closer non-physical singularity). In this fashion the Padé 
approximant method has succeeded in locating the critical temperature 
as well as obtaining the critical exponent (8 ~ 5/16) for the series of 
eqn (9.37). 


9.7.3. Transformation methods that separate the physical and the non- 
physical singularities 

A second method of obtaining critical-point predictions when the 
nearest singularity is not the physical singularity—and hence the 
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ratios are not smooth, as in eqn (9.37)—involves changing the expansion 
variable. We saw earlier that we could consider high-temperature 
expansions in terms of the variable Y or in terms of the variable 
v = tanh Y—in short, there is nothing special about the expansion 
variable, and one variable might well result in a smoother series than 
another (Stanley 1967c, d). For example, Guttmann, Thompson, and 
Ninham (1970) have analysed the series (9.37) for the zero-field magnet- 
ization of the Ising model by substituting for u the variable 


z2=1-—tanh(J/kT) =1—-. (9.47) 


The new variable z is simply related to the old variable u = exp 
(—4J/kT') through 
of 

ee 
Guttmann et al. find that the series (9.37), when expanded in terms of 
the variable z, has coefficients that are of uniform sign. Since there is a 
2:1 correspondence between each point in the u-plane and each point 
in the z-plane, it would seem reasonable to conjecture that the effect 
of the transformation (9.48) has been to shift the relative location of the 
physical and the unphysical singularities in precisely such a fashion 
that the radius of convergence is now determined by the physical 
singularity. This is indeed what has happened, as we see in Fig. 9.8(b), 
where the locations of the singularities in the z-plane are shown. 

The general idea of finding an appropriate transformation method 
such that the singularities near the physical singularity are moved 
further away has in fact led to substantial progress in analysing series 
for which other singularities interfere with the physical singularity 
(Guttmann 1969a, Betts, Elliott, and Ditzian 1971, Lee and Stanley 
1971, Stanley, Hankey, and Lee 1971; see also Danielian and Stevens 
1957). 


u (9.48) 


9.8. Conclusions 


In summary, then, we have seen that series expansion methods afford 
us the opportunity of obtaining fairly reliable information concern- 
ing a thermodynamic function. High-temperature expansions permit 
us to learn about functions for T = 7’, while low-temperature ex- 
pansions give information for T < T,. Although low-temperature 
expansions are practical only for the Ising model, they have been 
sufficiently successful for this case that it is possible to plot essentially 
all of the thermodynamic functions of the Ising model with an accuracy 
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that is believed to be exceedingly high. For example, we show in Fig. 9.9 
the zero-field magnetization M(T, H = 0) for the Ising model as ob- 
tained by exact calculation for two-dimensional lattices and as obtained 
by extrapolation from low-temperature series for three-dimensional 
lattices. It is perhaps appropriate to conclude our discussion with this 
figure in mind, as it demonstrates the several points that we have tried 
to develop in this chapter. 
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Fic. 9.9. Dependence upon 7'/T,, of the normalized zero-field magnetization. The curves 
labelled 1-3 are obtained from exact solution of the Ising model, while the curves 


labelled 4-6 are obtained from extrapolations based upon low-temperature series 
expansions of the form (9.37). After Burley (1960). 


(i) Expansion methods enable us to obtain numerical predictions 
of model systems for three-dimensional lattices, while exact solutions 
(with the exception of the spherical model) are not known. 

(ii) Expansion methods are not rigorous, but they produce predic- 
tions that are thought to be, in many cases, as accurate as the experi- 
mental data with which one might wish to compare them and hence 
they afford the possibility of gauging the validity of a microscopic 
model by comparison with experiment. 

(iii) Expansion methods provide us with a direct physical picture 
of how one spin is correlated with another through a sequence of 
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distinct interaction paths. In particular, we achieve some insight into 
the apparent fact that cooperative phenomena in general (and critical 
phenomena in particular) depend very sensitively on lattice structure 
and especially upon the lattice dimensionality. For example, we see in 
Fig. 9.9 that the exact curves for the three two-dimensional lattices 
differ only slightly from one another, while they differ a good deal 
from the curves that are obtained by extrapolation from low-tempera- 
ture expansions for three-dimensional systems. In particular, the 
magnetization critical-point exponents are identical for all three two- 
dimensional lattices (8 = 3) and the extrapolations strongly suggest 
that B is the same (f ~ 3; = 0-3125) for the three three-dimensional 
lattices shown. 
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PART V 


PHENOMENOLOGICAL THEORIES OF PHASE 
TRANSITIONS 


10 


> 


LANDAU’S CLASSIC THEORY OF 
EXPONENTS 


WE have seen in Chapters 5—7 that the equations of state predicted 
by the classical theories fail to predict experimentally-observed be- 
haviour near the critical point. In this and in the following chapter we 
describe some attempts to provide a more realistic equation of state. 
Our efforts will take the direction of making assumptions concerning 
the form of a thermodynamic potential near the critical point. Of course 
once we have guessed a thermodynamic potential—any thermodynamic 
potential—then we can obtain all of the thermodynamic properties 
using the methods described in § 2.2. 


10.1. Expansions about the critical point 


One of the simplest and most elegant speculations concerning the 
possible general form of a thermodynamic potential near the critical 
point is due to Landau (Landau 1937a, b, c, d; 1965). Since particularly 
readable accounts of Landau’s original argument have appeared in 
other books (Landau and Lifshitz (1969, Chapter 14) and Landau and 
Lifshitz (1960, Chapter 5)), we shall concentrate in this chapter on the 
specific predictions of the Landau theory for critical-point exponents. 
We shall find that the values of the critical-point exponents predicted 
by the Landau theory are identical to those predicted by the classical 
theories presented in Chapters 5-7, and hence they disagree drastically 
with the results of most experiments in the immediate neighbourhood 
of the critical point. The source of this discrepancy can be traced to an 
unrealistic assumption which rests at the foundation of the Landau 
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approach, namely, that one can expand the thermodynamic potential in 
a power series about the critical point. Since in Chapter 9 we expanded 
thermodynamic potentials in power series about J = J/kT = 0 (with 
no proof that the resulting power series were convergent) it might 
seem consistent to do likewise for the critical point. However, we know 
for certain that an expansion about the critical point cannot be con- 
vergent. For example, suppose we wish to expand the Gibbs potential 
of a magnetic system, G(7', H) about the critical point, 7 = T,,H = 0. 
The coefficients in this expansion will involve the partial derivatives of 
G(T, H) with respect to T and H, evaluated at T = T, and H = 0. 
However from eqn (2.49) we see that 


— (PG/0H?)r-7,,H=0 = Xr(T = T,, H = 9). (10.1) 
Since we expect the isothermal susceptibility of a magnetic system to 
be infinite at the critical point, such an expansion of the Gibbs potential 


cannot be convergent. If we try to expand instead the Helmholtz 
potential, .A(7’, ), we find that although the derivative 


(?A/OM*)po7,,m=0 = Xr (7 = T,, M = 0) (10.2) 
is finite (it is in fact zero), the derivative 
i T(G°A/0T*)7-7,,m=0 = Cy(T = T,, M = 0) (10.3) 


is probably infinite. Thus it would appear that attempts to generate a 
convergent power series expansion about the critical point are fruitless. 

It would be, however, quite unfair to Landau to ascribe to him the 
notion of a convergent expansion about the critical point. In fact he 
rather carefully qualifies the matter, pointing out that there will be 
singularities in the higher-order coefficients of the power-series ex- 
pansion. He supposes that the singular coefficients are of higher order 
than that of the terms of the expansion used in the calculation, and 
proceeds on this basis to examine the lower-order coefficients in order to 
obtain certain predictions regarding the critical region. It is in this 
spirit that we shall proceed with the Landau argument. 


10.2. Assumptions of the Landau theory 


We begin, then, by assuming that we can expand the Helmholtz 


potential about 7 = T, and M = 0 ina standard Taylor series form 
for functions of two variables, 


> 


ade A) = 5 L(T) M = L,(T) + LT) M? + L,(T) M4 +... 
J=0 
m (10.4) 
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where the coefficients L,(7') themselves can be expanded about T = T,, 
L(T) = a ee — Tee atectet,, (Te T) + axe (10.5) 


Notice that we have set L,(T) = 0 for j odd, because A(7’, M) is 
an even function of M. From eqns (2.45d) and (10.4) it follows that the 
equation of state in the Landau theory is 


H = H(M,T) = S jL(T) Mi-1 =21,(T)M + 41,(T) M? + 
(10.6) 


Note that on differentiating the Helmholtz potential (10.4) once more 
with respect to M, we find that the inverse isothermal susceptibility 
Xr) = (07A/0M?), = (0H/AM),z is given by 


“es jj — 1) LT) Mi-2 = 2L,(T) + 12 L,(T) M2 +---. (10.7) 


Next we place some restrictions on the nature of the coefficients 
LT), based upon what we know about the magnetic system. For 
example, in the limit as T — T;, we expect that the zero-field suscepti- 
bility approaches infinity; from (10.5) and (10.7) we have 


xr *(T, 0) = 2 £,(T) = flo9 + 4, (T — T.) + F(T — T.)? +--+}, 
(10.8) 
so that we choose 72) = 0. 

Another restriction is that the Helmholtz potential be a convex 
function of the magnetization at fixed temperature (cf. § 2.10). For 
T > T,, A(T, M) will be a convex function of M if we choose all the 
coefficients 7; to be non-negative, 7, > 0 for all j, k. However this 
choice would violate the requirement that A(7, M) be a concave 
function of temperature, and for 7' < 7’, it is not even sufficient to 
guarantee convexity with respect to M. For example, suppose that 
f,, => 0 in eqn (10.8); then as 7 approaches 7’, from below, the iso- 
thermal susceptibility will become negative. One simple modification 
of (10.4) and (10.5) in order to restore the convexity of A(7', M) with 
respect to M below 7, is to replace (7 — T,,) in (10.5) by |7 — 7,|. 
This modification would, however, lead to other complications. For 
example, the presence of the quantity |Z’ — 7| in (10.5) would mean 
that for any fixed value of M (not just M = 0), there will occur a 
mathematical singularity in A(T, M) at T = T’,—whereas we want 
A(T, M) to be an analytic function of T for all M # 0. Some authors 
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restore convexity below 7’, instead by means of the ‘double tangent 
construction’ shown in Fig. 10.1, whieh is in some respects similar to 
the Maxwell construction used in Chapter 5 to restore convexity to 
A(T, V)in the van der Waals theory. 


al (F400) Fixed 7'<T, 
(a) 


M 


Fie. 10.1. (a) The solid curve is the Helmholtz potential predicted by eqn (10.4); the 

convexity catastrophe occurring for small M is repaired by the double tangent construc- 

tion (dashed curve) (ef. Figs. 2.9(b) and 5.2(b)). (b) H-M/ isotherms obtained from part 

(a) (cf. Figs 2.9(d) and (5.2(a)). Note that the choice of a horizontal double tangent in (a) 
corresponds to the property of a zero value of H in (b). 


10.3. Critical-point predictions of the Landau theory 

10.3.1. Magnetization exponent B 

From the equation of state (10.6) it follows that for H = 0 and M 
small, 

Oi = To) ee eae Cane Set) es 0.8) 


so that 
M = (¢2,/2¢,,)* (T, — T)}. (10.10) 


Thus 8 = 4in the Landau theory. 


10.3.2. Susceptibility exponents y and y’ 
From (10.7) we have 


xr (7, M) = 2{¢o,(T — T.) +--+} + 12 Ml + Ca(T — 1.) +--+}. 
(10.11) 

For T > T., M = 0 when H = 0 and the zero-field susceptibility is 
xr (7, 0) = 24,,(T — T.) +---, (10.12) 


so that y = 1. For T’< T,, the zero-field magnetization is of course 
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non-zero; on substituting M? from eqn (10.10) into (10.11), we obtain 
xr (7, 0) = 44,,(T, — T) +---. (10.13) 


Thus y’ = 1 also, and y = y’, yet the inverse isothermal susceptibility 
rises twice as fast from zero for 7’ < 7, as for T > 7, (see Fig. 10.2) 
Thus the Landau theory not only predicts the same exponents as for 
the van der Waals and mean field theories, but it also predicts the same 
relation @ = 2@’ among the coefficients defined in eqn (3.8). 


xp’ or K7! 


> 


T T 


Fic. 10.2. The inverse zero-field isothermal susceptibility for a magnet—or the inverse 
isothermal compressibility for a fluid—as predicted by the Landau theory (cf. Fig. 5.4). 
Notice that © = 2¢’, where the coefficients ¢ and ¢’ are defined in eqn (3.8). 


10.3.3. Critical tsotherm exponent 8 
To obtain the curvature of the M—H isotherm for 7' = 7. we 
set T = Tin eqn (10.6). Thus 
H(T,, M) = 444) M2 +---, (10.14) 
and § = 3. 


10.3.4 Specific heat exponents a and a’ 


The exponents « and «’ describe the behaviour of C,(7, H = 0) = 
— ['(e?G/0T?),, whereas our Landau expansion (10.4) is for A(T’, M). 
Perhaps the best approach is to first calculate Cy = —(T(0?A/0T?)y 
and then to calculate C,, from the identity (2.54). 

For T > T,, H = 0 implies M = 0, and we have from (10.4) and 


(2.47) that 

On = Cm = —T{2log + 855 (T — T.) + OCT — T,}*)}. (10.15) 
For JT < T,, on using (10.10) we obtain 

Cu = —T[2loo + {6lo3 — (C1 Co2/¢20)} (T — T.) + -- +]. (10.16) 


To calculate C,, from (2.54), we first use (10.6) to find ay = (@H/éT)y 
and then we use (10.13) to find yr. Thus we obtain 


Cy — Cy = T(ER/2lq0) {1 + O (LT — T,)}. (10.17) 


172 LANDAU’S CLASSIC THEORY OF EXPONENTS 10, § 4 


We see from (10.16) and (10.17) that C,, undergoes a simple jump 
discontinuity at T = T', of magnitude . 


ACy = (21/2040) — 2¢20}T es (10.18) 
and of course « = «’ = 0. 
To check this result, observe that for the mean field theory we can 


calculate the Landau coefficients 7, directly from (6.29), and we find, 
using (10.18), that 


NG 5 Nk, (10.19) 


which agrees with the result of (6.31). 


10.4. Critique of the Landau theory 


The Landau approach fails to provide a general theory of critical 
phenomena in the following two respects. 

(i) The existence of the expansion (10.4) assumes that all of the par- 
tial derivatives of A(7’, 7) with respect to its arguments exist and are 
finite. In particular, the expansion (10.4) is not valid for a system 
whose specific heat diverges to infinity. For example, the Helmholtz 
potential in zero magnetic field (which is identical to the Gibbs potential) 
for the d = 2 Ising model can be written for 7 > 7, as (Fisher 1967) 


A(T, 0) = A(T,, 0) + aT — T,.) + 0(T — T,)? m(T — 7.) +---. 
(10.20) 
Hence the specific heat, given by the second derivative with respect to 
temperature, has a logarithmic divergence of the form 
Cy = — 2bT In (T — T,) — 36T +---. (10.21) 
Of course it is quite possible that many real fluid and magnetic systems 
have specific heats that are finite at 7’,. There is some recent experi- 
mental evidence to suggest this and, in any case, one can certainly 
never prove experimentally that any quantity is truly infinite. Measure- 
ments on the systems that may have C(T' = T',) finite strongly suggest, 
however, that C(7’) has a cusp-like singularity at T = T,. Thus the 
Landau expansion would still fail, though at one higher order. It is 
perhaps worth remarking that the Landau theory provides a much 
better description of systems such as ferroelectrics, superconductors, 
and liquid crystals in which the specific heat may not exhibit a diver- 
gence at the transition temperature. 
(ii) ‘The Landau theory predicts values of the critical-point exponents 
that disagree with most experiments. In a sense, however, the particular 
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values obtained correspond to the assumptions we made in § 10.2. 
The question naturally arises whether or not we might make different 
assumptions which will lead to the experimentally-observed exponents, 
while still being consistent with the constraints of thermodynamic 
stability and the like. 

For example, we notice that it was necessary to require the coefficient 
#49 to be non-zero in deriving the results 8 = } and 5 = 3 from eqns 
(10.10) and (10.14). If, on the other hand, 7,, = 0 but also %) > 0, then 
the arguments of § 10.3 imply that B = } and 8 = 5, with y’ = 1 and 
«’ = Oas before. Since experimentally f is generally smaller than } and 
6 is generally larger than 3, this might appear to be an improvement on 
the original Landau approach. However, the astute reader will have 
noted that the values @’ = 0,8 = }, andy’ = 1 fail to satisfy the Rush- 
brooke inequality, and hence are inadmissible on thermodynamic 
grounds. 

Suppose that, since the prediction y’ = 1 followed from our assump- 
tion (10.5), we allow for an arbitrary value of y’ by replacing (10.5) 
with 

LT) = ¢,, |T — T,|”, (10.22) 


with 4, > 0, ¢% 20 for 7 => 4, and where we have used the 
absolute value sign in order to avoid the occurrence of complex num- 
bers. Although eqn (10.22) leads to an unwanted singularity for any 
non-zero value of M, it is nevertheless interesting to observe that we 
would obtain 

Me = 205, |T — TI" (10.23) 


instead of (10.11); similarly (10.10) becomes 
M = (f4/27,,)' |T — 7T.|"? (10.24) 


fie. B = 4y’]and 5 = 3as before. 
In general, if L,(7') = 0 for 2 < j < I (where J is some integer), then 
56 = J + land 
B= yf = y'[(8 — 1) (10.25) 
so that 
y’ = B(d — 1). » (10.26) 


The relation (10.26) was first conjectured by Widom (1964), and we 
shall see in Chapter 11 that it arises from certain rather more general 
assumptions which, in particular, do not require that 6 be an odd integer. 

It is interesting, however, that for many models 6 appears to be an 
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odd integer and, moreover, (10.25) appears to be obeyed. For example, 
the exponents predicted for the spherical model (or non-interacting 
Bose gas) are 56 = 5, 8B = 3, and y = 3(5 — 1) = 2 (Gunton and Buck- 
ingham 1968). Similarly, for the two-dimensional Ising model 6 is 
probably 15,8 = 4, andy = (15 — 1)/8 = 4. For the three-dimensional 
Ising model and the Heisenberg model, no exact answers are known, 
but the most recent numerical estimates are consistent with (10.25) and 
Ce 
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SCALING LAW HYPOTHESIS FOR 
THERMODYNAMIC FUNCTIONS 


THs far we have seen that much experimental and theoretical work 
on critical-point phenomena appears to support the exponent inequali- 
ties discussed in Chapter 4, and, moreover, these inequalities are in 
many cases satisfied as equalities. We would clearly like some explana- 
tion of this fact—if indeed the inequalities are equalities. As yet no 
one has proved rigorously that any of the inequalities are equalities, 
but an alternate approach has been rather intriguingly successful. This 
approach, which has come to be called the static scaling law or homo- 
geneous function approach, involves making a simple assumption 
concerning the basic form of a thermodynamic potential. Although 
there exist heuristic arguments of various sorts that serve to make some- 
what plausible the basic scaling hypothesis no rigorous justification 
has as yet been given. Hence the results of this chapter, like those of the 
previous chapter on the Landau theory, rest on an unproved assump- 
tion. However, the predictions of the static scaling hypothesis are 
somewhat less specific than the predictions of the Landau theory. For 
example, unlike the Landau theory, which predicts that all exponents 
assume their mean field values (8 = 3, 5 = 3, etc.), the scaling approach 
does not lead to specific numerical values for any of the critical-point 
exponents. But, because the scaling hypothesis does give rise to func- 
tional relations among the critical-point exponents (the exponent 
equalities referred to above), the number of independent critical-point 
exponents is restricted in number. In addition to predicting relations 
among the critical-point exponents, the scaling hypothesis makes 
specific predictions concerning the form of the equation of state. Both 
these sets of predictions from static scaling appear to be supported by 
most experimental work. 

The first clear and coherent mathematical exposition of the scaling 
hypothesis is due to Widom (1965a, 6) and Domb and Hunter (1965); 
references to other work appear at the end of this chapter. We shall 
describe the heuristic arguments due to Kadanoff (1966) in Chapter 12, 


176 SCALING LAW HYPOTHESIS 11, §1 


where we extend the scaling concept from thermodynamic functions 
to the correlation functions. 


11.1. Homogeneous functions of one or more variables 


11.1.1. Homogeneous functions of one variable 


This section is intended as a'short review of homogeneous functions 
and may be omitted by those readers who are already familiar with 
scaling concepts. 

A function f(r) is by definition homogeneous if for all values of the 
parameter A, 


far) = 9A) f(r), m (11.1) 


where g(A) is an unspecified function. A simple example of a homo- 
geneous function is the parabola, 


f(r) = Br’, (11.2) 


for which f(Ar) = B(Ar)? = A2Br? = d2f(r), whence g(A) = 2?. 

A homogeneous function f(r) has the property that if we know its 
value at one point, r = ro, and we know the functional form of g(A), 
then we know the function everywhere. This follows because every 
value of r can be written in the form Ary, and 


F (Aro) = 9(A)F (70). (11.3) 


Equation (11.3) says that the value of the function f(r) at any point is 
related to the value of f(r) at a reference point r = 7) by a simple 
change of scale. Of course, this change of scale is, in general, not linear 
(unless g(A) is linear in 2). 
The scaling function g(A) of eqn (11.1) is not arbitrary—in fact it 
must be of the form 
g(X) = >, (11.4) 
where the parameter p is generally called the degree of homogeneity. 
To prove (11.4), we need to examine the functional requirements on 


g(A) implied by the relation (11.1). Suppose we make two changes of 
scale, first by » and then by A. Equation (11.1) implies 


Fiery} = 9AF(ur) = 9(A)g(H) f(r). (11.5) 


An identical result could, however, be obtained by a single change of 
scale, 


Siw} = 9(u) f(r). (11,6) 
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On comparing (11.5) and (11.6), we obtain the requirement on the 
function g(A), 


g(Aw) = g(A)g(z). (11.7) 


Now any continuous function that satisfies the functional equation 
(11.7) must be either identically zero or else a simple power of the form 
(11.4). The complete proof of this statement, though straightforward, 
is rather lengthy (Aczél 1966, 1969). However, if we also assume that 
g(A) is differentiable, the proof is quite short. Differentiating both sides 
of eqn (11.7) with respect to u, we obtain 


0m 
3 IME) = Ag'Au) = g(A)g'(y). as) 


Now let » = 1, and set g’(u = 1) = p. Then eqn (11.8) may be written 
as 


~ = <n g(A) = , (11.9) 
whence 
In g(A) = plInA+c (11.10) 
or 
g(A) = e°d?. (11.11) 


Now from (11.11) we have g’(A) = p e°A?~? and the definition p = g’(1) 
implies that the integration constant c has the value zero. Therefore 
(11.11) reduces to (11.4) and the proof is complete. 


11.1.2. Homogeneous functions of an arbitrary number of variables 


The concept of a homogeneous function is by no means restricted to 
functions of a single variable. For a function of n variables, 


Tt, fg... -, %,),eqn (11.1) becomes 


PAG Atay ey AC, = G(A)f (2 y;, Kaa= 2 «x Ws) (11.12) 


If we represent the n-tuple (x1, x2,... x,) by the n-dimensional vector 
r, then (11.12) may be written as simply 
f(Ar) = g(a) f(r) (11.13) 


and, by arguments similar to those presented in the case of a single 
variable, we ¢an show that g(A) must be a simple power of A, as in 


(11.4). 
Since our applications of homogeneous functions in this chapter 
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deal with functions of two variables, it is worth considering such an 
example in detail. In Fig. 11.1 we show the surface 


Ff (a4, %2) = ai + 23 ee) 


which, by eqns (11.12) and (11.4), is evidently homogeneous of degree 
two (i.e. g(A) = A2). A simple geometrical interpretation of homo- 
geneity in two dimensions will prove useful in our subsequent discussion. 
If we re-label the x, and x, axes such that x, — Ax, and x, — Ax», then 
the surface of the function f(Ax,, Av2) will be obtained if we simply 


ve prea? +95 


Fic. 11.1. The homogeneous function of two variables considered in eqn (11.14), 
f (x1, %2) = 2? + x2, represented in a three-dimensional graph. After Reitz and 
Milford (1960). 


stretch the vertical coordinate by an amount g(A). This is shown in 
Fig. 11.2. Notice, incidentally, that knowledge of a homogeneous 
function f(x, x.) along any path encircling the origin (x, = x, = 0) 
suffices to determine the function f(7,, x.) everywhere. 


11.1.3. Generalized homogeneous functions 


We shall see in the next section, §11.2, that the static scaling hypo- 


thesis states not that thermodynamic potentials are homogeneous of 
the form 


f(Az, dy) we dW? f(x, y); (11.15) 


but rather that they are of the somewhat more general form 


Ma Ay) A ey), m (11.16) 
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where a and 6 are arbitrary numbers. Functions f(x, y) that satisfy 
equations of the form of eqn (11.16) are sometimes called generalized 
homogeneous functions. 
It is worth noting that (11.16) cannot be further generalized to an 
equation of the form 
f(A°e, Ay) = AP f(z, Y), (11.17) 


because without loss of generality we can choose p = 1 in eqn (11.17); 
1.e., a function f(x, y) that satisfies (11.17) also satisfies the equation 


f(Ae?a, N?/Py) aod Af (x, Y)s (11.18) 


and the converse statement is also valid. Since (11.18) is of the form 
of eqn (11.16), we conclude that eqn (11.17) is no more general than 
eqn (11.16). 


JAr) = 9A) fo) 


Fre. 11.2. Undergoing the scale transformation (11.13) is equivalent to relabelling the 
axes as shown in (b). Notice that knowledge of the function f(r) on path 1 suffices to 
determine values of f(r) on path 2. Since the parameter ) is an arbitrary number, 
knowledge of the function f(r) along any path encircling the origin r = 0 suffices to 
determine the function f(r) everywhere. By courtesy of A. diSessa. 


Other equivalent forms of (11.16) that frequently appear in the 
literature on scaling laws are 
i f (Aw, Py) = # f(x,y) (11.19) 


and 


f(A%, Ay) = A” f(z, y)- (11.20) 
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The main point is that there are at most two undetermined parameters 
for a function f(x, y) of two variables. 


11.1.4. The mathematical form of a homogeneous function 


We have seen in the foregoing discussion that the assumption that 
a function is homogeneous places rather a severe restriction upon the 
nature of the function. We shall now display one particular feature of 
a homogeneous function that will be useful in our later discussion. For 
the sake of clarity we shall carry out our argument for the case of a 
homogeneous function of two variables, 


flax, Ay) = A F(z, 9). me (11.21) 


This argument is, however, easily generalized to a homogeneous 
function of n variables, or to a generalized homogeneous function. Since 
eqn (11.21) is valid for all values of the parameter A, it must certainly 
hold for the particular choice A = 1/y, 


f(x/y, 1) = y~? f(x, y). (11.22) 


Now the function f(x/y, 1) appearing on the left-hand side of eqn (11.22) 
is formally a function of two variables, but the second variable is fixed 
at the value unity. Hence we can denote it by a function of a single 
variable, defining the function 


F(z) = f(z, 1). (11.23) 
Combining (11.23) and (11.22), we obtain 
F(z, y) = y? F(zly). m (11.24) 


Thus (11.24) says that if a function f(x, y) is homogeneous, it may be 
written as y” times a function of z/y. 

The converse statement is also true: if a function f(z, y) satisfies 
(11.24), then it satisfies (11.21), that is, it is homogeneous. The proof of 
the converse is straightforward. From (11.24) we have 


f (Ax, Ay) = (Ay)? F(Ax/Ay) 


(11.25) 
= Wy? F(x/y), 
which reduces, on applying (11.24), to 
f (Ax, Ay) = A” f(x, y), (11.26) 


which is precisely eqn (11.21). This completes the proof that all func- 
tions f(z, y) that satisfy an equation of the form of (11.21) can be 
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written in the form of (11.24), where F(z) is defined in (11.23), while 
all functions that satisfy an equation of the form of (11.24)—with 
F(x/y) an arbitrary function—also satisfy (11.21). 

Another form for the homogeneous function f(x, y) of (11.21) is 
obtained by setting A = 1/x, whence 


f(1, y/x) = x~? f(x, y). (11.27) 
On defining 
F(z) = f(l, z) (11.28) 
we obtain 
f(x, y) = °F (y/z). (11.29) 


> 


As before, the converse statement is again true—functions f(z, y) 
satisfying (11.29) for any function F (z) are homogeneous. 

In summary, then, we have proved that functions of the form (11.24) 
—or, equivalently, of the form (11.29)—and only these functions, are 
homogeneous functions. 


11.2. Static scaling hypothesis 


In this section we present the static scaling hypothesis in the form 
of an ad hoc assumption. In Appendix C we shall discuss a geometrical 
interpretation of this assumption. 

We shall state the static scaling hypothesis for the Gibbs potential 
G(T, H) of a magnetic system. We shall write G(T, H) — G(e, H), 
where ¢« = (J — T,)/T, is the reduced temperature, and we shall 
assume that any non-singular terms in the G(e, H) function have been 
subtracted off. The static scaling hypothesis asserts that the Gibbs potential 
G(e, H) is a generalized homogeneous function. Thus from the general 
definition of eqn (11.16), this statement is equivalent to the require- 
ment that there exist two parameters, which we shall call a, and ay, 


such that 
G(A% €, Ate H) = XG(e, A) m (11.30) 


for any value of the number A. It is important to stress that the scaling 
hypothesis does not specify the parameters a, and a,. We shall see 
below that all of the critical-point exponents can be simply expressed 
in terms of a, and ay (so that if we could specify a, and a, then we 
would immediately determine all of the critical-point exponents). 
The fact that we cannot specify a, and a, corresponds to the fact that 
the homogeneous function or scaling hypothesis does not determine 
the values of the critical-point exponents. On the other hand, the fact 
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that all the critical-point exponents can be expressed in terms of only 
two ‘scaling parameters’ a. and a, means that if two critical-point 
exponents are specified, all others can be determined. 

We shall see in Appendix C that the assumption that G(e, H) is a 
generalized homogeneous function implies that the other three thermo- 
dynamic potentials A(e, M), U(S, M), and E(S, H) are generalized 
homogeneous functions. Therefore we could as well have made the 
static scaling hypothesis for, say, the Helmholtz potential, as is often 
done in the research literature. We chose to use the Gibbs potential 
here because the critical-point exponents we seek are most easily 
obtained from the Gibbs potential. 


11.3. Predicted relations among the critical-point exponents 


In this section we apply the static scaling hypothesis (11.30) to relate 
the various critical-point exponents to the two scaling parameters 
a, and a,. Our treatment, which follows Hankey and Stanley (1971), 
begins by differentiating both sides of (11.30) with respect to H 


At A{G(A® ¢, At H)}/a(A% H) = AOG(e, H)/aH. —(11.31) 


Since the field derivative of the Gibbs potential is the negative of the 
magnetization (cf. eqn (2.45c)), (11.31) is equivalent to 


At M(A% €, Ate H) = AM (e, #). (11.32) 


There are two critical-point exponents associated with the behaviour 
of the magnetization near the critical point. The exponent f refers to 
behaviour when H = 0 and «0, while the exponent 1/5 refers to 
behaviour when « = 0 and H ->0. Consider first the case H = 0, 
whence eqn (11.32) becomes 


M(e, 0) = A%-1 M(A% e, 0). (11.33) 


The argument now proceeds along lines similar to those developed in 
§ 11.1.4. Since eqn (11.33) is valid for all values of number A, it must 
certainly hold for the particular choice 4 = (—1/e)!/« whence 


M(e, 0) = (—€)*-4?/¢ M(—1, 0). (11.34) 


But when « + 0~, we have from (3.7) that M(e, 0) ~ (—«), so that 
evidently 
_1l- ay, 


p = a (11.35) 


11, §3 PREDICTED RELATIONS FOR EXPONENTS 183 


Equation (11.35) expresses the critical-point exponent B in terms of the 
unknown scaling parameters a, and a,. The exponent 8 can also be 
expressed in terms of the scaling parameters by setting « = 0 in (11.32) 
and letting H — 0, 


M(0, H) = d*u-1 M(0, d%x H). (11.36) 
If we set A = H~1/4x, eqn (11.36) becomes 
M(0, H) = H-4!4y M(0, 1). (11.37) 


When H —> 0, we have from eqn (3.11) that M(0, H) ~ H1/, whence 


(11.38) 


Equations (11.35) and (11.38) can be solved simultaneously for the 
scaling parameters a, and a,,, with the results 


lA 
=," 11.39 
and 
J 
=e 11.40 


We can obtain additional exponents by forming additional partial 
derivatives of the Gibbs potential. For example, on differentiating twice 
with respect to H, we obtain 


NAH Yp(A% €, At H) = Axr(e, H), (11.41) 


where we have used eqn (2.49) to relate the isothermal susceptibility x, 
to the Gibbs potential. If we consider H = 0 and choose A = (— e)~*/%s, 
eqn (11.41) becomes 


xrle, 0) = (- yin ae ee xr(-1, 0). (11.42) 


Ife — 0-, xz(e, 0) ~ (— €)~” from egn (3.9), and we obtain 


Segre (11.43) 
a, 

Since there are only two unknown scaling parameters, we would expect 
that the value of the exponent y’ is not independent of the values of 
B and 5. Indeed, if we substitute (11.39) and (11.40) into (11.43), we 


obtain the simple relation 


y’ = B(S — 1), (11.44) 
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which is recognized as the Widom equality of eqn (10.26). Moreover, 
we recall from line 5 of Table 4.1 that the relation y’ > B(5 — 1) is 
rigorously an inequality while we see from (11.44) that the scaling 
hypothesis predicts that the inequality holds as an equality. This is a 
hallmark of the predictions of the static scaling hypothesis. 

A second hallmark of static scaling is the equality of the primed 


and unprimed critical-point exponents. To see this, we choose A = «7 1/%e 
in eqn (11.41), with the result 
7 (11.45) 
a, 
Combining (11.43) and (11.45), we obtain 


Next we demonstrate that the gap exponents, A,, are all equal. 
It is evident that if we differentiate both sides of the fundamental 
scaling relation (11.30) “times with respect to H, we obtain 


G® (ce, H) = Nen-1 GO (A% €, At A); ~ (11.47) 


indeed, special cases of (11.47) are (11.32) and (11.41). Hence it follows 
that 
GO (e,H) _ 


GO (A% €, Atx H) 


Ce tN ee 
r\ H Ge-D (A% e Aen H) 


(11.48) 
Now the definition equation (3.19) of the gap exponent A/ implies that 
when H = 0, the left-hand side of (11.48) varies as e~ 4’. Therefore on 
choosing A = «~}/%, we obtain A; = A independent of order 7, where 
€ 

Incidentally, we can define a different sort of gap exponent by setting 
e = 0 and letting H — 0, and these also turn out to be independent of 7. 

We can of course also differentiate the Gibbs potential with respect 
to temperature (and, incidentally, define still further sets of gap-like 
indices). In particular, from the second temperature derivative it follows 
from eqn (2.48) that 


Ace C'y(A% €, At Hf) = AC Ale, Ly: (11.50) 
On setting H = OanddA = (— e)~1/*, we obtain 
, 1 
Fa Sone (11.51) 


a 
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Combining (11.51) and (11.39), we obtain the Griffiths inequality 
satisfied as an equality, 


a’ + B(S + 1) = 2, (11.52) 


while if we combine (11.52) with (11.44), we obtain the Rushbrooke 
inequality in the form of an equality, 


a + 28+ y' = 2. (11.53) 


It should now be clear how to obtain all of the critical-point 
exponents in terms of the scaling parameters a, and a,, and how to 
further eliminate these two parameters and obtain a whole host of 
equalities among the exponents. In Table 11.1 we list a few of the more 
frequently referenced exponent equalities. The reader will recognize 
many of the exponent combinations that appear in Table 11.1 from our 
discussion in Chapter 4 of rigorous inequalities (cf., especially, Table 
4.1). 


TABLE 11.1] 


Relations among the critical-point exponents predicted by the scaling 

hypothesis. These relations are not all independent of one another and in 

fact knowledge of two exponents suffices to determine the remaining ones. 

Note that many of the inequalities listed in Table 4.1 are predicted by the 
scaling hypothesis to be equalities. 


il a+ 2B+y =2 
2. a+ Bid +1) = 2 
38. (2—a)f+1= (1 — a)d 
4, y(8 + 1) = (2 — a) (6 — 1) 
5. y = B(6 — 1) (or B85 = B + y) 
6. op + 24—1/5 = 1 
Uc ppb = « 
8. ~yp5 =1l—e« 
2-—-a+y 
9. 2 ae 
10. A=B+y= 86 
cals A=1+ Hy — a) 
We. —nes 
13. y= 
14. A=A4,=A4, 
ee eee ————————————EEeEEEEeEE———EEEE= 


11.4. Magnetic equation of state: scaled magnetization and scaled 
magnetic field 


In addition to predicting the relations among the critical-point 
exponents discussed in the previous section, the scaling hypothesis 
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makes specific predictions concerning the form of the magnetic equation 
of state which are supported by recent experimental work on both 
insulating and metallic ferromagnetic systems. These predictions are 
obtained by arguments similar to those utilized in § 11.1.4. 

The magnetic equation of state is a relation among the variables 
M, H, and T. Hence we begin by writing eqn (11.32) in the form 


M(e, H) = dtx-? M(A% e, Xx H). (11.54) 
Next we set A = |e|~1/*«, whence (11.54) becomes 
M(c, H) = |¢|"-*0"* M(e/|e|, H]|el*#!%). (11.55) 


Using eqns (11.35) and (11.49) to eliminate the scaling parameters in 
favour of the critical-point exponents B and A = £6, eqn (11.55) be- 


comes 
M(e, H) «e A 


Next we define the variables 
m = |e|~ 5 M(e, H), (11.57) 

called the scaled magnetization, and 

h = |e|~ °H(e, M), (11.58) 
called the scaled magnetic field. Also we observe that the function on 
the right-hand side of (11.56) is a function only of Z and the sign of 
T — T, (e/|e| = +1), motivating the definition 

F (4) = M(+1, 4). (11.59) 
Hence eqn (11.56) may be written in terms of the reduced variables as 


simply 
m= F ,(&). (11.60) 


It is quite common to write (11.60) in the equivalent form 
h = f,(m), > (11.61) 


where the function f, (4) is the inverse of the function F , (4). Equations 
(11.60) and (11.61) predict that if we scale M by dividing by |e] ® and if 
we scale H by dividing by |e| **, then plots of vs. 4 should be the same 
for all values of temperature, in contrast to the case for plots of M vs. H, 
in which case the data fall on distinct isotherms as in Fig. 11.3. Recently 
Ho and Litster (1969) have measured M as a function of H for the 
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insulating ferromagnet CrBr, along thirty different isotherms in the 
temperature range -—0-03<« < 0-2 (ie. 31-9K < T < 39-5K, 
where 7’, = 32-844K), and their plot of scaled magnetization » vs. 
scaled magnetic field / is reproduced in Fig. 11.4. 

The measurements of Ho and Litster were made on the insulating 
ferromagnet CrBr,; similar data have been obtained (Weiss and Forrer 
1926, Kouvel and Rodbell 1967, Arrott and Noakes 1967, Kouvel and 
Comly 1968) for the metallic ferromagnet nickel, and a plot analogous 
to Fig. 11.4 is shown for Ni in Fig. 11.5. Note that here the ordinate is 
wm and the abscissa is £/. Again the data fall on two separate curves, 
one for 7 < 7, and the other for T > 7. 


i 
€>0O 


aaa 


M (e,//) 


Fig. 11.3. A series of M-H isotherms for a typical magnetic system. The scaling hypo- 
thesis (11.30) permits us, in a sense, to superpose all isotherms near the critical point 
providing we scale M and H appropriately (cf. Figs. 11.4 and 1.2(b)). 


We observe from Fig. 11.4 that 4 appears to be linear in # for small 
values of #, and from Fig. 11.5 that 4/# seems to be linear in m?. 
Therefore one might expect f, (4) to be of the form 


4 = f.(m) = by + bgm® + bem? +--- (11.62) 
or, on using the definitions (11.57) and (11.58) together with BS = B + y, 
H = b,M el’ + bgM|e|’~ 24 + b,M* lel’ 4% +--+. (11.63) 


The sets of critical-point exponents found experimentally are 
B = 0°368 + 0-005, y = 1-215 + 0-015, and 6 = 4:28 + 0-1 (11.64) 
for the insulator CrBr,, and 

B = 0-378 + 0-004, y = 1-34 + 0-01, and 5 = 4-58 + 0-05, (11.65) 
for the metal nickel. Observe that both sets of exponents are quite 
different from each other. We should not be surprised by this result, 
since the physical interactions leading to cooperative phenomena in 
insulators and metals are probably quite different. Both sets of ex- 
ponents are nevertheless consistent with the predictions of the scaling 
hypothesis, as summarized in Table 11.1. 
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4 Cr Br, 
T= 32-844 K 
13 We. ||) 
B= 0-368 
2 
TT Yeas jd 
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Fic. 11.4. Scaled magnetic field 4 is plotted against scaled magnetization # for the 


insulating ferromagnet CrBr3, using data from seven supercritical (7 > 7) and from 
eleven subcritical (7J’ < 7) isotherms. Here c = M/Mpo. After Ho and Litster (1969), 


Note that the determination of the values of two of the exponents is 
not sufficient to check the validity of the scaling predictions; we need 
at least three exponents. Of course, if we assume the validity of the 
scaling hypothesis, (11.30), then determination of two exponents 
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Fia. 11.5. A plot of #? against 4/#, where » is the scaled magnetization and # is the 
scaled magnetic field. The data are from measurements on the metallic ferromagnet 


nickel. Here o = M/Mp. After Kouvel and Comly (1968). 


suffices to fix the values of all the remaining exponents. For example, 
the reader can easily verify from Table 11.1 that for CrBr, the data of 


(11.64) together with the scaling assumption imply that 
a = 0:05, 
A = 1:6, 

yp = 0-03, 


(11.66) 
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Similarly, for nickel the data of (11.65) lead to 


[2 


= 0-1, 
1-72, 
~ — 0:06, 
~ 0-64. 


2 


(11.67) 


€& Ss be 
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SCALING OF THE STATIC 
CORRELATION FUNCTIONS 


KaDANOFF (1966) has presented a heuristic argument that provides 
intuitive support for the scaling hypothesis considered in Chapter 11. 
His work predicts not only the relations concerning exponents for the 
thermodynamic functions but also certain relations among the corre- 
lation function exponents. Whereas the former are consistent with 
essentially all known experiments and calculations, the latter appear to 
be in possible conflict with certain calculations—specifically, the corre- 
lation function scaling laws agree with the exact Ising model results for 
two-dimensional lattices but they are just barely outside the range of 
values predicted by the most reliable numerical approximations for 
three-dimensional lattices (Ferer, Moore, and Wortis 1969). 


12.1. The Kadanoff construction 


Consider a system of N Ising spins situated on a d-dimensional 
lattice, and interacting with nearest-neighbour interactions of magni- 
tude J, and let the assembly be in a magnetic field H. Thus the Hamil- 
tonian is given, in units of k7', by the expression 


N 
pA = — J > 88; —h > 81, (12.1) 
<i> i= 


where the energy parameters ¥ = J/kT and h = ~H/kT are dimen- 
sionless quantities and where B = 1/kT’. 

Now partition the lattice into ‘cells’ of side La, where a is the lattice 
constant and L is an arbitrary number but is much greater than unity. 
Thus there are « = N/L* cells, each of which contains L* spins. A 
d = 2 example with LZ = 5 is shown in Fig. 12.1. Next consider the 
domain of temperatures that are sufficiently near 7’, that the correla- 
tion length £ is much larger than the length of a cell, ie. € > La. It is 
within this temperature region only that the Kadanoff argument is 


designed to apply. 


192 SCALING OF STATIC CORRELATION FUNCTIONS 12, §1 


So far all we have done is to construct cells mentally, each consisting 
of L* spins, where 1 « L « é/a, so that within a cluster of correlated 
spins (cf., e.g., Fig. 1.5) there are a large number of cells. Next we shali 
make some physical assumptions about these cells. First of all, we 
associate with each cell a(a = 1,2,---, ) a magnetic moment §,. We 
shall assume that each of these cell moments &, behaves in some sense 
like a site moment s, in that it is either ‘up’ or ‘down’. This assumption 
should be valid providing our cell is entirely inside one of the correlated 
clusters of Fig. 1.5. Since we have assumed that we are sufficiently close 
to 7',that ¢ > La, there will be a large number of cells in each correlated 
cluster. Therefore the surface-to-volume ratio should be so small that 


oe @ e ° eo fe = 6 e eo ef e o © e @ eo @ ° * e@ @ e e e 
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° e 
° 


e e e e ° ° e ° °° ° e e . e ° ’ e e e e eo e e e ° e 
—-——La —| a -- 


Fie. 12.1. Division of the Ising model into cells of side La, where a is a nearest-neighbour 
distance. In general we choose I. such that L> 1 yet La « & From Kadanoff et al. 1967. 


the overwhelming majority of the cells will be inside a correlated cluster 
and hence all of the constituent magnetic moments of each cell should 
be pointing in the same direction. 

Thus this assumption that the cells themselves behave after a fashion 
as Ising spins (i.e. the net moment of each cell is virtually either plus or 
minus L*) would seem to be valid sufficiently close to 7’. Therefore, if 
we write the Hamiltonian in terms of the cell moments §, (rather than 
in terms of the site moments s,) we might expect that it will be similar 
in form to the Hamiltonian (12.1) for the site model, except of course 
that the parameters J and h may be different. Therefore we associate 
analogous parameters J and h with our cell model. Actually, since the 
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critical temperature is a direct measure of the strength of the interaction 
J, we shall use é rather than J. 

Now we may wonder why we focus attention on the Hamiltonian for 
the cell model, since we cannot solve the Hamiltonian even for the site 
model (except ford = 1). The reason is that we wish to argue that since 
the Hamiltonians have the same structure for both models (only the 
parameters J and h are different), we may expect that the thermodyna- 
mic functions for the two models are also similar (with only the para- 
meters being different). Therefore we assume that, for example, the 
Gibbs potential G,.,(é, 2) for the cell model is the same analytic 
function of é and h as the Gibbs potential G,,,(e, 2) of the site model. 
Hence we write ‘ 

G(é, h) = L*G(e, h), m (12.2) 


where G(é, h) is the Gibbs potential per cell and G(e, h) is the Gibbs 
potential per site. 

To take advantage of eqn (12.2) we must relate h to h and é to e. The 
constant that multiplies the field part must certainly be linear in the 
field, and therefore we might expect h to be proportional to h. We 
expect that the proportionality constant might in general depend upon 
the parameter L, so we write 


h = H(L)h. (12.3) 


We can argue that é should be proportional to ¢ in a similar fashion. 
The fact that the cell representation is just another formulation of what 
is basically the same physical system—the Ising spin system—means 
that the cell formalism might be expected to ‘go critical’ when the spin 
system does; that is, we assume 


ga T(L) <: (12.4) 


It is possible to proceed with the argument without making further 
assumptions (Cooper 1968). However we shall follow Kadanoff’s 
original discussion and assume that the functions H(L) and T(L) are of 
the form 

A(L) = I (12.5) 
and 

TL) = L; (12.6) 
where x and y are arbitrary numbers. Substituting (12.3) and (12.4)— 
together with the Kadanoff choices (12.5) and (12.6)—into eqn (12.2), 


we obtain a A 
G(L%e, L*h) = L*G(e, h). (12.7) 
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Equation (12.7) is identical in form to the generalized homogeneous 
function of eqn (11.17), except that the parameter 4 in (11.17) is an 
arbitrary number, while the parameter L in eqn (12.7) is not entirely 
arbitrary (1 « L « €/a). If we assume that (12.7) is valid for all values 
of L, then eqn (12.7) essentially states that the Gibbs potential per spin 
is a generalized homogeneous function. That is, any function G(e, h) 
that satisfies (12.7) also satisfies the equation 


G(L¥'4e, L*/4h) = L G(e, h), m (12.8) 


and the converse statement is also valid (cf. eqn (11.18)). But eqn (12.8) 
is precisely the static scaling hypothesis (11.30), with 


an 7 (12.9) 
and. 


(12.10) 


Thus the Kadanoff construction—together with a generous number of 
assumptions—leads to the static scaling hypothesis, and hence to all 
the predictions of Chapter 11 that followed from (11.30). 


12.2. Application to the pair correlation function 


In this section we present Kadanoff’s line of reasoning which supports 
the assumption that the pair correlation function is a generalized 
homogeneous function. To this end, we introduce the pair correlation 
functions for the site model, 


T(r, €) = <(8; — <8>)(8; — <>); (12.11) 
and for the cell model, 

D(F, €) = (8. — <8) (8 — <3), (12.12) 
where r = |r, — r,| is the magnitude of the site separation vector, and 
# = |r, — r,| = r/L is the magnitude of the cell separation vector. 

We next introduce a parameter ¥ through the relation 
Lee (12.13) 


tea 


where &, = +1 by definition, and where the summation is over the L4 
sites in cell «. Therefore it follows that 


T(r, <-) = $2 T(, 2). (12.14) 
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Next we consider the field-dependent term in the Hamiltonian (12711). 
For the cell model this term is 


BH on = —h > 5, (12.15) 
a=1 
while for the site model it is 


ie hk > > «9, 


= —-h > 5,142; (12.16) 


the second equality in (12.16) follows from (12.13). Hence we make the 
identification 
h = L*fh, (12.17) 


Now if we assume that Y is independent of h and ¢ but varies with L 
as L?, then we find on combining (12.17) with (12.5) and (12.3) that 


z=a-—d. (12.18) 
Combining (12.18) and (12.14), we have 
U(r 6) =] 1 Ge). (12.19) 


On substituting € = L%e from eqn (12.6) and * = r/Z into (12.19), we 
obtain 

isc) = 072-0 Lr De). m (12.20) 
If we assume, in the same spirit adopted in § 12.1, that eqn (12.20) is 
valid for all values of the parameter L, then eqn (12.20) implies that the 
pair correlation function I(r, «) is a generalized homogeneous function 
of its two arguments, r and ¢. Therefore there should be two scaling 
parameters, and we see that the parameters x and y in (12.20) are known 
from our discussion above for the thermodynamic potential G(e, h). 
Hence we might expect to find that (12.20) predicts relations between 
the critical-point exponents v and 7 (which describe the behaviour of 
I(r, €)) and the critical-point exponents «, B, y,--- which describe the 
behaviour of the derivatives of the thermodynamic potentials. 

Our expectations are in fact borne out. In § 11.1.4 we saw that the 
expressions (11.24) and (11.29) are mathematically equivalent expres- 
sions for the homogeneous function (11.21). In a similar fashion, we can 
obtain expressions equivalent to eqn (12.20). If we choose the para- 
meter L in eqn (12.20) to have the value Z = (1/e)'/”, then we obtain 
(in analogy with (11.24)) 

ee 78 f (ret®), _ (12.21) 
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where the function f(¢) is defined through 
f(t) = Té, 1). (12.22) 


Similarly, if we choose L = (1/r)-1 = r, we obtain (in analogy with 
(11.29)) 
T(r, e) ant Oger); (12.23) 
where 
g(t) = T(1, 4). (12.24) 


Therefore since é ~ e~” and I(r, e = 0) ~ r~@-2+™ we have 


(12.25) 
y 
and 

—(d —2 +n) = 2(x — d). (12.26) 


To relate vy and 7 to the exponents of Chapter 11, we recall from 
(12.9) that y = da,, and from (11.51) we have a, = (2 — a’)~1. Using 
the same argument which led to (11.46), we find «’ = a, whence 


dv=2—-«. > (12.27) 


Similarly, from (12.10) we have = da,, and from (11.40) ay = 
6/(5 + 1). Hence (12.26) becomes 


where we have used eqns (11.52) and (12.27). Equation (12.28) relates 
7 to v and B. It is somewhat more customary to instead relate y and v 
and y whence, on using (11.53), (11.46), and (12.27), we have 


(2—n)v=y. = (12.29) 


From eqns (12.27) and (12.29), respectively, we see that the Josephson 
inequality (4.55) and the Fisher inequality (4.50) are predicted by the 
homogeneity relation (12.20) to hold as equalities. Finally, (12.27)— 
(12.29) can be combined to obtain 


6-1 dy’ 


Fri set > (12.30) 


and thus we see that the Buckingham—Gunton inequalities of eqns 
(4.44) and (4.45) are also satisfied as equalities. 
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12.3. Alternative methods of obtaining the correlation function 
scaling relations 


We have seen that a large number of theoretical predictions can be 
obtained by assuming that (i) a thermodynamic potential—such as 
G(e, H)—is a generalized homogeneous function, and (ii) the pair 
correlation function is a generalized homogeneous function. Moreover, 
we have seen that the Kadanoff line of reasoning, by leading us to eqns 
(12.7) and (12.20), serves to render these assumptions plausible on 
physical grounds. However the Kadanoff approach is far from rigorous, 
and in the years subsequent to the appearance of the Kadanoff argument 
several workers have put forward alternate lines of reasoning that 
support the homogeneity assumption. None of these alternate ap- 
proaches is rigorous, however, and therefore we shall not enter into an 
exhaustive discussion of any of them here. 

We shall instead discuss in this section the line of reasoning presented 
by Halperin and Hohenberg (1967, 1969), because their approach will 
be generalized to the case of dynamic critical phenomena in Chapter 
15. We begin by replacing the independent variable e by the indepen- 
dent variable £ in the correlation function, 


P(e, r) > P(E, 1), (12.31) 
and by 1/£ = x in the structure factor, 
S(e, g) > S(k, 9), (12.32) 


where S(e, g) denotes the spatial Fourier transform of I'(e, r) (cf. eqn 
(7.34)). (To be mathematically precise, one should of course not use the 
same functional notation when the independent variable is changed.) 
We now assume that there exists some function f(u) such that the pair 
correlation function I'(€, 7) may be written as 


Ng, 7) = Sf (r/é). (12.33) 


From the argument of eqns (11.25) and (11.26), we see that this assump- 
tion is fully equivalent to the assumption that I'(£, r) is a generalized 
homogeneous function, i.e. that for all the values of , 


TA, Ar) = MEE, 2). m (12.34) 


The appeal of eqn (12.33) is that it states clearly the fact that the 
homogeneity ‘assumption is equivalent to the assumption that apart 
from a scale change, I(r, «) depends on the site separation distance r only 
through a single function of the ratio of r to the coherence length ¢. This 
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idea that there is only one characteristic length in the problem will be 
seen to have its analogue in the dynamic scaling hypothesis, for which— 
in addition to assuming a characteristic length—we shall assume the 
existence of a characteristic inverse time (‘frequency’). 

It is also convenient to consider the analogous homogeneity assump- 
tion for the structure factor S(x, q), . 


S(x, q) = VF (q/k). (12.35) 
(a) 


(b) 


\ max 
Nj 
A , CGUEEG MM) i/: WW light 


Fig. 12.2. (a) Approach to zero of the inverse correlation length as T’ — Tj. In order 
to convey a qualitative feel for the magnitude, we have chosen the form «x = ke" with 
Ko ~ 1 A-! = 10®cm~! and »v ~ %. Thus in order for the inverse correlation length to 
become equal to a typical value (such as 10° cm~?) of the magnitude of the momentum 
transfer vector g = (47/4) sin } 8, we need to reach temperatures so close to 7, that 
€ ~ 10-5. (b) is a graph from Halperin and Hohenberg (1967) showing the wave number 
q as ordinate and the inverse correlation length « as abscissa. The three asymptotic 
regions shown are : I, the low-temperature hydrodynamic region (¢ « x); II, the critical 
region (¢g > x); and III, the high-temperature hydrodynamic region (q « x). In light 
scattering experiments, the momentum transfer vectors dygn, are sufficiently small that 
it is extremely difficult (though by no means impossible) to get close enough to 7, to 
probe region II, the critical region. On the other hand, in neutron-scattering experiments, 
the wavelength is about three orders of magnitude smaller so that gneutron >> Quent and 
it is possible to reach region II. 


Equation (12.35) says that apart from a change of scale, the Fourier 
transform of the correlation function depends on g only through a single 
function of the ratio q/x. It is therefore convenient to consider the 
graph shown in Fig. 12.2, in which the abscissa is x and the ordinate q, 
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and the origin corresponds to the critical point g = « = 0. Halperin and 
Hohenberg distinguish three asymptotic regions in the x-q plane, in 
which we might expect to find qualitatively different behaviour of the 
correlation function S(x, g). The regions marked I and III in Fig. 12.2 
correspond to long-wavelength or hydrodynamic regions for which 
q « « (or gé « 1), whereas the region marked II is called the critical 
region and is characterized by q >» x (or gf > 1). We assume that a 
single function describes the correlations over the entire x-q plane, with 
a characteristic dependence upon the parameter q/x given by eqn (12.35). 
Thus the correlation function S(x, q) is essentially determined by its 
limiting behaviour in the three asymptotic regions of Fig. 12.2. This 
means that if two forms valid in regions I and II are extrapolated to 
the line 4, (q/k = 1, T < T,), they must differ at most by some factor 
of order unity. 

As an illustration of the Halperin~Hohenberg approach, we derive 
the scaling relation y = (2 — n)v of eqn (12.29). Begin by recalling 
from eqn (7.59) that the exponent 7 is equivalently defined by means of 
the relation 

SGe="0, 9) ~ gee". (12.36) 


Since the relation (12.36) is valid in region II, (q/k > 1), we expand 
eqn (12.35) in the form 


S(x, q) = Q{l + O («/q) +-++}. (12.37) 
On comparing leading powers of q in (12.36) and (12.37), we obtain 
; y= —2i7 (12.38) 
We can similarly write for the susceptibility, (cf. (7.23) or (A.20)), 
yr ~ Sie, gi 0) ~ ew KO (12.39) 
and the analogue of (12.37) in region ITI is 
S(ic, q) = KL + O(gle) ++-°}. (12.40) 
Comparing (12.39) and (12.40), we have 
v= —y/v (12.41) 


and we obtain y = (2 — 7)v by combining (12.38) and (12.41). 


12.4. Comparison with model calculations 


Two-dimensional Ising model. The d = 2 Ising model provides the 
most striking support for the scaling assumptions. Table 12.1 presents 
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TABLE 12.1 


Comparison of scaling relations with model calculations. All entries are 
predicted to have the value d/y. Numerical values for the exponents are 
taken from Table 3.4. The scaling relations all appear to be satisfied by the 
two-dimensional Ising model, whereas the relations involving the lattice 
dimensionality d appear not to hold for the other models shown. There is, 
as yet, no satisfactory explanation why the relation dv = 2—a= 
2 — a’ = dy’ appears to fail for the three-dimensional Ising model. It is 
also quite possible that y’ = 24 > y (=3) and that a’ = 2g < a (=}), but 
this lack of symmetry between the high-temperature and low-temperature 
exponents can be circumvented (see Stell (1968b)) 


Quantity d= 2 d=3 Classical Spherical Mean 
Ising Ising Heisenberg model field theory 

(d = 3) (d = 3) (dq = 3) 
2—¢a 2 1:875 + 0-01 2-1 + 0-1 3 2 
2— a’ 2 1-875 + 0-06 not available not defined 2 
y + 2B 2 1-875 + 0-02 21+ 01 3 2 
y’ + 2B 2 1-875 + 0-06 — not defined 2 
B(d + 1) 2 1-875 + 0-05 not yet available 3 2 

+ 0-006 

dy 2 1-014 "Gas 2-1 + 0-03 3 1-5 
dy’ 2 — — 3 15 
dy/(2—) 2 old * Oe 2-1 + 0-1 3 15 


- 0-003 


numerical values of the various exponent combinations, all of which are 
predicted to have the value d/y by the scaling hypothesis. We see that 


all eight quantities have the value 2 (so that y = 1). Also, the 
correlation function is predicted by (12.21) to be of the form 
P<) =< f(r), (12.42) 


since y = 1 and x = 12 for the d = 2 Ising model. Recently the 
asymptotic form of the pair correlation function has been calculated 
exactly in zero magnetic field, and the form (12.42) predicted by the 
scaling approach has been corroborated (Wu 1966). 

Three-dimensional Ising model. The d = 3 Ising model exponents 
(cf. Table 3.4) are all obtained by extrapolations from truncated series 
expansions. The numbers shown in the second column of Table 12.1 are 
obtained from the most reliable approximations so far available. We 
notice that the quantities are nearly but not quite identical. Observe 
that all quantities would have the value 42 = 1-875 providing v were 
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changed from 0-6381 0:09; to 0-625 (=§) and 7 were changed from 
0-041*9§:93§ to zero. However these values are both well outside the 
numerical uncertainties. Also it is quite possible that y’ = 24 = 1-3125 
although at present we cannot exclude y’ = y = § = 1-25. 

(ii) Classical (S = 00) Heisenberg model. The results for the classical 
Heisenberg model, based upon numerical approximations, are shown in 
the third column. We have used the estimate B ~ 0-38 (Stephenson and 
Wood 1970), obtained by a method that utilizes high-temperature 
expansions to calculate low-temperature critical-point exponents 
(Baker, Eve, and Rushbrooke 1970). 

(iv) T'hree-dimensional spherical model. The spherical model is exactly 
soluble for a three-dimensional lattice (cf. Chapter 8) and hence it pro- 
vides another anchor point on which to test the correlation function 
scaling relations. We see from the fourth column of Table 12.1 that all 
the tabulated quantities have the same value, so that the scaling rela- 
tions would appear to be satisfied for this three-dimensional system. 

(v) Molecular field approximation. The predictions of this classical 
theory for a three-dimensional lattice are shown in the fifth column of 
Table 12.1, and it is clear that the scaling relations involving the lattice 
dimensionality d fail. Indeed, the same exponents are found for any 
lattice dimensionality, so the scaling relations involving d could hold 
for at most one value of d. In Chapter 6 we saw that the molecular field 
theory corresponds to a model in which each spin interacts equally with 
all the other spins in the entire system. Hence the Kadanoff construc- 
tion of partitioning the lattice into cells of dimension much larger than 
the force range would appear to be impossible, at least within a molecu- 
lar field framework. 

(vi) Lattices of dimensionality d > 3. The scaling relations involving 
d are found to fail rather drastically for lattices with d > 3. The source 
of these discrepancies has been discussed in some detail by Stell (1968a) 
and by Domb (1968). 


Suggested further reading 
Kadanoff (1966) 

Kadanoff e¢ al. (1967). 

Halperin and Hohenberg (1969). 


PART VI 


DYNAMIC ASPECTS OF CRITICAL 
PHENOMENA 


Ue 


INTRODUCTION TO DYNAMIC CRITICAL 
PHENOMENA IN FLUID SYSTEMS 


In this, the concluding section of our introduction to phase transitions 
and critical phenomena, we discuss some of the recent progress that has 
occurred in the direction of understanding non-equilibrium behaviour 
near the critical point. This is the area that has come to be called 
dynamic critical phenomena, in contrast to the domain of static critical 
phenomena to which our discussion thus far has been restricted. Much 
of the formalism developed in our study of time-independent aspects of 
critical phenomena can be generalized to the time-dependent domain. 

We shall focus on the time-dependent pair correlation function 
G(r, t) rather than the time-independent correlation function introduced 
in Chapter 7. We shall see that the dynamic structure factor Y(q, w) 
(which is the Fourier transform of Yr, t)) is directly related to the 
inelastic scattering cross-section, so that measurement of the energy 
spectrum of scattered radiation provides us with a great deal of useful 
information about the time-dependent aspects on a microscopic level. 
We shall develop this formalism in the present chapter, together with 
the predictions of the classical theory of hydrodynamics for the be- 
haviour of the dynamic structure factor in the long wavelength 
domain. 

In the following chapter we shall consider recent experimental 
measurements of the dynamic structure factor for one-component fluid 
systems. We shall see the limitations of hydrodynamics in providing a 
description of the experimental data, and hence we shall be motivated 
to consider, in Chapter 15, theoretical developments that serve to ex- 
tend the predictions of hydrodynamics. In particular, we shall find that 
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a simple generalization of the static scaling hypothesis appears to be 
consistent with a great deal of recent experimental data. A somewhat 
more microscopic approach, called the mode—mode coupling theory, will 
also be seen to be useful in interpreting these recent data. Finally, we 
will consider in Appendix E the appropriate generalization to non- 
equilibrium situations of the model system that has proved so successful 
in describing equilibrium behaviour, the Ising model. 


13.1. Critical-point exponents for transport coefficients 


The hydrodynamic behaviour of a simple fluid system can be 
described by specifying the three transport coefficients for the system, 
the thermal conductivity A, the shear viscosity 7, and the bulk vis- 
cosity ¢. In the neighbourhood of the critical temperature 7',, experi- 
mental work seems to indicate that certain of these coefficients diverge 
with a simple power law behaviour. We therefore introduce, in Table 
13.1, the three new critical-point exponents, a, b, and c, to characterize 
the behaviour of A, », ¢ respectively. We have introduced minus signs 
in the definitions of a, b, and c to ensure that positive values of these 
exponents will correspond to divergences in the transport coefficients. 


TABLE 13.1 


Critical-point exponents for transport coeffi- 
cients. Until recently there was little experimen- 
tal or theoretical evidence concerning the values 
of the exponents a, b, and c describing the sin- 
gularities (if any) in the transport coefficients 
A, n, and ¢. Currently tt is believed that both A 
and £ can diverge at T.,, while n remains non- 
singular through the critical region (1.e.a,c Z 0 

while b ~ 0). Some workers denote A by A or 


x, and a by . 
pt! xed a LMS Ue 
A (thermal conductivity) (—6) ae «72 
7 (shear viscosity) (- a e7? 
¢ (bulk viscosity) (=<)>* e-° 


Until fairly recently the qualitative behaviour of A, 7, and ¢ in the 
critical region was not known. Although at one time some workers 
argued that all three transport coefficients should remain finite near 
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the critical point, it is now widely believed that A and ¢ diverge for 
many systems. However, the existence of outstanding counterexamples 
prevents us from assuming that any of the transport coefficients diverge 
for all systems. The dramatic behaviour of the thermal conductivity of 
sulphur hexafluoride (SF) illustrates this point well. While the thermal 
conductivity A diverges to infinity when the critical point is approached 
from below along the coexistence curve A appears to behave quite 
differently when the critical point is approached from above along the 
critical isochore (Benedek 1968, 1969). 

This example is indicative of an important difference between the 
behaviour of equilibrium quantities and transport coefficients in the 
region near the critical point. Whereas for equilibrium quantities, 
systems that differ from each other in their microscopic interactions are 
found to behave quite similarly near the critical point, this universality 
is not always observed for the critical behaviour of the transport 
coefficients. 


13.2. Time-dependent correlation functions and the dynamic 
structure factor S£(q, w) 


We shall find that the use of correlation functions proves to be ex- 
tremely useful in the study of time-dependent cooperative phenomena. 
We first introduce the space- and time-dependent density—density 
correlation function 


G,,(r, t) = <dn(r, t) 5n(0, 0)>. (13.1) 
The angular brackets denote an equilibrium ensemble average, and 
dn(r, t) = n(r, t) — <n> (13.2) 


is the local deviation of the number density n(r, t) from the equilibrium 
value of the number density (n>. By substituting eqn (13.2) into (13.1), 
we obtain an equivalent expression for @,,,(r, t), 


G,,(r, t) = <n(r, t)n(0, 0)> — <n)<nd. > (13.3a) 


For magnetic systems we introduce an analogous correlation function 
for the magnetic order parameter 


Fss(ti;, #) = <Si(t) + $,(0)> — <S,(é)><S;(0)), (13.3b) 
where r,;; = r; — r,; and S, denotes a spin situated on a site at position 
r;. 

A more useful quantity than the correlation function itself is the 
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dynamic structure factor ¥,,,(q, w), defined as the Fourier transform 
in space and time of &,,,(r, #), 


FS als @ ) = far | dr |" dt Y,,(r, te“"@r-99, > (13,4) 


In concert with Y,,,(q, w) we shall define the static structure factor 
Srn(qQ), where 


Fees | 
Sma) = fo Se pala, 0). - > (13.5) 


In what follows we will omit the subscripts nn on correlation functions 
except where confusion might arise. 


13.3. Relation between the dynamic structure factor and light- 
scattering experiments 


The dynamic structure factor is directly measured by certain 
scattering experiments, and in this section we shall derive an explicit 
relationship between the structure factor and the intensity of light 
scattered through a wave vector q and with a frequency shift w. This 
relationship is of fundamental significance in that it provides the link 
whereby theoretical calculations of the time-dependent correlation 
function can be compared with experimental measurements. 

The connection between scattering and the correlation function is 
more general than the specific example of light scattering that we shall 
discuss. For example, it can be shown that in the scattering of neutrons 
from magnetic materials, the scattering cross-section is directly related 
to the spin correlation function of eqn (13.3b) (Marshall and Lowde 
1968). 

We shall consider a plane, monochromatic light wave incident upon 
a macroscopically small volume V of fluid (cf. Fig. 13.1). To simplify 
the discussion we treat the electric field as a scalar quantity. Thus, we 


have 
E,(r, t) = @,et¥o'? — 10, (13.6) 


When a molecule of the fluid is subjected to this plane electromag- 
netic wave, its positive and negative charges are set into oscillation with 
respect to each other. This oscillating electric dipole now emits a 
spherical scattered wave. To calculate the electric field at a distant 
observation point R, we must consider each of the individual particles 
in the volume to be the source of such a scattered wave. 

For a homogeneous substance, we have a cancellation of the scattered 
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waves in all but the forward direction. In the forward direction the 
scattered waves collaborate to replace the incident radiation with a 
new wave of different wavelength, giving rise to an altered velocity 
of magnitude 


wa (13.7) 
Hw 


where » is the index of refraction of the medium. 

In an inhomogeneous medium, the scattered waves no longer cancel 
completely in all directions other than the forward direction. Fluc- 
tuations in the density of the fluid provide the inhomogeneities 
necessary for scattering, so long as these fluctuations vary over a distance 
comparable to the wavelength of the incident radiation. 


Pe 


lil 


urna? 
volume 


Fria. 13.1. Diagrammatic representation of scattering geometry used to obtain the 
relation (13.27) between the dynamic structure factor £(q, w)/S(q) and observed 
intensity .%(q, w)/Z(q) at point R. 


The net field incident upon a given molecule of the fluid is composed 
of the incident field plus the sum of all previously-scattered fields. Since 
the incident field modified by the effect of the index of refraction is so 
much stronger than the scattered field, we may neglect the latter. 
Making this assumption is essentially equivalent to making the first 
Born approximation. Since the amplitude of the scattered field from a 
particular scattering centre is proportional to the incident field, we 


may write the contribution to the scattered field arising from the jth 
particle as 


ER, t) = face (ot? Port (IR S ( 7 ete Irth} (13.8) 
TSG 
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In eqn (13.8) ./ is the constant of proportionality between the amplitude 
of the incident and scattered waves, r, is the position of the jth particle, 
and 

| r; (t,). 


f=t— 
J c/n 


(13.9) 
The retarded time ¢, is used because the field observed at R at time ¢ 
from the jth particle is due to the scattering that took place at a dif- 
ferent location and therefore earlier in time. 

In an actual experiment, the dimensions of the illuminated volume V 


are small compared to the distance R = |R| to the observation point. 
Hence |r,(é,)| « |R| and we can set 
|R — r,(t,)| ~ |R| (13.10) 


in the denominator of eqn (13.8), and 
eee | R -r(t,) (13.11) 


in the argument of the exponentials, where in (13.11) R = R/|R|. Thus 
(13.8) becomes 
E,(R, t) = Belk Rel Ky — kok)-r/(t eg —1ao¢ (13.12) 


where ky = |k,|, R = |R|, and @ = &,A/R. 
To relate L,(R, t) to the density—density correlation function &(r, ¢) 
of eqn (13.1), we introduce the particle density by the relation (7.3), 


N 
n(r,t) = > d{r — 1,(t)}, (13.13) 
; f=1 
and we introduce into (13.12) the Dirac delta function d{r — r,(t,)}, 


E,(R, t) = BebeoR-vo | dr o{r — r,(t,)}e%"o-"o™", (13.14) 


where the spatial integration is over the volume V. Hence we obtain 
from (13.13) and (13.14) for the total scattered field at point R, due to 
scattering from all the particles in JV, 


N . 
E(R, t) = > E£,(R, #), (13.15) 
j= 
the expression 


E(R, t) = Beo®- 20 | dr n (r,t 2 Rael) elo kor (13.16) 
; v 


Now the power spectral density of the scattered light of frequency w 
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observed at R is the ensemble average of the square of the temporal 
Fourier transform of H(R, #), 

2 

» (13.17) 


10) =m 3 


where the angular brackets denote the equilibrium ensemble average. 
Substitution of (13.16) into (13.17) leads to the expression 


ic dt E(R, t) e! 
Ti2 


T/2 
I(R, w) = lim |B|? a If dtdt’ | drdr’ elko- Kor - 2) gia - ay (t-”) 
Too T -T/2 


x Cnfr.t _ Le ; Rat, n(x e — Ra"). (13.18) 


In order to simplify the arguments of the number density operators 
in (13.18) we change variables through the substitutions t—>t + 
|R — r|/v and ¢’ +?’ + |R — r’|/v. Hence 


T/2 
I(R, w) = lim |B|? 7 {| aay’ [ drdr’ e!¥o — KoR)-(r - 
T? © —T/2 


x elle saa iehe— FB Eee tt) ae nin(t ,¢) >) “(loo 


where we have not changed the limits (+ 7/2) on the time integrals 
because at the end of the calculation we shall let 7 —0oo, and we have 
again used the approximation |R — r| ~ R — R-r of eqn (13.11). 

The result (13.19) can be simplified by introducing the momentum 
transfer vector q = k, — ky where k, is the incident wave vector and 
k, is the scattered wave vector. 


k, = (x. = 0) R. (13.20) 


Hence eqn (13.19) becomes 


T(Ryay = tne = 7? [f. ara’ { drdr’ e-!4--r’) gi(@-ayxt-t9 
T/2 
x <alr, t)r(r’, CU). 121) 


Still further simplification arises on observing that 


<n(r, t)n(r’, t’)> = <n(r — vr’, t — t’)n(0, 0), (13.22) 
which follows from the invariance of the equilibrium ensemble to 
translations in both time and space. If we substitute eqn (13.22) into 
(13.21) and change integration variables through the substitutions 
¢ — t’->t and r — r’—r, we can perform the ¢’ and r’ integrations. 
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We thereby obtain, in the thermodynamic limit (V —> 00), the expression 
F(a, w) = |Bl?{°_, dt fdr e-t*o-ot/n(x, t)n(0, 0)>. (13.23) 


Here we have made the notational change I(R, w)/V — .4(q, w), ie. we 
describe the position of the detector by q rather than by R. 

Equation (13.23) is essentially the final result—that the scattered 
intensity is proportional to the Fourier transform of the density— 
density correlation function. A more conventional form is obtained by 
introducing the density fluctuation 8n(r, t), defined in eqn (13.2), 
whereupon eqn (13.23) becomes 


F(a, 0) = |Bl?{”_ de | dr e194 10-0 3n(r, t)5n(0, 0)> 
+ |B|?(2m)*<n>?8(q)5(w — wo). (13.24) 


The first term in the integrand of eqn (13.24) is due to fluctuations in 
density, while the second term contributes only for scattering that is in 
the forward direction (qg = 0). In practice forward scattering cannot be 
measured (and our approximations are not valid for g = 0); hence it is 
customary to neglect the second term in (13.24) and simply write 


F(q, w) = |B|?A(q, w — wo), m (13.25) 


where the structure factor “(q, w) is, as defined in eqn (13.4), the 
Fourier transform in space and in time of the density—density correla- 
tion function &(r, t). 

We next integrate both sides of (13.25) over all frequencies, obtaining 


na) = f° 2 4a.0) = 14? [So H(a, 0 — 0) = | /*809), 
(13.26) 


where the first equality in (13.26) serves to define the function J(q) 
in analogy with the definition in eqn (13.5) of the function S(q). If we 
now divide both sides of eqn (13.25) by I(q), we eliminate the propor- 
tionality factor |#|? and obtain the remarkably simple result 


$(4, 0) _ F(q,o = 9) a 
I(q)——s—sé«S(Q) : ee 


This normalization of the intensity %(q, w) by the function J(q) is 
particularly convenient; in the quasielastic approximation, I(q) is the 
total intensity at a given q (scattering angle) when no frequency analysis 
of the scattered radiation is carried out. 
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Thus eqn (13.27) provides a direct link between an experimentally- 
measurable quantity .%(q, w) and a microscopic property of a system, 
S(q, w), the Fourier transform of Y(r, t). This link was first elucidated 
by Van Hove (1954a, b, c) for the case of magnetic correlations, for 
which .¥(q, w) is related to the neutron scattering cross-section and 
G(r, t) is the two-spin correlation function. Van Hove’s basic theory 
has been discussed for the specific case of light scattering by many 
workers, among whom are Rytov (1957), Komarov and Fisher (1962), 
Pecora (1964), Greytak (1967), Lastovka (1967), Benedek (1968), 
Swinney (1968), and Dubin (1970). 

We conclude this subsection by stating for the sake of completeness, 
the result for %(q, w) as obtained from consideration of the vector 
character of the electric field and the detailed scattering mechanism 
(van Kampen 1969), 


F(a, 0) = 1,(2) [2 (S) | rta.o - a), (13.28) 


where J, is the incident intensity, p is the angle between the polariza- 
tion of the incident light and the wave vector k, of the scattered light, 
and in this equation « denotes the dielectric constant of the fluid. 


13.4. Predictions of hydrodynamics for the spectrum of the 
scattered radiation 


In the previous section we saw that experimental measurements of 
the spectrum of scattered radiation are directly related to the dynamic 
structure factor or Fourier transform of the time-dependent correlation 
function. In this section we therefore consider the calculation of the 
time-dependent correlation function. We shall see, however, that the 
correlation function can be calculated only when the wave vector of the 
fluctuation q is much smaller than the inverse correlation length x— 
or, equivalently, A = 27/q, is appreciably larger than the correlation 
length £. Since the calculation of the structure factor is relatively 
complex even for this hydrodynamic limit (q « x or A > €), we have 
presented the details in Appendix D. The desired expression for the 
dynamic structure factor is 


_ CO, 2D7q" 
F nl, ©)/Snn(Q) = (1 a =] wot + (Deg? 
ay { 2D.q° ‘ 2D.9° } 
Cp \(w — 0,9)? + (ED.q?)? * (w + 0,9)? + GD G)PS’ 


m (13.29) 
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where we have neglected higher-order terms involving the quantities 
Dy7q/v, and D,q/v,. The quantities appearing in eqn (13.29) are the 
thermal diffusion constant or ‘thermal diffusivity’, 


ee A 
r= mnCp = 7a L aad (13.30) 
the sound-wave damping constant, 
Cp 
TES 0h 7 i) + D,, > (13.31) 
4 


where D; = (mn)~+($ + ¢), and the velocity of sound for w = 0, 
given by s 


1 fred 2 oP 
2 — | — = — . 
tm (a), ~ Ga), i 


The result S(q, w)/S(q) given by eqn (13.29) is plotted in Fig. 13.2(a) 
as a function of w for a fixed value of the temperature that is not near 
the critical temperature 7',. From eqn (13.27) we see that the spectrum 
of the scattered light is predicted to be of the form of Fig. 13.2(b)— 
which is simply the curve of Fig. 13.2(a) shifted to being centred about 
the incident frequency wy. 

The three terms in eqn (13.29) have the general form 


2r 
fo) = pre oP 


(13.33) 


which is a normalized Lorentzian centred at the frequency w’ with a 
half-width at half maximum given by I’. Thus the dynamic structure 
factor is predicted by our hydrodynamic model to consist of the sum of 
three Lorentzian lineshapes. One, called the Rayleigh component, is 
centred about w = 0, with a half-width 


P, = Drq’, » (13.34) 
while the other two, called the Brillouin doublet, are located sym- 
metrically about w = 0 at the frequencies 

ws = +09, (13.35) 
each with a half-width given by 

: Ty = $D,q?. > (13.36) 


Referring to the definitions in eqns (13.30) and (13.31) of the thermal 
diffusivity and the sound wave damping constant, respectively, we see 
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that a knowledge of the linewidths of the Rayleigh and Brillouin com- 
ponents plus one additional transport coefficient suffices to determine 
all three transport coefficients. 
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Fie. 13.2. (a) Dependence on w of the structure factor /(q, w), as predicted by the 
results of hydrodynamics, for fixed temperature T and wave vector q. The ordinate has 
been divided by S(q) in order that the integral over all w will be unity regardless of T and 
q: S(q) increases as g > 0 and as T — T,. The temperature T is far from T,, as can be 
judged by the fact that the integrated intensities of the Rayleigh and Brouillon peaks 
I, and I, are of comparable magnitude (Cp ~ Cy). (b) Dependence on w of the normalized 
intensity of light 4(q, w)/I(q) observed in a typical scattering experiment. As shown in 
§ 13.3 4(q, w)/I(q) is simply S(q, w)/S(q) translated from being centred about w = 0 
to being centred about the laser frequency wo. Actually, in an experiment using optical 
mixing spectroscopy (either homodyne or heterodyne), this curve is translated back to 
w = Qin order to obtain the resolving power necessary to measure the narrow linewidth 
of the central Rayleigh peak. 


In addition to obtaining information about the transport coefficients 
from the spectrum we can obtain information about static properties. 
For example, it is possible to relate the ratio of the constant pressure 
and constant volume specific heats to the integrated intensities of the 
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separate peaks of the spectrum. (It is meaningful to talk of the inte- 
grated intensities since in the derivation of eqn (13.29), we have assumed 
that D7q? « v,¢ and D,q? « »,q, that is, the peaks are well-separated 


= M4 
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Fig. 13.3. Comparison between (a) the hydrodynamic prediction of eqn (13.29) and (b) 
the results of typical experiments for a temperature 7 that is so close to T, that the 
approximation g < x is no longer valid. Here (13.29) predicts that the Brillouin doublet 
should slide in under the central Rayleigh peak (i.e. vg > 0 and D, — 0), whereas 
experimentally we find that the Brillouin doublet remains well defined. Also (13.29) 
predicts for the intensity ratio Ip/2I, ~ «~%-®, whereas we observe a somewhat 
different exponent. Finally, the Rayleigh linewidth is found to be slightly broader than 
predicted by (13.29) due to the correlation length correction, eqn (14.5). 


from one another.) From (13.29) and (13.33), we see that the total 
integrated intensity of the central Rayleigh component is 


C. 
In =1- G. (13.37) 
while the intensity of both of the Brillouin doublets is 
C. 
21, = = (13.38) 


ip 
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Hence the intensity ratio or, as it has come to be called, the Landau— 
Placzek ratio, is 


2B). Ur gee eee > (13.39) 


It is worth remarking that (13.37) and (13.38) predict that 
I= (13.40) 


which is consistent with the normalization requirement of eqn (13.5) 
for the integral over w of (13.29). 


13.5. Predictions of hydrodynamics near the critical point 


Strictly speaking, it is meaningless to study the predictions of 
hydrodynamics in the limit 7’ — 7',, for as the critical temperature is 
approached the inverse correlation length 


K = Koe" (13.41) 


approaches zero so that for 7 arbitrarily close to 7’, the fundamental 
assumption of hydrodynamics g <« x, is no longer valid. This is not to 
say, however, that it is meaningless to talk of the predictions of hydro- 
dynamics near the critical point, because for a given g there is certainly 
some range of temperature over which hydrodynamics should be 
valid. 

Let us begin this section, then, with an order-of-magnitude estimate 
of this temperature range. We recall from Fig. 7.3 and eqn (7.24) that 


47 


sin 40, (13.42) 
As 


q= = sin $0 ~ 
0 

where @ is the scattering angle, and where we have assumed that the 
wavelength of the incident radiation A) is approximately equal to the 
wavelength of the scattered radiation A,. For example, if we use the 
A = 6328 A line of a helium-neon laser, and observe the scattered light 
at 6 = 60°, then : 

q~ 10-2 A-! = 10° cm}. (13.43) 


We also see that if our highest energy excitations are the phonons that 
give rise to the Brillouin doublet at w, = +,q, then forv, ~ 10° cms! 
we have wz ~ 101° Hz, while 


Wy = ¢/Ap ~ 1015 Hz. (13.44) 
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Thus the quasi-elastic approximation A, ~ A, is seen to be excellently 
satisfied in (13.42). 

In a typical one-component fluid the coefficient xo in (13.41) has the 
value ky ~ 1 A-1, and the exponent v is roughly %. Hence 


K = e7/3 A-1 — 108 ¢2/3 gm-}, (13.45) 


Therefore, on comparing (13.43) and (13.45), we see that q«KK 
providing 
e > 1075, (13.46) 


Hence we might expect hydrodynamics to apply for values of the 
reduced temperature « which are larger than about 10-3 or 10-4, and 
we are motivated to consider the detailed predictions of eqn (13.29). 

Incidentally, eqn (13.42) predicts that the range of applicability of 
hydrodynamics can be somewhat extended by measuring the spectrum 
of the scattered radiation at somewhat smaller scattering angles 0. It is 
also worth pointing out that since the wavelength of thermalized 
neutrons is only about 1 A, it is rather more difficult to come close to the 
critical temperature and yet to remain in the hydrodynamic region in a 
neutron-scattering experiment. These considerations are summarized 
in the x-q diagram of Halperin and Hohenberg (1967, 1969) reproduced 
in Fig. 12.2. 

The w dependence of the dynamic structure factor (13.29) is displayed 
schematically in Fig. 13.3(a) for 7 ~ 7',. There are four features worthy 
of particular note. These are as follows: 

(i) Width of the Rayleigh component. We see from eqns (13.34) and 
(13.30) that the half-width of the Rayleigh line is proportional to the 
ratio A/pC,. If the thermal conductivity A diverges less strongly than 
the specific heat at constant pressure, then it follows that the Rayleigh 
linewidth will appear to approach zero. 

(ii) Width of the Brillouin component. From eqns (13.36), (13.30), and 
(13.31) it follows that the half-width I’, of the Brillouin peaks remains 
finite providing all three transport coefficients A, n, and ¢ remain finite 
at the critical-point. However, if either 7 or ¢ diverge, or if A diverges 
faster than C,, then D, and hence the linewidth I, will appear to diverge. 

(iii) Position of the Brillouin doublet. The Brillouin doublet is located 
symmetrically about the central peak at frequencies ws given by (13.35), 
where v, is given by eqn (13.32). Since the adiabatic compressibility 
Ks = p~1(@p/@P)s is predicted to diverge as 7’ -> T',, we see that wa in 
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(13.35) should appear to approach zero, i.e. the Brillouin doublet should 
begin to move in toward the central peak. 

(iv) The Landau-—Placzek intensity ratio. From eqn (13.39) we see 
that the intensity ratio [,/27, varies as Cp/Cy = K7/Ks, which ap- 
proaches infinity as 7’ — T,. Hence the Rayleigh component becomes 
much more prominent than the Brillouin component as « decreases. 


Suggested further reading 
Van Hove (1954a, b, c). 
Landau and Lifshitz (1960). 
Kadanoff and Martin (1963). 
Mountain (1966). 

Benedek (1968). 

van Kampen (1969). 
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MEASUREMENTS OF THE DYNAMIC 
STRUCTURE FACTOR FOR FLUID SYSTEMS 


> 


In Chapter 13 we defined the dynamic structure factor (q, w) and 
demonstrated that it can be directly measured in scattering experi- 
ments. In this chapter, we discuss the results of such experiments, and 
we compare these results with the predictions of the hydrodynamic 
theory presented in § 13.4 and Appendix D. 


14.1. Time-dependent density fluctuations 


We begin with an extremely brief description of the early work on 
light scattering from fluid systems, referring the reader who desires 
further details to the treatments of Cummins and Swinney (1966), 
Cummins and Gammon (1966), Mountain (1966), Lastovka (1967), 
Benedek (1968), and Dubin (1970). 

In 1871 Lord Rayleigh (Rayleigh 1871, 1899) solved the problem of 
light scattered by a gas of particles of sufficiently low density such that 
the interparticle spacing was larger than the wavelength of the light. He 
did not include the interactions between the particles of the gas in his 
calculations. With his famous result that the time average intensity 
of the scattered light is inversely proportional to the fourth power of 
the wavelength of the incident radiation, he was able to explain a 
variety of basic phenomena, including the blue colour of the sky. 

Rayleigh’s theory failed to account for the observed scattering from 
media whose interparticle separation is on the order of the wavelength 
of light. In particular, it could not account for critical opalescence, the 
dramatic increase in light scattering near the critical point (cf. Fig. 1.6). 
This behaviour had been observed by Andrews (1869) in carbon dioxide 
and given a qualitative explanation in his 1869 paper. Andrews’ basic 
argument is that the density inhomogeneities that cause light scattering 
increase tremendously as the critical point is approached. Four decades 
later Einstein (1910) gave a more quantitative treatment of the critical 
opalescence phenomenon. In particular, he applied the principle 
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that the wave vector of the fluctuation giving rise to the scattering is 
equal to the difference in wave vectors of the incident and scattered 
light waves. Since the Einstein treatment calculated only the mean 
square amplitude of the density inhomogeneities it could not predict 
the spectral distribution of the light scattered by the medium. Debye 
(1912) argued that the thermal content of a fluid could be considered 
to consist of adiabatically propagating pressure fluctuations (or sound 
waves). This analogy has proved to be quite useful. Brillouin (1914, 
1922) and, independently, Mandel’shtam (1926), realized that the 
frequency of light scattered from these fluctuations should differ from 
that of the incident light by an amount equal to the frequency of a 
sound wave whose wave vector is equal to the difference in wave 
vectors of the incident and scattered light waves. These theoretical 
predictions of the Mandel’shtam—Brillouin doublet were experimentally 
verified by Gross (1930a, b, c; 1932). Gross’ measurements also revealed 
the presence of a third component of the scattered light which was un- 
shifted in frequency. Instead of observing only the theoretically-pre- 
dicted doublet, he found a triplet of lines. The central unshifted line was 
ascribed to be an experimental artifact, until Landau and Placzek 
(1934) provided an interpretation justifying the existence of Gross’ 
‘artifact’. The mathematics of the Landau—Placzek result was discussed 
in § 13.4, but the physical idea is worth emphasizing. The density 
fluctuations producing the scattering can be described in terms of 
pressure fluctuations at constant entropy and entropy fluctuations at 
constant pressure. The former are sound waves, which Brillouin and 
Mandel’stam found were responsible for the doublet, while the latter 
give rise to the central unshifted portion or Rayleigh component. 


14.2. Optical mixing spectroscopy 


Conventional spectrometers are not capable of measuring the ex- 
tremely narrow linewidths of the Rayleigh and Brillouin peaks. To get 
an idea of the degree of resolution that is needed even far from the 
critical point, we shall perform an order-of-magnitude calculation. 
From the data of Lastovka and Benedek (1966) for a typical liquid 
(in this case toluene), we have A ~ 10-° J s~1cm~—! deg~}, p =~ 1 g/em3, 
Cp ~ 2J/g deg, and dna, ~ 10°cm~+. Hence the maximum half- 
width (in cycles) of the Rayleigh line, [#**, is given by 


(27) ~*DR* = (27) ~*Dyg? = (2r)-1 (A/pCp)g? ~ 10° Hz = 1 MHz. 
(14.1) 
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Thus the measurement of the Rayleigh linewidth with a 6328A He-Ne 
laser would require a resolving power of at least 
(w/Aw) ~ (3 x 1015)/(27 x 106) ~ 10°. (14.2) 

Only since the development of the optical heterodyne and self- 
beating spectrometer has such precise resolution become possible. 
These new techniques of optical mixing spectroscopy were first pro- 
posed by Forrester, Parkins and Gerjuoy (1947) and, independently, 
by Gorelik (1947). Particularly recommended are the recent review 
articles of Benedek (1968, 1969) and French, Angus, and Walton (1969). 

The basic idea of this new type of spectroscopy is that a suitable 
non-linear detector can be used to observe the beat note between light 
waves of slightly different frequencies. The beat notes are produced 
by beating a standard frequency source (such as a laser) against the 
scattered light. The result is that the central peak of the spectrum 
of the scattered light is shifted from being centred about w,. ~ 101°Hz 
to being centred about w = 0. By this means, the desired spectral 
information is translated to lower frequencies where it can be more 
easily detected. This is the same heterodyne principle that has long been 
used to obtain high resolution in radio broadcasting. 

A second type of high-resolution, optical-beating spectroscopy em- 
ploys the homodyne or self-beating spectrometer. In this case, only 
the scattered light is allowed to fall on the photodetector, which uses 
its non-linear characteristics to mix the spectral components of the 
signal itself. This technique again leads to a translation of the spectral 
information from a spectrum centred about the laser frequency to a 
spectrum centred about w = 0. 

The principle of optical-mixing spectroscopy was first demonstrated 
in 1955 (Forrester, Gudmundsen, and Johnson 1955; Forrester 1956), 
but it was not until the advent of the laser in the early 1960s that the 
technique became of practical significance (Forrester 1961, Townes, 
1961, Benedek, 1962). Cummins, Knable, and Yeh (1964), Ford and 
Benedek (1965), Lastovka and Benedek (1966), and Dubin, Lunacek, 
and Benedek (1967) developed the techniques still further to the extent 
that nowadays a resolving power on the order of 10** is not at all un- 
common. 


14.3. Measurements of the Rayleigh linewidth 


We will first discuss measurements of the Rayleigh linewidth far 
from the critical point, using the experimental techniques described 


220 DYNAMIC STRUCTURE FACTOR FOR FLUIDS 14, §3 


in the previous section. Fig. 14.1 shows a block diagram of the optical 
heterodyne spectrometer used by Lastovka and Benedek (1966) to 
study the spectrum of light scattered from liquid toluene. Also, we 
display a recorder tracing of the spectrum observed at a very small 
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Fic. 14.1. At the top is shown a block diagram of a typical heterodyne spectrometer 
(Lastovka and Benedek 1966). The local oscillator of frequency equal to the laser 
frequency wo is provided by the dust on the sample cell windows, for this dust scatters 
the laser light elastically. At the bottom is shown the measured photocurrent S;(v) as a 
function of frequency v = w/2z, for scattering from toluene far from 7',. For the particular 
small scattering angle shown, q is only 4995 cm~+ and hence the width of the Rayleigh 
peak, I’; = D7q? is exceedingly narrow. In fact, the heavy dots represent a fit to a 
Lorentzian line shape whose half-width is only 3374 Hz, so that the effective resolving 
power for these measurements is approximately 10}; this is several orders of magnitude 
higher than resolving powers obtained using conventional spectroscopic techniques. 


scattering angle g ~ 5 x 10° cm~?. Since q in Fig. 14.1 is reduced by a 
factor of 20 from the value of the order-of-magnitude calculation 
presented above, the Rayleigh linewidth of eqn (14.1) should be re- 
duced by a factor of 400. Consequently, our estimate of the linewidth 
would be Ty ~ 2-5 x 10° Hz instead of 10®Hz. We see that the data of 
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Fic. 14.2. Dependence of the half-width of the Rayleigh component on q?, the square of 
the wave vector, for scattering from toluene far from the critical point. These measure- 
ments, obtained using the heterodyne spectrometer of Fig. 14.1 extend over two orders 
of magnitude in linewidth, from widths as narrow as 75 Hz to widths as large as 7500 Hz. 
The fact that almost all the data lie on the straight line shown indicates that I, is, to 
within experimental error, linear in qg?. Thus the correlation length correction term of 
eqn (14.5) is evidently negligible for these measurements on toluene far from the critical 
point. After Lastovka and Benedek (1966). 


Fig. 14.1 have the shape of a Lorentzian with I’, = 3374 Hz; this 
Lorentzian curve is also just the type that is characteristic of the pre- 
dictions of hydrodynamic theory. Moreover, as we vary the scattering 
angle, and thus the momentum transfer vector g = (47/A,) sin 46, the 
hydrodynamic prediction, eqn (13.34), is that the Rayleigh linewidth 
varies as g?. In Fig. 14.2 we see that this behaviour is supported by 
these experiments on toluene at temperatures far from the critical 


temperature. 
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Accurate measurements of the Rayleigh linewidth near the critical 
point have been carried out for only a few fluids such as carbon dioxide, 
xenon, and sulphur hexafluoride. For simplicity, we discuss principally 
the work using carbon dioxide. 


Experimental set-wp 

We first describe in some detail the method of measuring the Ray- 
leigh linewidth (Swinney and Cummins 1968). We first fill a sample cell 
with a known quantity of CO, fluid, chosen such that the density p 
exceeds the critical density p, by only a very small amount (about 
0-3 per cent). The cell is now sealed off. It is important to stress that 
even for T > T,. the density of the fluid as a function of position in 
the cell will vary considerably more than 0-3 per cent from the critical 
density due to the effect of the earth’s gravitational field (ie. the fluid 
near the top of the sample cell will be considerably less dense than p,, 
while the fluid at the bottom will be more dense). The earth’s field has 
such a pronounced effect near the critical point because the isothermal 
compressibility, K;, = p~1(dp/éP);, takes on values in the critical 
region as much as a million times larger than in the normal domain. 
We then focus a low-power 6328A He-Ne laser to a diameter of 0-2 mm 
inside the sample and observe the scattered light at the desired angle. 
As the cell is scanned in the vertical direction the beam samples a 
range of densities. 


Results 

Using a self-beating spectrometer, Swinney and Cummins (1968) 
measured I',/¢? as a function of beam height for a variety of tempera- 
tures. Their results are shown in Fig. 14.3 where the abscissa, ‘height’, 
is a measure of the beam position above or below the meniscus. The 
value of I',/q? along the coexistence curve is determined by extra- 
polation to zero height of the data in each region. We see from Fig. 
14.3(a) that the Rayleigh linewidth appears to be smaller on the liquid 
side of the coexistence curve than on the gas side. In Fig. 14.3(b), we 
show the analogous data for temperatures above the critical tempera- 
ture, and we observe that the linewidth dips sharply at the critical 
density. The values of I',/q? for this critical isochore are plotted as a 
function of 7’ — 7’, in Fig. 14.4(a). 


Hydrodynamics predicts that 
T,/q? = Dy = (A[pCp) ~ &~% (14.3) 
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Here we have assumed that Cy diverges with an exponent less than 
that of Cp in order to infer from an identity analogous to (2. 54), 


oT 


that Cp diverges with the same exponent as K,, the isothermal com- 
pressibility. Equation (14.3), together with the definition in eqn (3.2) 
of a critical-point exponent, predicts that a plot of the logarithm of 
(A/pCp) against the logarithm of ¢ should, for sufficiently small values of 


Cp — Cy = TVK “(5n) (14.4) 
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Fic. 14.3. The Rayleigh linewidth I’, divided by the square of the momentum transfer 
vector q? as a function of height, where the zero of the height scale is chosen to be the 
meniscus for the subcritical data (a) and the minimum in I';/q? for the supercritical data 
(b). The curves taken from Swinney and Cummins (1968), work on COgz, are extended 
symmetrically below the zero of height because I’;/q? is symmetrical about the critical 
density p,. Notice from (a) that as we approach the coexistence curve from the liquid 
side the limiting value of ['p/q? is lower than when we approach from the gas side. This 
difference is due to different behaviour on the liquid and gas sides of the coexistence 
curve (i.e. yj, — 4, > Ye — AG). 


e, approach a straight line with slope given by (y — a). This is indeed the 
case for the small g, or small scattering angle (9 = 22°), measurements 
shown in Fig. 14.4(a), but we see that for larger scattering angles 
(cf. the @ = 90° curve), the power law behaviour predicted by hydro- 
dynamics and eqn (14.3) begins to break down for temperatures closer 
than about 0-1° from 7',. Since the value of 7’, for CO, is about 31°C or 
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Fic. 14.4. (a) shows the dependence of the logarithm of [,/¢g? upon the logarithm of 
(T — T.) for CO. (from Swinney and Cummins (1968)). Linearized hydrodynamics 
predicts that I';/g? should be equal to Dy = A/pCp ~ €’~* and hence that this plot 
should be a straight line with slope given by y — a. We see that the assumptions of 
hydrodynamics apparently fail for the large angle measurements, since for large 0 
(q sin 6/2) the approximation q < « is no longer valid for T ~— T, < 0-1°. (b) shows 
the temperature dependence of the quantity I,/{q?(1 + Bé?q?)}, which acccording to the 
correlation length correction, eqn (14.5), should be given by D7-. The linearity of this plot 
supports the general validity of eqn (14.5), but does not help in choosing the value of the 
constant B since the correlation length € = 0-53 «72/3 A was so chosen to obtain a linear 
fit with B = 1. Kawasaki (1970) finds that B = 3. 


304 K, this apparent breakdown of the hydrodynamic predictions is 
occurring for « < 1071/(3 x 102) ~ 3 x 10-*. Thus we see that our 
order-of-magnitude estimate of eqn (13.46) concerning just how close 


we could get to 7’, before hydrodynamics would break down is roughly 
confirmed. 
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14.4. Corrections to the hydrodynamic th f 
linewidth 7 eory of the Rayleigh 


14.4.1. Theoretical predictions: the correlation length correction 


For « < 3 x 10~4, the predictions of the hydrodynamic theory for 
critical phenomena as developed in § 13.4 and Appendix D evidently 
fail, and we must seek a better theoretical understanding of the pheno- 
mena in the critical region (region II of Fig. 12.2). Since the basic 
assumptions underlying the hydrodynamic theory (that q «x or 
qé « 1) are no longer valid, there is no particular reason to expect that a 
simple modification of the hydrodynamic theory will be adequate. 

There are, however, other theoretical approaches which have been 
successful in predicting the Rayleigh linewidth data of Swinney and 
Cummins. In the first of these, Botch and Fixman (1965)—and sub- 
sequently, Felderhof (1966), Mountain (1966), and Cummins and 
Swinney (1966)—proposed that the q? factor in the hydrodynamic 
result (13.34) for the Rayleigh linewidth, [y = D,q? is actually only 
the first term in a series in ascending powers of q?, and that for large g we 
should apply instead the modified formula 


Dy = D7q?(1 + Bé?Q?), m (14.5) 


with B = 1, and where € is, as before, the correlation length. Equation 
(14.5) is frequently called the Fixman correction to the hydrodynamic 
result. Perhaps the most pedagogical derivation is that of Cummins 
and Swinney (1966). These authors reason that since Debye (1959) 
showed that the Ornstein-Zernike theory was able to provide an 
improvement over the simpler Einstein theory of static critical pheno- 
mena by taking into account the marked increase in the correlation 
among particles near the critical point, a similar modification of the 
hydrodynamic theory should be applicable in the critical region for 
dynamic phenomena. Hence they obtain eqn (14.5) as a modification 
of the hydrodynamic result for I'p, eqn (13.34). 

The second treatment of the Rayleigh linewidth is the dynamic 
scaling law argument of Halperin and Hohenberg (1967), which will be 
discussed in detail in Chapter 15. The dynamic scaling approach is 
extremely general and appealing. However, in so far as the Rayleigh 
linewidth is concerned, we shall find that it is capable of predicting 
the form of eqn (14.5) but it cannot predict the value of the constant B. 

Yet a third theoretical discussion of the Rayleigh linewidth is due to 
Kawasaki (1970), in which the mode-mode coupling approximation is 
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applied. This approach—also discussed in Chapter 15—leads to the pre- 
diction that B = 2 and agrees (better than the Botch—Fixman pre- 
diction B= 1) with the most recent experiments. Although the 
Fixman correction to the Rayleigh linewidth is a relatively small term 
in the case of CO, and other one-component fluids, it has a much more 
significant effect in the case of binary mixtures. 


14.4.2. Experimental tests of the correlation length correction for CO, 
and Xe 


Provided the detailed temperature dependence of € is known, the 
correlation length correction of eqn (14.5) can be put to a rather severe 
test. Unfortunately this is not the case for carbon dioxide. Hence 
Swinney and Cummins make the plausible assumption that £ diverges 
with a power law form, 


§= fe", (14.6) 


with two adjustable parameters, € and v. Since the three-dimensional 
Ising model is a crude lattice-gas model for a one-component fluid (ef. 
§ 1.1 and Appendix A) and since numerical calculations (Jasnow and 
Wortis, 1968) predict that the exponent v has a value of about 3 in- 
dependent of particular details of Ising interaction (such as lattice 
structure), Swinney and Cummins (1968) choose vy = 3 in eqn (14.6). The 
same sort of numerical calculations, when used to obtain a value for 
the coefficient €), predict that €) does depend upon the details of the 
interaction, and hence might be expected to vary from fluid to fluid. 
Hence Swinney and Cummins have chosen to regard &) as an adjustable 
parameter. They have found that the choice 


B-té, = 0:53 + 0-11A (14.7) 


permits their data to be fitted to eqn (14.5) (they used the Botch— 
Fixman choice B = 1); i.e. when eqns (14.6) and (14.7) are substituted 
into eqn (14.5), together with the choice vy = 3, Dp = T'p/{q?(1 + €q?)} 
is found to have a simple power law dependence as shown in Fig. 14.4(b). 

It is important to remark that although Fig. 14.4(b) provides evidence 
supporting the general form of eqn (14.5), it says nothing whatsoever 
regarding the value of the constant B. Certainly much more convincing 
evidence would be provided if we were able to obtain the quantities £, 
and v in eqn (14.6) from independent experiments on CO,. Although 
&, and v have not yet been directly measured for CO3, they have recently 
been determined (Giglio and Benedek 1969) for xenon, with the results 
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é& = 18 + 0-2A and »’ = 0-57 + 0:05. For xenon &, is almost four 
times larger than the £ obtained from the CO, analysis of (14.7) and, 
more important, the measured value of v’ in Xe is 15 per cent smaller 
than the assumed value (3) of v for CO. This suggests that it would be 
extremely desirable either (a) to measure é = & «~” independently for 
CO, and hence permit a more searching analysis of the Swinney-— 
Cummins linewidth data, or (b) to perform Rayleigh linewidth 
measurements on xenon analogous to those of Swinney and Cummins 
(1968) on CO,. Alternative (b) has been undertaken by Henry, Cum- 
mins and Swinney (1969, 1970), and the data thus far available serve to 
suggest that the general form of eqn (14.5) is indeed valid, but that the 
constant B should have the value 3 predicted by the mode—mode 
coupling theory, rather than the value unity predicted by the Botch-— 
Fixman result. 


14.4.3. Critical-point exponents for CO., Xe, and SF, 


The final topic that we discuss is the values of the critical-point 
exponents. The exponent y — a, which describes the approach to zero of 
D,; = (A/pC>), is simply obtainable as the slope of the straight line in 
Fig. 14.4(b). In calculating the slope from a log-log plot, such as that 
shown in Fig. 14.4(b), we must be careful to calculate the differences of 
the logarithms rather than of the number themselves. Thus, for ex- 
ample, we can obtain for the slope of the straight line 


In 10 —In1 In 10 
i hac 00 ee | 
which agrees with the value y — a = 0-73 + 0-02 calculated from a 
least squares fit by Swinney and Cummins (cf. Table 14.1). This value is 
also consistent with earlier and somewhat less extensive measurement 
of the Rayleigh linewidth by Siegel and Wilcox (1967) and with some 
early thermodynamic measurements of D; by Sengers (1966). 


TABLE 14.1 
Critical-point parameters of representative fluid systems discussed in this 
chapter 
a 
GM So Uh TT 

I -3 —— ar aa 7 7 
Fluid 1.(K)  P.(atm) po(gem-*) TE eae 
ee eeeeeee—————E—Ee— 
CO, 304-23 72-85 0-468 0-73 + 0:02 0-724 0-05 0:66 + 0-05 
Xe 289-75 57-64 1-105 0-751 + 0-004 
SFe 318-71 37-11 0-730 1:26 +002 0- 635 + + 0-003 0-632 + +0: “002 


re  — 
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We must determine independently the isothermal compressibility 
exponent y (in order to obtain a numerical value for the thermal con- 
ductivity exponent a). A recent analysis of experimental data on CO, 
(Sengers 1971) suggests that y is very close to the value } which is 
predicted theoretically for the three-dimensional Ising model. Hence we 
calculate for a the value 


@ = (1-26 + 0:05) — (0:73 + 0-02) ~ 0-53 (14.9) 
On the liquid and gas sides of the coexistence curve the measured 
exponents are equal within the experimental error, but the data strongly 


suggest that the approach to zero of D; is somewhat sharper on the gas 
side than on the liquid side, i.e. 

Ya — % < Yr — O%- (14.10) 
No intuitive or formal explanation for this asymmetry has been ad- 
vanced as yet. 

For Xe, Henry et al. (1969, 1970) find behaviour qualitatively similar 
to that in COg, as we indicate in Table 14.1. However, for SF, it appears 
that the linewidth approaches zero much more rapidly for 7’ > T, 
than for T<T7,, with y — a= 1-26 + 0:02 while y’—a’ ~ 0-63 
(Benedek 1969). The source of this marked asymmetry between the 
high-temperature indices and the low-temperature indices has been 
the object of considerable discussion since its discovery (cf. the very 
recent work of Braun, Hammer, Tscharnuter, and Weinzierl 1970). 


14.5. Measurements of the Brillouin peak: velocity and attenu- 
ation of hypersonic sound waves 

In this section we discuss measurements of the Brillouin doublet. 
We recall from § 13.5 that hydrodynamics makes predictions concerning 
(i) the position of the doublet (related to the sound velocity), (ii) the 
linewidth of the doublet (related to a combination of all three trans- 
port coefficients through eqns (13.30) and (13.31)), and (iii) the ratio of 
the integrated intensity of the central Rayleigh peak to the intensity 
of Brillouin doublet. We shall find that all three of these predictions of 
hydrodynamics must be corrected in order to explain recent experi- 


mental measurements. 


(i) Position of Brillouin doublet 


According to the discussion in § 13.4, the Brillouin doublet is located 
symmetrically on either side of the central Rayleigh peak at a frequency 


we = t+vzgq- (14.11) 
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This expression differs from eqn (13.35) in that Vg is not necessarily the 
same as the velocity of sound waves in the zero-frequency limit, given by 
the expression 


vs = (pKs)~* = Cp/(pCyKz) = Cp[{Cy(dp/2P)z} (14.12) 
where 
1 /eV i 


Ks= 7 (zp),- +5 (35), er 


is the adiabatic compressibility. The second equality in (14.12) follows 
from the thermodynamic identity of eqn (2.29), Cp/Cy = K,/Ks. 

If vy were equal to its zero-frequency limit v,, then we would expect 
that the magnitude of the Brillouin shift to approach zero as 


v, ~ etl? (14.14) 


because the divergences in Cp(~«7”) and K,(~e7’) (ef. eqn (14.4)) 
exactly cancel each other in eqn (14.12). The exponent « is found from 
specific heat experiments to lie in the range 0-0—0-2. Gammon, Swinney, 
and Cummins (1967) point out that for conventional ultrasonic measure- 
ments at frequencies on the order of wy ~ 1 MHz the sound velocity 
can in fact be fitted to a logarithmic singularity (a = 0), 


v, ~ (Ine)~1, (14.15) 


over the temperature range 0-4°C < T — T, < 10°C, so that it indeed 
looks as if the sound velocity is approaching zero. The Brillouin scatter- 
ing measurements, on the other hand, are concerned with frequencies 
three orders of magnitude larger (about 500-1000 MHz). Thus, eqn 
(14.15) is not necessarily applicable. In fact, it is found experimentally 
that vg is almost constant for temperatures less than about 1°C from 
the critical temperature (Gammon et al. 1967, Ford, Langley, and 
Puglielli 1968; Benedek and Cannell 1968). Hydrodynamics is found to 
be valid for the Rayleigh linewidth for T — T, 2 0-1°C; for the Bril- 
louin frequency ws, the zero-frequency hydrodynamic prediction 
(14.14) fails ten times farther from the critical temperature! The x-q 
diagram of Fig. 12.2 is not sufficient to explain this effect since this 
breakdown occurs much farther from 7, than the temperature at 
whieh we might expect hydrodynamics to fail. 


(ii) Width of the Brillowin doublet 
The experimental problems associated with measuring the width of 
the Brillouin doublet are complicated by the fact that its intensity is 
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about three orders of magnitude weaker than the Rayleigh peak in the 
vicinity of the critical point. Nevertheless, extremely accurate measure- 
ments have recently been made of the linewidth for temperatures as 
close as 0:015°C from the critical point of CO, (Ford et al. 1968, Benedek 
and Cannell 1968). We see from Fig. 14.5(b) that the linewidth ceases to 
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Fic. 14.5. Dependence on T — T, of (a) the sound velocity vg as calculated from the 

frequency of the Brillouin doublet, and (b) the half-width I, of the Brillouin doublet. 

The fact that the data become essentially constant for 7 — T, <1-0° is explained by 

the mode—mode coupling theory. All the data are for CO,: the inverted triangles in 

(b) are from the work of Benedek and Cannell (1968) and the remainder of the data 
are those of Ford et. al. (1968). 


increase at the same temperature at which the sound velocity ceases to 


decrease. ‘The mode—mode coupling theory is capable of explaining this 
behaviour as we shall see in Chapter 15. 
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(ili) Behaviour of the Landau—Placzek ratio 


To the extent that it is possible to measure the Brillouin linewidth, 
we can calculate the integrated intensity I, and hence study the de- 
pendence of the Landau-Placzek ratio Ip/2], upon temperature. 
Zero-frequency hydrodynamics predicts that the Landau—Placzek 
tatio is given by eqn (13.39), so that as T’ > T.,, 


cate 2 | w €- 0-0), (14.16) 
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: 185 (T—T.)-* 
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Fra. 14.6. Dependence upon T — T, of the ratio of the integrated intensity of the 

Rayleigh line to that of the Brillouin doublet as 7’ — Tf along the critical isochore. The 

fact that the slope of this log-log plot is a constant (~ 1-02) over three decades of tem- 

perature is strong evidence favouring the simple power-law divergence shown. After 
Ford e¢ al. (1968). 


There have been two recent experimental measurements of the 
temperature dependence of J,/2J, near the critical-point. In the first of 
these, Gamman et al. (1967) find that the Landau—Placzek ratio diverges 
with an exponent 0-95 + 0-15 over the temperature interval 0-1°C < 
T — T, < 10°C. More recently, Ford et al. (1968) have found that an 
exponent of 1-02 + 0-03 is sufficient to fit their data (cf. Fig. 14.6) over 
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three decades of temperature (0:01°C < 7’ — T, < 10°C). Using the 
value for y suggested by Sengers (1971) and the value of a derived 
from specific heat measurements, we find that the Landau—Placzek 
ratio should diverge with an exponent of (y — a) ~ {1:26 + 0-05 — 
(0-2)! = 1-06 + 0-05. It has not yet been satisfactorily explained why 
hydrodynamics breaks down for the Brillouin position measurement 
but not for the Landau—Placzek ratio divergence. 


Suggested further reading 
Sengers (1966). 

Benedek (1968). 

Swinney and Cummins (1968). 
Benedek (1969). 

Chu (1970). 

Cummins and Swinney (1970). 
Garland (1970). 

Sengers (1971). 


15 


DYNAMIC SCALING LAWS AND THE 
MODE-MODE COUPLING APPROXIMATION 


> 


In Chapter 13 we presented the classical hydrodynamic theory of 
dynamic critical phenomena, realizing full well that this theory is 
expected to fail as soon as we get sufficiently close to 7, that we are 
no longer in one of the hydrodynamic regions of the x-q diagram of 
Fig. 12.2. Not surprisingly, then, when we examined recent experi- 
mental measurements—in Chapter 14—we found that the hydro- 
dynamic theory begins to fail approximately when the assumption 
q <« « begins to fail. We also noted certain discrepancies between the 
data and the hydrodynamic theory in the hydrodynamic region itself. 
It is our purpose in this chapter to describe two recently-proposed 
theoretical approaches that have been successful in interpreting many— 
though not all—of the results of these recent experiments. The first of 
these approaches represents an attempt to generalize the static scaling 
approach to the case of dynamic phenomena, and is capable of making 
predictions in all regions of the x-qg diagram. However, like the static 
scaling laws, these predictions depend on as yet unverified assumptions 
concerning certain functions. The second of these approaches, called 
the mode—mode coupling theory by its originators, represents a method 
of utilizing the principles of the static scaling laws in order to calculate, 
in an approximate fashion, the divergent part of the transport co- 
efficients that arises from the interaction among different modes of 
excitation of the system (such as sound waves, heat modes, and viscous 


modes). 


15.1. Dynamic scaling hypothesis 


The dynamic scaling hypothesis was first formulated in connection 
with the superfluid transition in helium by Ferrell, Menyhard, Schmidt, 
Schwabl, and Szépfalusy (1967a, b; 1968). Here we shall present a 
reformulation of their approach which was developed by Halperin and 
Hohenberg (1967, 1969). This approach is similar in some respects to 
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the Halperin-Hohenberg formulation of static scaling that was pre- 
sented in § 12.3. In particular, whereas the static scaling hypothesis 
involves a characteristic inverse length x (or length &), we shall see that 
the dynamic scaling hypothesis involves both a characteristic inverse 
length anda characteristic frequency w, (or inverse time). This character- 
istic frequency will be a function of 7, and since a given value of the 
inverse correlation length x corresponds in general to two values of the 
temperature (one value below 7’, and the other value above 7',), we can 
write 

w, —> w(T', q) > w(K, q), (15.1) 


where the superscript + denotes the sign of 7 — T7, and is frequently 
omitted when no confusion should arise. Thus we are led to consider 
the characteristic frequency w*(x, q) to be a function defined over the 
x-q plane of Fig. 12.2. 

A convenient definition of the characteristic frequency is that w, is 
that frequency such that precisely half of the total integrated area 
under a plot of the dynamic structure factor as a function of frequency 
arises from frequencies in the interval —w, < w < w,. That is, w, is 
defined through the relation 


| HO Baa) 
ey CAE 


In eqn (15.2) we have indicated through the inverse correlation length 
the temperature dependence of the dynamic structure factor, that is, 
in analogy with (12.32) we have replaced the dependence on 7’, q, and w 
with a dependence on x, q, and w 


le ~ ata e) ®, dw 
ee re = (Se aca ea = ee) 


a, 27 


S(q, w) > S(T, Gq, w) > S*(k, q, w). (15.3) 


It is worth emphasizing that eqn (15.2) serves to define a characteristic 
frequency not only for the hydrodynamic regions but for all values of 
(q, x). 

We further define a dimensionless function F+*(k, q, w/w,), called 
the shape function, through the relation 


2a w 
—_—— St F* —}- 
w, (K, q) (x, q) (x 4 @) (15.4) 


From eqns (13.5) and (15.4) we see that shape function F*(x, q, 2) 
when considered as a function of x = w/w, is normalized to unit area, 


S *(k, q, w) = 
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and that when x = 1, wis equal to the characteristic frequency of the 


system. Examples of possible forms of the shape function are shown in 
Fig. 15.1. 


a4 
(a) 
= +1 ag 
F(z) 
(b) 
—] +1 x 
F(x) 4 


(c) 


-1 +1 as 


Fie. 15.1. Possible forms for the shape function F(x, q, x) defined in eqn (15.4). Since 

x = w/w,, the definition of the characteristic frequency w, as being that frequency such 

that half the area of the frequency spectrum lies between w = —w, and w = +a, 18 
made apparent in this figure. After Halperin and Hohenberg (1969). 


We are now in a position to state and appreciate the dynamic scaling 
hypothesis, which consists of the following two assumptions: 
(i) F*(k, q, x) is a function only of q/x, 


F *(k, q, £) = F*(q/k, x), m (15.5) 


(ii) w(K, q) is a homogeneous function of the variables x and g 


of degree z, 
we*(k, 4) = F°G*(q/x). » (15.6) 


Here x = w/w,, and the superscripts + allow for a different form for 
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the arbitrary functions F(q/x, x) and G(q/x) above and below the critical 
temperature. ; 

So far we have considered the density—density correlation function 
S*\(k,q,w), since the density is the order parameter for the fluid 
system. In general, the application of the dynamic scaling assumptions 
(15.5) and (15.6) to the order parameter correlation function is called 
restricted dynamic scaling, while the application of these assumptions 
to the correlation functions of other microscopic variables (such as the 
momentum density or the energy density) is known as extended dynamic 
scaling. 


15.2. Predictions of the restricted dynamic scaling hypothesis for 
fluid systems 


In general, in order to obtain predictions from the dynamic scaling 
assumptions (15.5) and (15.6) we must first calculate the shape function 
F *(k, q, x) and the characteristic frequency w(x, q) for some region 
of the x-q diagram. In practice this region is, by default, the hydro- 
dynamic region (q/k « 1) because only in this region can we calculate 
the dynamic structure factor W%4"(x, q, w) and obtain both w, and the 
shape function. 

If we follow the prescription given in the defining equations (15.2) 
and (15.4) we find that in region III, sufficiently near to the critical tem- 
perature, 


TAN 
+ = = 9 eee 
We (k, q) aa Pr, a Drq a pOp 2 (15.7) 
and 
CRP en cae (15.8) 
ie wxz?+i : 


The validity of eqns (15.7) and (15.8) is apparent almost by inspection 
from eqn (13.29), since as 7’'—> T,, the coefficient C,/Cp of the two 
terms representing the Brillouin doublet approaches zero. Hence the 
structure factor is dominated by the Rayleigh peak (eqn (15.8)) whose 
half-width is, by definition, the Rayleigh linewidth (eqn (15.7)). 

Now from eqns (15.7) and (14.3) it follows that 


we (Kk, q) ~ €7~%9?, (15.9) 


and from eqn (13.41) that ¢ ~ «1/”. Therefore eqn (15.9) may be written 
as 


we (k, q) Pe KY-OIv ¢’ = Ge ray. (g/ic)~%- OY, (15.10) 
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Comparison of (15.10) with the dynamic scaling hypothesis eqn (15.6) 
leads to the prediction that the homogeneity parameter z appearing in 
(15.6) has the value 

2=2+ (y —a)/v. (15.11) 


The above argument may be repeated in region I (7' < 7',), with the 
result that 


We (K, q) ~ Ge at IY: (gjx) ~~ S91", (15.12) 
Hence, on comparing eqn (15.12) with eqn (15.6), we obtain 
z2=2+ (y’ —a’')/v.’ (15.13) 


If we further assume that the static scaling predictions y = y’ and 
v = v’ are valid, then eqns (15.11) and (15.13) predict that 


a =a’. (15.14) 


Although the dynamic scaling hypothesis cannot predict the actual 
values of the thermal conductivity exponents, it does predict that they 
are equal above and below the critical temperature. As we have already 
remarked, this symmetry above and below 7’, of the thermal con- 
ductivity exponent is not supported by all data (e.g. that on SF¢ 
(Benedek 1968, 1969)). 

The dynamic scaling hypothesis permits predictions in addition to 
that of eqn (15.14) regarding critical-point exponents. In particular, 
eqn (15.6) requires that if there is to be a correction to the small-q 
hydrodynamic result that w*(x,q) = D7q?, then it must be of the 
form 

wi (x, q) = Dzg?(1 + Bq?/k? +--+). (15.15) 


This form is in agreement with eqn (14.5), where B is an arbitrary con- 
stant. The experimental corroboration of the correction (15.15) to the 
Rayleigh linewidth was discussed in § 14.4 where we saw that experi- 
mental evidence favours the choice B = 3, the value predicted by the 
mode-mode coupling theory (Kawasaki 1970). 

The dynamic scaling hypothesis is not restricted in its range of 
applicability to the hydrodynamic regions of the x-q diagram. In region 
II (q/x > 1), eqn (15.6) predicts that the characteristic frequency is of 


the form 
owe (x, q) ~ Ag? {lL + A’(K/9)? +--+}, (15.16) 


so that at 7’ = 7',(k = 9), 
wt (Kk = 0, q) = Ag. : (15.17) 
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Thus if we can determine the exponents v, a, and » (or, y’, a’, and v’) 
from independent measurements, we can predict, using eqn (15.11), 
the value of z. A rough estimate may be obtained by choosing y = 1-25, 
a = 0-58, andv ~ 0-67 (Swinney and Cummins 1968), so that 


2v24U5"*en3, (15.18) 
v 


For one-component fluid systems, there has not yet been any experi- 
mental verification that the linewidth is proportional to q° in the critical 
region. However for a binary mixture, for which the dynamic scaling 
prediction (15.18) is essentially unchanged, it is possible to make 
measurements in region II because the correlation length parameter &, 
is larger than for one-component fluids. Very recently Bergé, Calmettes, 
Laj, Tournarie, and Volochine (1970) have confirmed the prediction 
(15.18) from measurements on the binary mixture 53 per cent cyclo- 
hexane-—47 per cent aniline. Their data are shown in Fig. 15.2. 

In summary, then, restricted dynamic scaling (i.e. the dynamic 
scaling hypotheses (15.5) and (15.6) when applied to the dynamic 
structure factor for the order parameter /*,(k,q, w)), makes three 
predictions: 

(1) the thermal conductivity critical-point exponent a is identical 
above and below T7',(a = a’), providing y = y’ and v = v’ (as static 
scaling predicts); 

(2) the form of the Botch—Fixman correction to the Rayleigh line- 
width, Ig, in the critical region is correct; and 

(3) the characteristic frequency in the critical region, region IT, of the 
x-q diagram is proportional to the wave vector raised to a power 
2=24 (y—a)jy=2 + (y' —a/)h’ 

Dynamic scaling cannot predict either (1) the magnitude of the ther- 
mal conductivity exponent a, (2) the magnitude of the Botch-Fixman 
coefficient B in eqn (15.15), or (3) the value of the critical region line- 
width exponent z (except in terms of static exponents). 


15.3. Predictions of extended dynamic scaling for fluid systems 


Restricted dynamic scaling is not capable, in principle, of making any 
predictions whatsoever concerning the position, width, or intensity 
of the Brillouin doublet. This is because near the critical point the entire 
weight of the spectrum is concentrated in the central Rayleigh com- 
ponent (recall that I,/27, ~ Cp/Cy — 00) and hence the characteristic 
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Fie. 15.2. Dependence upon (x/g) = 1/(¢é) of the linewidth divided by Ag*. Small values 

of 1/(q&) correspond to region II Fig. 12.2. The initial constancy of the plot thus supports 

(15.17), with z = 3 (ef. (15.18)). The linearity of this log—log plot for larger values of the 

abscissa is consistent with the correction term A’(x/q)? shown in eqn (15.16). After Bergé 

et al. (1970). The solid curve is a plot of the ‘Kawaski, function’, [T = (kT'x3/87y) 
x {1 + 97/x? + (q3/x? — «/g) arctan (q/«)} (Kawasaki 1970). 


frequency defined in eqn (15.2) is essentially the Rayleigh linewidth, 
D,. 

We can, however, obtain predictions concerning the Brillouin doublet 
by applying the dynamic scaling hypothesis to the momentum density— 
momentum density correlation function. This calculation represents 
an application of extended dynamic scaling and results in the prediction 
that the sound wave damping constant D, varies as 


Dz ~ 5 € = Ug Soe "3 (15.19) 
that is, it predicts that the Brillouin linewidth I, = 4D,q? should 
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diverge with about the same critical-point exponent as the correlation 
length (assuming « ~ 0). This prediction is not borne out by the 
semi-microscopic calculations of Kadanoff and Swift (19685) using the 
mode-mode coupling approximation, or by recent measurements on 
CO, and Xe that are as yet unpublished. 

It is perhaps worth noting that the result (15.19) of extended dy- 
namic scaling can also be obtained by means of a simple heuristic argu- 
ment (Kadanoff 1968). In the hydrodynamic region, the dispersion 
relation for sound is 

wy = 0,¢7 + 47D,q". (15.20) 


If one assumes that g enters into the frequency only through the 
combination qg/x, and, moreover, that there is only one characteristic 
frequency, v,7, then we can write (15.20) in the form 


w p= ,9f (q/K). (15.21) 
On comparing eqns (15.20) and (15.21) we have 
f(a/«) = 1 + i(const.) (¢/x), (15.22) 


so that, from (15.22) and (15.20) D, oc v,/k = v,é, which agrees with 
(15.19). 


15.4. Evidence supporting the dynamic scaling hypothesis 
provided by magnetic systems 


The dynamic scaling hypothesis has also received support from recent 
measurements on magnetic systems. In this section we shall describe 
the very recent work of Schulhof, Heller, Nathans, and Linz (1970a, 
b) on the anisotropic antiferromagnetic material manganese fluoride 
(MnF,); other measurements that provide evidence for the dynamic 
scaling hypothesis are those of Lau, Corliss, Delapalme, Hastings, 
Nathans, and Tucciarone (1969) on the isotropic antiferromagnet 
rubidium manganese fluoride (RbMnF;), those of Collins, Minkiewicz, 
Nathans, Passell, and Shirane (1969) on the ferromagnetic metal iron, 
and those of Minkiewicz, Collins, Nathans, and Shirane (1969) on the 
ferromagnet nickel. 

The measurements on all four magnetic materials (MnF,, RbMnF,, 
Fe, and Ni) were carried out using the inelastic scattering of neutrons. 
Since the relation between the scattering cross-section for neutrons and 
the dynamic structure factor (and hence the time-dependent two-spin 
correlation function defined in eqn (13.3b)) is quite similar to that 
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discussed for light scattering in § 13.3, weshall refer the interested reader 
to Marshall and Lovesey (1971) for the details of the derivation. Suffice 
it to say that experimentally one must determine not only the wave 
vector of the scattered neutron beam, but also the energy distribution 
of the scattered neutrons. Such an experiment is conventionally referred 
to as a three-crystal experiment (cf. Fig. 15.3): Bragg reflection from 


Neutron source 


Monochromator 


VA 


24, 


Sample in eryostat 


Detector 


Fic. 15.3. The triple-axis neutron spectrometer used by Schulhof, Heller, Nathans, and 
Linz (1970a, ) in their inelastic neutron scattering experiments in the critical region of 
the anisotropic antiferromagnet Mn¥F 2. Higher intensity at the detector is obtained by 
removing the analyser crystal, so that measurements of time-independent or equilibrium 
properties of the system (such as the static susceptibility) can frequently be made with 
greater accuracy than can measurements of time-dependent properties for which energy 
analysis of the scattered radiation is necessary. After Schulhof (1970). 


the first crystal provides a monochromatic beam of neutrons, the second 
crystal is thesample, and Bragg reflection from the third crystal serves 
to energy analyse the scattered radiation. The scattering vector q is 
varied by changing the angle 6, (cf. eqn (7.24)) while the energy loss 
(or gain) is determined by varying the angle 04. Not surprisingly, only a 
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neutron source of rather large intensity is sufficient to produce intensi- 
ties at the detector of sufficient magnitude as to represent statistically 
reliable information. In fact, all four experiments referred to in the 
previous paragraph were carried out at the High-Flux reactor of the 
Brookhaven National Laboratory. 


T =66-610 K T =67-459 K T=71-604K — ~ 
(Ty —T) == 0-849 K x (T—Ty)=4-145 K 


Intensity (arbitrary units) 


Energy transfer w, (meV) 


Fig. 15.4. The energy (or frequency) spectrum of the scattered radiation in the inelastic 

neutron scattering experiments of Schulhof, Heller, Nathans, and Linz (19706). In this 

figure the scattering angle @, of Fig. 15.3 is chosen so that the scattering vector q is 

parallel to the (001) direction. Hence the spectrum is a measure of solely the transverse 

spin fluctuations. Data are shown for two different values of q and for temperatures 

slightly less than, equal to, and greater than the critical temperature (7, = 67-459 K). 
After Schulhof (1970). 


Manganese fluoride is an anisotropic antiferromagnetic material; the 
net magnetization present in the ordered phase, T < T,, is not free 
to choose an arbitrary orientation to the crystalline axes. Dipolar 
interactions among the constituent magnetic moments give rise to the 
effective anisotropy field (roughly 10* Oe), which favours alignment of 
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the moments parallel to what we shall call the c-axis. Hence fluctuations 
in the c-direction (longitudinal fluctuations) might be expected to be 
qualitatively different from fluctuations in the a- or b-directions 
(transverse fluctuations). If we position the neutron detector so as to 
measure the scattering corresponding to a momentum transfer vector q 
which lies along the crystal (001) direction, we will observe only the 
effects of these transverse fluctuations (cf. Fig. 15.4), while if q lies along 


T=66610K T =67-459 K T=71-604 K 
(Ty—T) = 0-849 K : (T—Tx)=4:145 K 


~ 


600 


Intensity (arbitrary units) 


Energy transfer, w (meV) 


Fig. 15.5. Spectrum of scattered neutrons for q parallel to the (100) direction, which 

arises from both transverse and longitudinal spin fluctuations. As in Fig. 15.4, data are 

shown for two different values of g and three different values of temperature. The 

characteristic frequency is given by the width of the central component. After 
Schulhof (1970). 


the (100) direction we will observe both the transverse and the longi- 
tudinal fluctuations (cf. Fig. 15.5). 

The reader’ will observe from Fig. 15.5 that the spectrum observed 
with q along (100) is not altogether unlike the triplet structure predicted 
for the spectrum of inelastic light scattering from a fluid system (cf. 
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Fig. 13.2). In particular, the central component of the spectrum in 
Fig. 15.5 corresponds to longitudinal fluctuations, and as the critical 
point is approached, the integrated intensity of this component in- 
creases. 

It should therefore come as little surprise that the characteristic 
frequency w, defined in eqn (15.2) corresponds to the linewidth T',(7’, q) 
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Fie. 15.6. Dependence upon temperature of the characteristic frequency, which is the 


width of the central component of the scattering for q parallel to the (100) direction. 
After Schulhof et al, (19705). 


of this central component (we call T',(7', q) = T#(«, q) the relaxation 
rate for longitudinal spin fluctuations). Hence the second assumption, 
eqn (15.6), of the dynamic scaling hypothesis implies that [7 (x, q) is a 
homogeneous function of the variables x and q, 


T# (Ak, Aq) = ATF (x, q) (15.23) 
for all values of A. Now if we choose X = 1/x, then (15.23) becomes 
Di («, q) = x* G*(q/k), (15.24) 


where the function G*(qg/x) is an as yet unspecified scaling function. 
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Note that in this case we used the homogeneity argument to extract 
the x dependence of I'7, while in eqn (15.6) we extracted the q de- 
pendence. 

Fig. 15.6 shows the temperature dependence of Di (T, q), the relaxa- 
tion rate for the longitudinal spin fluctuations, as measured by the 
linewidth of the central component of Fig. 15.5. There is, of course, 
a different curve for each scattering vector q. In Fig. 15.7 we show 
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Fria. 15.7 Dependence upon the scaled wave vector q/« of the scaled longitudinal relaxa- 
tion rate or characteristic frequency divided by x*, where z = 3. The data shown are 
those of Fig. 15.6, and the two distinct curves on which the data appear to lie are 
presumably the scaling functions G*(q/«) and G~ (q/x) defined in eqn (15.24). Thus these 


data would seem to provide rather striking evidence supporting the dynamic scaling 
hypothesis. After Schulhof et al. (19705). 


the same data plotted in such a fashion as to provide a test of the 
dynamic scaling prediction (15.24). To this end we have divided ['f 
(x, q) by x? and plotted this function against q/x. The value z = = was 
chosen on the basis of arguments presented by Halperin and Hohen- 
berg (1969), and we have allowed for different values of the inverse 
correlation length for longitudinal and transverse spin fluctuations 
(x, and Kp respectively). According to the dynamic scaling prediction 
(15.24), the quantity I',(«, q)/«? should be the scaling function G*(q/x), 
where the + sign indicates that there are actually two functions, 
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G+(q/x) for T > T, and G-(q/x) for T < T,. The data shown in Fig. 
15.7 do indeed appear to fall on two separate curves, according as to 
whether the sign of 7 — 7’, is positive or negative. Thus the data 
provide experimental support for the validity of the dynamic scaling 
prediction (15.24), much as the static data of Fig. 11.4 provide support 
for the validity of the static scaling hypothesis. Of course, neither set 
of data constitutes a proof of the validity of the respective scaling 
hypotheses, but they certainly do serve to lend them credibility. 
Attempts to place the scaling hypotheses on an alternative mathe- 
matical foundation are under way (Polyakov 1968, Migdal 1968, 
Matsuno and Stanley 1970), but the results as yet are only preliminary 
and will not be discussed here. 


15.5. Spirit of the mode—-mode coupling approach 


We have seen that the application of the dynamic scaling hypothesis 
to the case of time-dependent critical phenomena leads to several specific 
predictions. We emphasized, however, that these predictions do not 
include all the information that we might wish to know. In particular, 
while the dynamic scaling hypothesis does predict that the exponents 
a and a’ describing the behaviour of the thermal conductivity are 
identical above and below 7’, (i.e. a = a’), it cannot predict the value 
of a; in fact it cannot even tell us if A diverges or remains finite at 7',. 
The theory to be outlined in this section succeeds in showing which 
of the transport coefficients are expected to diverge, and in predicting 
the values of the appropriate critical-point exponents for the transport 
coefficients by relating these exponents to the exponents for the static 
functions. For example, the thermal diffusivity Dy, = A/pCp ~ «’~¢ 
is predicted to approach zero in the same fashion as the inverse cor- 
relation length, ck ~ e’,so that the exponent a = y — v will be obtained. 

Perhaps a more fundamental shortcoming of the scaling theory is 
that its underlying principles—the scaling hypotheses—have not been 
justified, except in so far as the predictions are borne out by many, 
though not all, experiments. Clearly it would be desirable to corroborate 
these predictions by means of microscopic calculations. The theoretical 
developments to be described in the remainder of this chapter, though 
by no means a complete treatment, do represent a first step in this 
direction. 

Actually, there have been several treatments (Fixman 1962a, b, 1964, 
1967; Kawasaki 1966d, 1968a, b, c, d, 1969, 1970; Kawasaki and Tanaka 
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1967; Deutch and Zwanzig, 1967; Mountain and Zwanzig, 1968; Villain, 
1968a, b, c; Ferrell, 1970; Kadanoff and Swift 19686; Kadanoff 1969) 
which embody essentially the same physical ideas and are now com- 
monly called mode-mode coupling approximations. These physical 
ideas were perhaps first enunciated by Fixman (1962a) who considered 
the critical behaviour of the viscosity in a binary mixture. Fixman 
noted that because near the critical point the long wavelength part of 
the spectrum of composition fluctuations (the analogue of density 
fluctuations in a single-component fluid) is very intense, a velocity 
gradient created by exerting viscous shear forces at the boundary of the 
fluid can easily induce inhomogeneities in concentration. The return 
to uniform composition (i-e. the dying away through diffusion of the 
inhomogeneities) dissipates energy. From a macroscopic point of view, 
however, we interpret this energy dissipation caused by coupling 
between the viscous and diffusive modes as being the result of an 
anomalously large viscosity. 

We can view this physical process in the following, slightly more 
mathematical, fashion. Consider first the linearized equations of motion 
that are discussed in Appendix D. Suppose we choose Ag, 7, and fo 
to be the values calculated for A, y, and ¢ far from the critical-point, 
which are non-divergent. If we now argue that near the critical point 
we must add additional non-linear terms to these equations, the normal 
modes of the system are certainly no longer those given by the original 
equations. We cannot even be certain that the system possesses normal 
modes at all, but we might calculate the best normal mode-type 
solution to these ‘non-linear equations. If we restrict ourselves 
to this type of solution and find that, for example, a heat wave 
propagates as exp (—D,q"t), we will identify the macroscopically 
observable thermal conductivity A through the equation A = pCpD;; 
note that A will, in general, be a function of other parameters in the 
original equations (e.g. Ag, 70, fo, and €). We could, of course, now work 
backwards and determine the linear equations that our normal mode 
solutions satisfy. These equations would be the equations of hydro- 
dynamics that we give in Appendix D. However we would have explicit 
expressions for the quantities A, 7 and ¢ that were introduced pheno- 
menologically in that section. 

Now the fundamental problem is not only solving the non-linear 
equations but also determining what the non-linear corrections are. 
Usually these non-linear terms are not displayed explicitly and their 
effect is taken into account in other ways more amenable to calculations. 
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For example, Kawasaki (1966) and Deutch and Zwanzig (1967) make 
use of the Kubo formulae to extract the transport coefficients. 

Kadanoff and Swift (19686) have recently developed a formalism to 
describe the transport modes, which can be given a schematic inter- 
pretation (cf. Fig. 15.8(a)). The transport modes are assumed to be 
coupled to each other non-linearly, and disturbances to the fluid can 
be transmitted back and forth between the various modes. For instance, 
sound waves can be transformed into thermal and viscous modes, as 
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Viscous flow #8 ww crrrcccr-cc-n 
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(b) ( a: 
: : a Ce 
be ee 
q-4 q-4" 
(c) 
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Fia. 15.8. (a) Schematic representation of the transport modes heat flow, viscous flow, 

and sound propagation. (b) Schematic representation of processes (such as the emission 

and reabsorption of heat modes or viscous modes) that might be expected to contribute 

to an increase in the damping of a sound wave. (c) Schematic representation of the decay 

of a viscous mode into two, three, and four thermal modes. (d) The contribution Ar, to 

the thermal conductivity A obtained from the decay of a heat flow mode into a viscous 
mode plus a thenaal mode. 


Fig. 15.8(b) illustrates. Kadanoff and Swift performed semi-micro- 
scopic calculations in which they evaluated the net relaxation rates for 


these decay processes by using approximation procedures based upon 
the ideas of the static scaling laws. 
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A detailed presentation of the Kadanoff-Swift calculation would be 
beyond the scope of this short book. Therefore we shall restrict our 
remarks in this chapter to a brief discussion of the theoretical results 
obtained and a comparison of these results with recent experimental 
evidence. 


15.6. Predictions of mode-mode coupling approximation 


The principal results of Kadanoff and Swift (1968b) are contained in 
Table 15.1, which concerns predicted temperature behaviour for each 
of the three transport coefficients in each of three regions of the fre- 
quency—temperature plane..In order to understand the origin of these 
regions, it is necessary to consider somewhat the nature of the calcu- 
lation. 


15.6.1. Damping rates for heat flow, viscous flow, and sound modes 

We will see in Appendix D that, for g « x, heat flows through a 
diffusion process with a relaxation rate or decay rate Q,7(e, q) given by 
the simple expression 


Or(e, q) = (A/pCp)q?, (15.25) 


as follows from eqns (13.34) and (13.30). In Appendix D we consider 
only the specific case of a local relationship between the energy current 
and the temperature gradient. More generally, we must allow for a 
non-local relationship in space and time and consider a wave number 
and frequency-dependent thermal conductivity A(q, Q) where Q = 

In this more general situation we identify the decay rate for heat flow 
Q,(e, q) as the solution to the equation 


Cam A? 9 (15.26) 


From simple hydrodynamic arguments we can show that a transverse 
velocity flow relaxes exponentially with a decay rate proportional to the 
shear viscosity 7. We thus identify the decay rate for this mode, 


Q,,(e, @), a8 the solution of 
Q, = 14, 2y)q? (15.27) 
p 
Finally, we identify the sound wave decay rate, Q,(e, q), which is 
complex because the mode is a propagating one, as the solution of 


Q, = tiv,g + $D,(4, Q,)9° (15.28) 
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where 


Dela, 2) = + 8), Ma) E_2). (15.20) 


Note that the decay rates Q,(e, q), Q,(€, q) and Q,(e, q) defined by 
eqns (15.26)—(15.28) are functions of both « and q. We shall later have 
occasion to consider these decay rates when g = x, so we are led to 
define the auxiliary functions 


OFR(e) = Ore, g = x) = - KA, (15.30) 
O*(e) Ee (eng ke) — 7 (15.31) 

and 
OF(e) = Q,(e, g = x). (15.32) 


Here the second equality in (15.30) serves to define A* as being 
A(q = x, Q = QF); similarly, in (15.31), n* = (gq = x, Q = O*). The 
temperature dependences of QF(e), O*(e), and Q*(e) are shown in Fig. 
15.9 for a typical one-component fluid. 

The basis of the Kadanoff-Swift approach is to calculate these decay 
rates in the neighbourhood of the critical point by considering the 
various ways in which one mode can decay into other modes. The trans- 
port coefficients can then be obtained from the decay rates using eqns 
(15.26)-(15.29). Actually, this approach does not give us the exact 
values of the transport coefficients, but rather it predicts their tempera- 
ture dependences within certain regions of the frequency-temperature 
plane (cf. Fig. 15.9). In particular, it does not predict the temperature 
dependence arbitrarily close to the critical point, i.e. in region 4 of 
Fig. 15.9. 

We shall catalogue by means of'the schematic representation shown 
in Fig. 15.8(a), the various processes that might be expected to con- 
tribute to the decay rates of the transport modes. 

For example, that contribution to the viscosity from decay processes 
in which a viscous flow breaks up into heat modes can be written, 
schematically, as 


9 = Orr + Orrr + Yrrrr + °° (15.33) 


and represented by the series of diagrams shown in Fig. 15.8(c). Now 
Kadanoff and Swift (1968b) have argued on the basis of scaling laws 
that the contributions yz, nrrr, Nrrrr,--- are all of the same order of 
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magnitude and hence it is sufficient to calculate one of them—say rr. 
Of course, one must calculate, in addition to yz, the contribution 
from processes in which a viscous mode breaks up into modes other 
than thermal modes. 


15.6.2. Calculation for the decay of a thermal mode into a thermal mode 
plus a viscous mode 

We shall now illustrate the principal features of the Kadanoff-Swift 
approach by outlining their treatment of the contribution to A of the 
process A,, represented schematically in Fig. 15.8(d), in which a thermal 
mode of wave vector q breaks up into a thermal mode of wave vector 
q’ plus a viscous mode of wave vector q — q’. A particularly physical 
result which we shall obtain is that the contribution to the thermal 
diffusion coefficient, D,; = A/pCp, corresponding to this particular 


process, has the form 
(ME 
Dr~ => 15.34 
fe n é ( ) 
which is what one would obtain if one were to use Stokes law for the 
diffusion coefficient of a sphere of radius R = €. 
Kadanoff and Swift argue that the contribution from this process to 


the decay rate 0,(¢, q) of eqn (15.26) is of the form 


Nal 2) 4 (da igs a — a ies 
pCp (27)? Qr(e, a’) — Q,(e,4 — @’) — Q 


where the quantity M(q; q’,q — q’) in the numerator can be viewed 
as matrix element for this process in which, speaking loosely, a thermal 
mode of wave vector q is annihilated and thermal and viscous modes of 
wave vectors q and q — q’ are created (cf. Fig. 15.8(d)). 

Using arguments based on the static scaling hypothesis, Kadanoff 
and Swift make some estimates of the behaviour of the integral (15.35) 
near the critical point. They find that 


ees ee gs andQ <¢ Q* (15.36) 
Ay, (4; Q) = a 


non-divergent otherwise, 


where 7* is defined by eqn (15.31). Performing a separate though similar 
calculation for 7, they find that * is at most weakly divergent, i.e. its 
exponent is approximately zero. 

Equation (15.36) is essentially the final result for the contribution to 
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the thermal conductivity from the process described schematically in 
Fig. 15.8(d); it tells us that for frequencies less than a characteristic 
viscous frequency QF, the thermal conductivity should have a contri- 
bution A,,(q, 2) which diverges as 


Nei miel?, (15.37) 


where vy — y ~ —% typically. This behaviour is shown schematically in 
the first line of Table 15.1, where we have indicated the frequency range 
over which the prediction (15.37) is valid by means of the arrow ex- 
tending from 2 = 0 to Q = (2% (e). It is important to stress that the 
frequencies QF(e), Q*¥(e), and Q* (e) which form the boundaries between 
Regions 1, 2, and 3 are themselves functions of temperature. 


15.6.3. Calculations for other decay processes 

Kadanoff and Swift (1968b) have carried out calculations similar to 
that outlined above for other processes, and the results of these cal- 
culations for the principal processes are also shown in Table 15.1. For 
example, we see in the second line that there is a second contribution 
to the thermal conductivity that arises for all frequencies less than 
O*(e). However, the fact that this contribution is of order «2”~’ and 
typically 20 — y ~ 0, while the contribution A,;, calculated above 
diverges as «”-’ with y — y ~ —%, means that results of measurements 
of the thermal conductivity in regions 1 and 2 will be dominated by the 
contribution A;, and we should expect to see a divergent thermal con- 
ductivity with an exponent roughly equal to 3. This is in fact what we 
found in § 14.4 from the data of Swinney and Cummins (1968) on CO,, 
but it is not what the data of Benedek (1968, 1969) show for SF¢. 
In this respect the predictions of the mode-mode coupling theory 
agree with some but not all of the experimental evidence. In support 
of this theory, however, is the fact that directly from eqn (15.36) we 
can verify eqn (15.34) which, as we remarked above, is a particularly 
appealing expression for the thermal diffusivity. 

In fact, quite recently Kawasaki (1970) has verified eqn (15.34) using 
a slightly different mode—mode coupling approach, and he has found 
that the proportionality constant has the same value as in the Stokes 


law expression, 
kT 


— Gantt 
Ferrell (1970) has obtained, using a simple argument, the analogue of 
eqn (15.38) for the case of a binary liquid mixture. 


ip m (15.38) 
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15.7. Application of the mode—mode coupling approach to the 
interpretation of experimental results on fluids 


We shall attempt to illustrate the application of the mode—mode 
coupling theory to the interpretation of experimental results by con- 
sidering one prototype experiment—the Brillouin doublet measure- 
ments on carbon dioxide of Ford et al. (1968) already briefly discussed 
in § 14.5. 

We begin by referring to Fig. 15.9, which shows the dependence on 
temperature of the characteristic frequencies QF(e), O*(e), and OF(e). 
The typical frequency of the Brillouin doublet measurements is about 

3 = 20g LY 20 x 700 MHz, which we show by a horizontal dashed 
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Fia. 15.9. enn donce upon reduced temperature e=(T — T.)/T, of the critical 
frequencies Q*(e), OF (e) and O*(e) as defined in eqns (15. 30), (15.31), and (15.32) res- 
pectively. The actual form of the plots was chosen for COg, for which the exponents are 
approximately 2, $, and % respectively, and the coefficients are all of order 10! in c.g.s. 
units. These three curves serve to define three regions of the frequency—temperature 
plane which Kadanoff and Swift (19686) call regions 1, 2, and 3. In the experiments of 
Ford e¢ al. (1968), the Brillouin frequency was v3 = 700 MHz, and we obtain the values 
of the cross-over temperatures ¢,, «,, and e, shown. Note that the measurements at 
¥g = 700 MHz span all four frequency regions (cf. brackets). 


line in Fig. 15.9. If the boundaries between the frequency regions were 
not temperature dependent, then measurements at one frequency 
would correspond to one and only one region. However, since the 
boundaries are temperature dependent, measurements at the Brillouin 
frequency range can, in principle, yield information about all four 
frequency regions. As we approach the critical-point, at a temperature 
€r we will cross from region 1 to region 2; at a temperature ¢, we will 
cross from region 2 to region 3, and for e < ¢, we will be inside region 4. 
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Let us, then, obtain numerical estimates for the temperatures 
€r, €n, and ¢, in order to see if all three regions are experimentally 
accessi dle. By definition, ¢, is that temperature such that 


OF (er) => 2rr Va = Wz, (15.39) 
where (27 (e) is defined in eqn (15.30) so that (15.39) becomes 
ae a 
— k* = 27 x 700 x 10% s7!. (15.40) 
pCp 


Now Swinney and Cummins (1968) have found that for CO, 
Al/pCp = (2 x 10-5) (T.— T,)°73 ~ (2 x 1075) (304)?/%2/8 (15.41) 


in ¢.g.s. units, and we have, from eqn (13.45), that x = xe” with 
Ko ~ 1A-andv ~ 3. If we assume A* ~ A, then 


OF(c) = 9 x 1077 <287?, (15.42) 
Equating (15.40) and (15.42), we obtain 
ep © 2-2 x 1072, (15.43) 
which, since 7, = 304 K, corresponds to T — T, = T°. 

The second cross-over temperature «, may be calculated in a similar 
fashion. Using »* ~ 7 = 4 x 10-*gcem-!s-1 and p= 0-5gcem-* 
(Sengers 1966), we have, from eqn (15.31), that 

O*(e) = 8 x 1022 4/9 5-1, (15.44) 
so that O*(e = €,) = wz for 


e236 x 10-*; (15.45) 


which corresponds to T — JT, = 1°. 
Finally, we obtain from eqn (15.32) that for CO, 
O*(e) ~ 2 x 1022 2/3, (15.46) 


where we have chosen v, ~ 2 x 10* cms? from Fig. 14.5(a). Setting 
Q,(€ = €,) = wp, we obtain 


«, = 10-4, (15.47) 


which corresponds to 7’ — 7’, = 0-03°. 
Since the data of Ford et al. (cf. Fig. 14.5) extend from 0-015° < 
(ieee) = 12°,.0r 
5x 10-5 <e< 4x 10-2, (15.48) 
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it appears from eqns (15.43), (15.45), and (15.47) that all four regions 
of the frequency-temperature diagram of Fig. 15.9 will be covered. 
The Brillouin linewidth is 4D,q?, where from eqn (13.31) we have 


4 
D, = Dy (se -1) + M*F eA 42), (15.49) 


We can write the second equality because near the critical point, 
C,p/Cy > 1 and { > 7, and the transport coefficients are understood to 
depend on q and Q (cf. eqn (15.29)). From (15.49) we expect that the 
behaviour of D, and hence the Brillouin linewidth will be controlled by 
either A/Cy or by ¢, whichever is dominant. Perhaps the most striking 
feature of Fig. 14.5 is that the data for 7 — T, < 1° have a slope 
approximately equal to zero. This is surprising because from eqn (15.45) 
this temperature range corresponds to « < e, or region 3 of Fig. 15.9. 
Hence we are led from the bottom line of Table 15.1 to expect that the 
bulk viscosity diverges as «~~ */” in this region and hence to expect 
that the slope would be —(v — a/2) = % rather than zero. Thus the 
data would appear to suggest that the behaviour in region 3 is domina- 
ted more by the thermal conductivity term which, from the second 
line of Table 15.1, has a much weaker singularity than ¢ in region 3. 
Thus either the mode—mode coupling approach would seem to fail, or 
else we must assume that the coefficient in front of the e~ 2/* divergence in 
¢ is sufficiently smaller than the coefficient in front of the A/C) singu- 
larity that the latter dominates. Of course, we could test this assump- 
tion if it were possible to make measurements arbitrarily close to T, 
and if the e~ 2/3 prediction were to still apply (which it might not since 
region 3 does not apply fore < «,). 

Now consider the data in region 2, i.e. for «, < ¢ < ep corresponding 
tol®° < T — T, < 5°. Here Table 15.1 tells us that the slope should be 
either —(y — v — a) if A/C, dominates or —(v — a/2) if € dominates. 
The analysis of Ford et al. for the Landau—Placzek ratio suggests that 
ifa 2 0, then y 2 1-02 andy ~ 0-73, so that —(y — v — a) x —0-29, 
whereas —(v — a/2) ~ —0-73. The straight line shown in Fig. 14.5(b) 
corresponds to a slope of — 0-29, suggesting that the thermal conductiv- 
ity dominates in region 2 also. 

There appears to be no marked change in the data as we pass into 
region 1 (7 — T, Z 5°), although Table 15.1 predicts that £ should 
diverge in region 1 with an exponent 3v — a ~ 2, which is much 
larger than 0-29. For this data to be consistent with the theory, we 
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must again assume that the coefficient of the A/Cy divergence in region 
1 is much larger than the coefficient of the { divergence. 


15.8. Applications of the mode-mode coupling approach to other 
systems 

So far we have discussed the mode—mode coupling theory only within 
the context of fluid systems. It has also been applied to magnetic 
systems (Laramore 1969; Kawasaki 1968e, f), to binary fluid mixtures 
(Swift 1968), and to the superfluid phase transition in *He (Swift and 
Kadanoff 1969). In most cases the agreement between the theoretical 
predictions and the experimental results (cf. Table 15.2) has been 
encouraging. 


Suggested further reading 
Kadanoff (1968). 

Halperin and Hohenberg (1969). 
Kadanoff (1969). 

Craig and Goldburg (1969). 
Kawasaki (1970). 


. 


APPENDIX A 


THE LATTICE-GAS MODEL OF A FLUID 
SYSTEM 


In Chapter 1 we introduced the lattice-gas model, and we saw that it provided 
an appealing analogy between an Ising ferromagnet and a simple fluid. Since 
we have made use throughout the book of the analogies between fluid and 
magnetic systems, it might seem appropriate to consider the lattice-gas model 
in greater detail. 

We recall from the discussion in Chapter 1 (and, especially, from Figs. 1.4 
and 1.5) that the lattice-gas model for a fluid confined to a volume V in- 
volves partitioning V into cells of volume v, where v is roughly the volume 
of one of the constituent molecules of the fluid. We say that a cell is in the 
occupied state if it is occupied by the centre of a molecule. It is worth em- 
phasizing that we need not assume that the molecules themselves are re- 
stricted to cells, because some authors (erroneously) state that the atoms 
of the lattice-gas are restricted to the discrete sites of a lattice. Since the 
volume v is roughly the size of the molecules, we do not allow a cell to be 
occupied by more than one molecule. Such multiple occupancy is forbidden 
by assuming that there is a hard-core potential, i.e. we assume that the inter- 
action between cells 7 and j is 


oo if 7 = 7 and both 7 and j are occupied 
~—J iftand) are neighbouring cells and both are 
occupied, (A.1) 
0 otherwise. 


u(t, j) = 


The potential of (A.1) is in a sense a very crude approximation to the Len- 
nard—Jones potential of Fig. 7.1. 

Now since each cell is capable of existing in only one of two states (occupied 
by one molecule or empty) we introduce a cell variable e, through the 
relation 
1 if cell j is singly occupied, 


“1= 0 if cell j is empty. 


(A.2) 
The reader will recall that the dichotomic variable s, in the Ising model is 
defined through a similar relation, 


li , a Fret pen oe 
a= { if the spin on lattice site j is ‘up’, (A.3) 


—1 ifthe spin on lattice site 7 is ‘down’. 
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We can identify an occupied cell of the lattice gas with an Ising spin in the 
‘up’ orientation provided we set 


é; = 4$(1 + 8)). (A.4) 


Thus one might expect that there exists a formal correspondence between 
the Ising model and the lattice-gas model. This is in fact the case, and one 
can show that the canonical partition function of the former is proportional 
to the grand partition function of the latter. The Ising model partition 
function is extensively discussed in Chapter 8, and for our purposes here we 
write the expression 


N 
Zing = > eXP(S >. 58, +h > 8), (A.5) 
{s} f=1 


<t7> 


where J = J/kT and h = fH /kT as before. For the lattice gas the partition 
function is quite similar in form 


Z=>*exp(S >. ee); (A.6) 
{e} <ij> 


where the asterisk denotes that the summation is restricted to those 
configurations satisfying 


yes (A.7) 
j=l 


where « is the number of cells in the system. If we replace (A.6) by the grand 
canonical ensemble, we obtain an expression of the form 


'2= > Wexp(F D as) (A.8) 
N=0 <iJ> 

where z = exp (8) is the fugacity and p is the chemical potential. Hence 

if we use eqn (A.7), we can write (A.8) in the form 


N 
= In 4 (A.9) 
gz ia 22+ FD os) 


where the summation in (A.9), unlike that in (A.6), is unrestricted. Equation 
(A.9) can be reduced to an expression quite similar to the Ising partition 
function (A.5) by substituting 


ee; = 48,8; + (3, + 8) + F- (A.10) 


It is worth remarking that many relations which can be proved for fluid 
systems have their analogues for the case of magnetic systems. For example, 
we showed in Chapter 7 that the response function K, was simply related to 
the pair correlation function G(r). Similarly, we can relate the magnetic 
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susceptibility y; to the two-spin correlation function I(r). We begin with a 
Hamiltonian of the form 


oe: 
H = —j~H > S3+ Ho, (A.11) 


i=1 


where, as before, ij = gus, H is the magnetic field, S7 is the z component of 
a spin vector, and #, is the Hamiltonian for H = 0. The spontaneous 
magnetization M(T, H) is given by 


1 
MT, H) = Z(T, Z(T, H) tr (% Stor 7 be ) (A.12) 
where we have defined 


N 
Stor = > S}. (A.13) 


Hence we have for the isothermal susceptibility x, = (0M/0H), the ex- 
pression 


as é 1 Fe -BH 
Xr = how {arn tr (Stor e )}. (A.14) 
Now both # and Z depend upon H. Hence 
tr (SZo7 e- 5) 0 1, 7) 
xn = pf Eho 2 + 7 (Stor gqe**) i. (4.5) 


From (A.11) it follows that 


ra) 
a0 O* = Bi Stor 0 **. (A.16) 
Hence we find 
Xr = BR{<(Stor)*> — <Stor>}- (A.17) 
Since (A.17) can be written in the form 
Xr = Bp? «(Stor — <Stor>)®>, (A.18) 
it follows that 


xr 290 (A.19) 


as we had argued in Chapter 2. Equation (A.18) can be written in the some- 
what more familiar form 


N N 
kT xp = j2 Z PS (82787) — M2, (A.20) 


Equation (A.20), or, equivalently, eqn (A.18), is frequently called a fluctuation— 
dissipation result, as it relates the isothermal susceptibility to the fluctuations 
of the magnetization. 
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An analogous expression can be obtained for the specific heat at constant 
magnetic field, which from eqn (2.48) is given by 


For the ‘constant 7 and constant H ensemble’ (Wannier 1966, Kubo 
1965), we recall that the quantity # in the partition function Z(7, H) = 
tr [exp (—8#)]is the enthalpy, not the energy. Hence we have 


Cy, = tr (ae #)], (A.22) 


tha |r 
RPS |!Z(T. HH) 
or, in complete analogy with eqn (A.18), 
RT Cy = (3) — (>? 
= (# — (>). 


Equations (A.20) and (A.23) are used frequently in calculations of y; and 
C,,. In Chapter 8 we illustrated the use of eqn (A.20) in calculating y, for 
the d = 1 Ising model, so we shall now use (A.23) to calculate the specific 
heat C,,. For the sake of simplicity, we treat here the uniform case J, = J, 
so that eqn. (8.5) becomes simply 


(A.23) 


N= 
= —J > 841 (A.24) 
f=1 
Hence from (A.23) it follows that 
N-1 N-1 
kT? Cy = J? > > (8:8; 418)8j41> — 818141) <8j8y41>)-  (A.25) 
f#=1 j=l 


Now for a uniform interaction eqn (8.15) reduces to 
(88:41) = tanh J, (A.26) 
where, as before, § = BJ = J/kT. The calculation of the four-spin correla- 
tion function <s,8;,18;8;,1> proceeds exactly as for the two-spin correlation 
function, and we have : 
0 
ZX 8814188541) = of? Zn, (A.27) 
where . i 
+=4 
(81844188341) = (oak £ iF j (A.28) 


Thus we obtain, on substituting (A.26) and (A.28) into (A.25), 
N-1 N-1 


kT?O, =J? > > {8 + (1 — 8,) tanh? ¥ — tanh? J} 
t=1 j=1 


Ean > Ss §,(1 — tanh? f). (A.29) 


i=l j=l 
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The summation in (A.29) may be carried out and, on using the trigonometric 
identity sech?, ¥ = 1 — tanh? J, we obtain 


Cy = k¥?(N — 1) sech? g (A.30) 
in agreement with eqn (8.27b). 


Suggested further reading 


Fisher (1965). 
Thompson (1971). 
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EXACT SOLUTION OF THE ZERO-FIELD 
ISING MODEL FOR A TWO-DIMENSIONAL 
LATTICE 


In § 9.3 we obtained a solution for the partition function of the Ising model 
for a linear chain lattice by associating with each term in the partition 
function a graph on the lattice. The graphs that correspond to terms that 
make a non-vanishing contribution to the partition function were found to 
be small in number and hence the problem was rather elementary to solve. 
We emphasized that the method presented was not restricted to one-dimen- 
sional lattices, and that in fact one can with this technique derive Onsager’s 
solution for two-dimensional lattices with considerably less labour than is 
required using Onsager’s original method (Onsager 1944). Since the Onsager 
solution of the two-dimensional Ising model (Onsager 1944) is a landmark 
in the history of phase transitions and critical phenomena, we shall devote 
this appendix to a presentation of the derivation of his result. 
We begin by recalling eqn (9.21), 


F 
Zy(T', 0) = (cosh J)? 2 > g(t), (B.1) 
2=0 


where J = J/kT, v = tanh J, and F = Nq/2 is the number of pairs of 
nearest-neighbour sites on the lattice, and (/) is the number of graphs that 
one can draw on the lattice using / lines such that each vertex of the lattice is 
even; here 

g(0) = 1. 

We have seen in Chapter 9 that the function ¢(/) increases rather rapidly 
with order ¢, so that in practice one can calculate only the first 15-20 co- 
efficients g(/) for, say, a square lattice. In particular, no one has succeeded in 
calculating the general coefficient g(7) of the series by direct enumeration of 
closed graphs, all of whose vertices are even. However, it has recently become 
possible (Vdovichenko 1964, Glasser 1970) to solve essentially the same 
problem. The principal idea is to replace the problem of calculating g(/) by a 
similar problem of calculating closed paths in the lattice. These closed paths, 
which we shall call loops, stand in a many-to-one correspondence with the 
coefficients (/), in the sense that there can be more than a single loop cor- 
responding to a given graph. To illustrate this fact we consider the graph 
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shown in Fig. B.1(a), which enters in order ¢ = 8. (The only graphs entering 
in lower orders are the four-sided and six-sided polygons, and these enter in 
orders 4 and 6, respectively.) The graph in Fig. B.1(a) has a self-intersection, 
and we can, in general, describe a self-intersection by three topologically 
different loops. In order to insure that the contributions from all three loops 
are identical, it is convenient to associate with each vertex a factor exp (426), 
where 6[= —}r, 0, 47] is the angle of rotation of the path as it passes through 


6=3(F]+3[ 3 ]+20 =0 


(—)ieli®=-1 


Fie. B.1. (a) Shows a graph with a self-intersection which enters in order ¢ = 8 in the 
calculation of the series (B.1) of the partition function for the Ising model on a square 
lattice. (b) Represents closed paths or loops which correspond to the graph of (a). The 
phase factor for each loop is calculated in accordance with the rules described in the text, 
and we see that the first loop enters with an overall minus sign, while the second and 
third loops enter with plus signs. Thus the net contribution of all three loops is +1. 


the vertex. If we associate with each loop an additional factor of (—1)*, 
where n is the order of the loop (the number of independent closed paths), 
then we will obtain a contribution of +1 from the sum of the three loops 
which correspond to a self-intersection. Thus we see in Fig. B.1(b) that two of 


the three loops enter with plus signs and one with a minus sign, so that the 
net contribution is +1. 
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The summation over all loops will also contain configurations correspond- 
ing to multiple bonds (two or more lines between a pair of vertices). However, 
using the same argument, we can show that such contributions cancel one 
another. Hence we can write g(/) as a summation over all loops, containing ¢ 
lines. 

Because of the presence of the combinatorial factors [such as the factor 
(—1)* referred to above] it is convenient to collect together the loops of the 
same order n, and to write 


gt => (-1I" Lin), (B.2) 
where L(n) is the contribution from all the n-fold loops, 
11 
Ua) = oi Wy D(t,) D(é_). .. Dt) vat" #4, (B.3) 
les cals n 


where D(/,) is the contribution of a simple loop of 7, lines and is simply 
given by the product of the phase factors exp ($i) for each vertex in the loop. 
The factor 1/n! in eqn (B.3) occurs because the same n-fold loop is obtained 
if we permute the indices 7, 7,,..., 7. Similarly, the factor 2~" arises from 
the fact that the same graph is obtained when we change the direction of 
the paths constituting the loop. The asterisk on the summation symbol in 
(B.3) indicates that the summation is over all values of the indices 4, 72, ..., ¢, 
subject to the constraint that 7, + 7,+... +4 = 7. 
From eqns (B.2) and (B.3) it follows that 


Co) ] iy; i) hesd techs, 
2, il 3) ge ee D(¢,) 
(B.4) 


co il 1 n iJ nN 
= 2ied (ean Page 4 
The right-hand side of eqn (B.4) is recognized as being the series for the ex- 


ponential function, providing we add the term unity to both sides of the 
equation. Since g(f = 0) = 1, we have 


> gle)’ = exp{—4 S Die}. (B.5) 
¢=0 f=1 


Finally, we can replace the upper limit of the summation in eqn (B.1) by 
¢ = 00 since for all > FP = N¢q/2, g(¢) = 0 (since it is impossible to con- 
struct a graph without multiple bonds which has more lines than the total 
number of bonds in the lattice). Hence the zero-field partition function can 


be written 


(oa) 


>, gly? 


¢=1 


Z,(T, 0) = 2%(cosh $)"@? exp {~3 5 D(é) ul. (B.6) 
f=1 


Equation (B.6) expresses the partition function of the two-dimensional 
Ising model in terms of D(), the sum of the products of the vertex functions, 
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where each vertex on the loop has been weighted by the phase factor exp (376). 

Although we considered the square lattice in the preceding discussion, an 
analogous (though not identical) argument can be presented for any two- 
dimensional lattice. The second stage of our calculation is restricted to the 
case of a square lattice, although similar arguments can be developed for 
other two-dimensional lattices. 

The problem now is to calculate the function D(?). To this end it is con- 
venient to introduce a matrix M,(p, p’) defined as the sum over all paths of ¢ 
bonds from point p to point p’, and where each path is weighted by the 
appropriate phase factors. Here p stands for an ordered pair, (2, «), where 7 
indexes the site in the lattice and « indexes the direction of the path leaving 


Fic. B.2. Single lattice site 7 with coordinate r = (x,y), and the four directions 
(a = 1,2,3,4) from which directed paths might emanate from the lattice site. 


site 7 (cf. Fig. B.2). Since there are N sites (¢ = 1, 2,..., N) and four direc- 
tions in the square lattice (« = 1, 2, 3, 4), it follows that the matrix M,(p, p’) 
has 4N x 4N elements. For small values of 7, most of these elements will be 
zero as there will be no paths linking points p and p’. For example, M,(p, p’) 
= 6,» Fora closed loop, we — have p = p’, whence 


Df) = 2 M,(p, p). (B.7) 


The factor 1// appears in eqn (B.7) since each ¢-step loop can be started at 
any of # vertices. 


Now, in general, M;(p, p’) can be regarded as a sequence of single-step 
walks, and we have 


Mcp, p')= > Mil, p:) Mi(ps, pa)... Ma(pi-1,P’). — (B.8) 


Pir-..P/-1 
Equation (B.8) leads to the simple expression 
M,(p, p’) = Mi(p, p’). (B.9) 


On substituting (B.9) into (B.7) we obtain 


Dt) = 7 trace Mé 


1 4N (B.10) 
ae ~ (A,)? 
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where A, denotes the eigenvalues of M 1, and where we have used the result 


that the eigenvalues of M{ are simply d;. Combination of eqns (B. 10) and (B.6) 
results in the expression 


Zy(T, 0) = 2%(cosh $)2" exp (—J > >, 3 Xv v4): (B.11) 


Now the summation over the index / is recognized as being the series for 
the logarithm, 


4N 
> Ind = a)? 
j=l 


4N 
In] [  — vd). (B.12) 
j=l 


Hence we obtain the remarkably simple expression for the partition function 
in terms of the eigenvalues A, of the matrix M,(p, p), 


4N + 
Zy(T, 0) = 2%(cosh Y)2% {T] (l — on) . (B.13) 
j=1 


Thus all that is needed to complete the calculation is to find the eigen- 
values of the 4N x 4N matrix M,(p, p). Fortunately the matrix M,(p, p’) 
has a simple form; the reader can verify almost by inspection that 


M(x, y; Ly 2’; Te a’) = Do a +1 ony 810° cr i-t On 8y.yr41 83,0" 
+a 82,2" 8y,4°-194,0’s (B.14) 


M (2, Y; 2; Zz y', a’) = 188. 41 uae 81, a’ =F One Of eri 89,0 
Hist Oo Orq7 One) meee lb) 


M,(z, Y,.3; oa he a) = ut eee 8y,y'41 82,0" + Ong 8y,4° 334° 
- 45F One | §4,0°s (B.16) 


M,(x, y, 4; 2’, y’; a’) =i-% Ora +1 oy .y 81,4 + i Ona t 8y,y°93,0 
+ One OF 84,0’ (B.17) 


where (z, y) are the Cartesian coordinates of a vector r to the lattice site 7. 
The matrix .M, can be diagonalized by taking advantage of the lattice 
periodicity and transforming J, to its Fourier representation. Thus we have 


Me (q, q') = > exp (—iq.r) M,(p, p’) exp (iq’- 1’). (B18) 
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From (B.14)-(B.17), we see that J1*(q, q’) has a block diagonal form, 
Me'(q, q’) = M*(q) 84,4", with 

Q: iQ. 0 itQ* 

at Q i-+Q* 0 

Migs ee ee tt (B.19) 

0 14Q2° QF 1-43 

i#Q, 0 ugr QF 
where 


Q, = exp (—19,), OF = exp (iq), (B.20) 


and qj, q2 are the Cartesian coordinates of q. 
From (B.19) we see that for each 4 x 4 block, we have 


ii! (1 — vA,) = det |I — vM(q)| 
- = (1 + 0)? — 20(1 — 0%) Re(Q, +Q,). (B21) 


From (B.20) we have Re @, = cos q,, whence from (B.13), 


Zy(T, 0) = 28(1 ~ 0%)-" [TT (1 + 08)? — 20(1 — v)(008 4, + 008 ih 


(B.22) 
where we have used the identity cosh? Y = (1 — v?)7?. 
Hence we have 


In Z,(T,0) = NIn2 — N In (1 — v) + > In {(1 + 02)? — 20(1 — v2) (cos gy 
: 4+ cos q2)}. (B.23) 


In the limit N — oo, we can change the summation to an integral, with the 
result 


In Z)(7, 0) ~ In2 — In (1 — v?) 

+4 (5) | dq, dqz In {(1 + v7)? — 2v(1 — v?) (cosg, + cosq.)}. (B.24) 
We frequently eliminate the variable v = tanh ¥ in favour of J, 

In 2,(P, 0) ~ In2 + om {fac dq, In {cosh? 2 — 2 sinh 2,Y (cos q, 


+ COS q2)}. (B.25) 


Equations (B.24) and (B.25) are the forms in which the solution to the Ising 
model for a square lattice is usually written. 
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It is actually not possible to carry out the integration in (B.25) in closed 
form. However wecan express the enthalpy per spin, F = — J(d /Oof)(N~1In Z), 
in terms of an elliptic integral. We thereby find, on differentiating eqn (B.25), 
that 


E =Jcoth2g {1 + (1 — 22)t Ka} (B.26) 
where 
K(z) = {a — 2? sin? g)-t dg (B.27) 
and 


2sinh29 2tanh2g9 


* = cosh? 2% cosh 2f 


(B.28) 


The + sign in eqn (B.26) refers to whether z > 1 or z < 1. Note that for 
z = 1, the integrand in eqn (B.27) diverges. Asz approaches unity from either 
side the specific heat C, = (0H/0T),, becomes logarithmically infinite. Thus 
the solution of eqn (B.28) when z = 1 corresponds to J, = J/kT’,. We can 


easily show that 


v, = tanh J, = 2! — 1. (B.29) 
or, since tanh~! x = 3 In {(1 + 2)/(1 — 2)}, 
Jo = —}FIn (2'—)). (B.30) 


Comparison of (B.30) with the result of the mean field theory for the critical 
temperature of the Ising model, k7',/J = q = 4, results in 


—© = 0-5673... (B.31) 


(cf. also Fig. 9.5). Thus we see that the molecular field approximation over- 
estimates the value of the critical temperature by almost 50 per cent for the 
square lattice. 


Suggested further reading 


Onsager (1944). 

Kac and Ward (1952). 
Burgoyne (1963). 

Vdovichenko (1964, 1965). 
Schultz, Mattis, and Lieb (1964). 
Landau and Lifschitz (1969). 
Glasser (1970). 


APPENDIX C 


GEOMETRIC INTERPRETATION OF THE 
STATIC SCALING HYPOTHESIS FOR 
THERMODYNAMIC POTENTIALS 


In Chapter 11 we presented the static scaling hypothesis, eqn (11.30), 
without attempting to provide justification of any sort. Here we shall 
present a particularly appealing geometric argument due to Griffiths. 

The Griffiths argument supports the assumption that singular part of the 
Helmholtz potential A,(e, M) is a generalized homogeneous function. Begin 
by considering the e-M plane and choose any two values of reduced tem- 
perature e, and e, such that e, < «, < 0 (ef. Fig. C.1). Form the rectangles, 


M(e,H) 


cs 3) here A=e,/e, =4 


Fig. C.1. A portion of the M-e plane near the critical-point, illustrating the construction 

of the rectangles labelled 1 and 2. The curve shown is M(e, H = 0) = e? with 8B = 4. as 

predicted by the molecular field theory. The rectangles are chosen such that \ = e2/e, = 
4; note that in accordance with eqn (C.2), M(e.)/M(e,) = AX = 41/2 = 2, 


labelled 1 and 2 in Fig. C.1, and imagine that the A,(e, M) surface is a sort 
of topographic map that can be stretched (as, e.g., a rubber sheet). We now 
consider two portions of this topographic map: portion 1 which is over 
rectangle 1 and portion 2 which is over rectangle 2. Now further suppose 
that this rubber sheet can be stretched more easily in the e-direction than in 
the M-direction. In particular, suppose that a stretch of A units in the 
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e-direction corresponds to only \* units in the M-direction (8 < 1). Then 
the scaling assumption says that if we stretch the smaller map (map No. 1, 
the portion over rectangle 1), by an amount such that it covers rectangle 2 
(i.e. A units in the e-direction and A° units in the M-direction), then map No.1 
will be identical to map No. 2. This assumption is, then, that the Helmholtz 
potential over rectangle 1 is identical to the Helmholtz potential over rect- 
angle 2 except for a change of scale—a change that will, in general, be dif- 
ferent in a direction parallel to the c-axis than in a direction parallel to the 
M-axis. This assumption leads, in particular, to the expression 


A,{ea, M (e2)} —_ a= 
A,fe, Mle)} ~ g(eg/ex) = 9(A), (C.1) 


where A denotes the ratio €,/e,. Since near 7, 


a = (C.2) 


we may replace the arguments {e., M(e,)} in eqn (C.1) by {Ae,, A°M(e,)} and 
hence obtain 
A,(Ac, AM) = g(A) A, («, M). (C.3) 


Equation (C.3) is recognized as being equivalent to a statement that A,(e, I) 
is homogeneous. Of course, we have not derived the scaling hypothesis by 
this method, but rather we have shown a way by which this assumption can 
be arrived at. 

We conclude by demonstrating that if a function of two variables f(z, y) 
is a generalized homogeneous function, 


f(Atx, A°y) = Af(z, y), (C.4) 


then the Legendre transforms of f(x, y) are also generalized homogeneous 
functions (Hankey and Stanley, 1971). Let 


g{u(x, ¥), y} = f(z, y) — vulz, y) (C.5) 


be the Legendre transform of f(z, y) with respect to the variable x, where 
u(x, y) = (Of /éx), as in eqn (2.6a). Therefore 


u(r, Ay) = A'~*u(a, y). (C.6) 
Now from egn (C.5) we can write 
f (Ata, A°y) = gfu(At%x, A°y), APy} + Ate U(A%x, APY). (C.7) 
On using eqns (C.4) and (C.6), eqn (C.7) simplifies to 
g{r+-* u(x, y), A°y} = Af (a, y) — AXa AP“? U(x, Y). (C.8) 
Now the right hand side of (C.8) is simply Ag{u(z, y), y} whence we have that 
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g(u, y) is a generalized homogeneous function with scaling parameters (1 — a) 


and b. ; 


This result has the immediate consequence that if one of the thermo- 
dynamic potentials is a generalized homogeneous function, then all four 
thermodynamic potentials are. For example, if we assume that for the Gibbs 


potential, 
G(A*% «, X# A) = AG, A), 


then it follows from (C.8) that, for the Helmholtz potential, 
A(A% €, A! M) = A Ale, M), 
for the internal energy, 
U(A's 8, X°™ M) = AUS, Mf), 
and for the enthalpy, 
LN S, AFH) = XS) 
where the scaling parameters in eqns (C.9)-(C.12) are related through 


Qy = 1 — ay 
and 
adg=1-—a. 


Suggested further reading 
Stell (1968b) 


(C.9) 


(C.10) 


(C.11) 


(C.12) 


(C.13) 


(C.14) 


APPENDIX D 


THE DYNAMIC STRUCTURE FACTOR IN 
THE HYDRODYNAMIC LIMIT 


In this appendix we outline the derivation of eqn (13.29) for the dynamic 
structure factor /(q, w) in the hydrodynamic limit. We must keep in mind 
the fact that the arguments-used in this section are expected to be valid 
only in a limited range of temperature (for example, in the range ¢ >> 10-5 
for the case of 60° quasi-elastic scattering, from a typical fluid, of laser light 
of wavelength 5000 A). 

The conservation laws of hydrodynamics are discussed in many texts 
(Huang 1963; Reif 1965; Kittel 1958, 1969); the treatment we follow is most 
similar to that of Kadanoff and Martin (1963). There is a conservation law 
for each of the five conserved quantities: number density n(r, ¢), momentum 
density g(r, t), and energy density e(r, t). Here g(r, t) is a three-component 
vector, each of whose components is independently conserved. These 
conservation laws are 


© ar, th+m*V- gir, t) = 0 (D.1) 


for number conservation, 


2 gir,t) +.V- Tir, 1) = 0 (D.2) 


for momentum conservation, and 
£ eft, t) + V-J(t, t) = 0 (D.3) 


for energy conservation. 
In eqn (D.2) T(r, ¢) is the momentum current (or stress tensor), and 


j.(r, t) is called the energy current; these are given by the relations Tel, a — 
§,,P(r, t) and jo(r, t) = (e + P)v(r, t) for the limiting case of a non-viseous 
fluid (A = 7 = = 0). Here P(r, t) is the pressure (the stress tensor is 
often called the pressure tensor), and v(r, ¢) is the average velocity given by 


the expression 
. <f(r,t) > =m < nr, t) > vir, t). (D.4) 


For the more general cases there is an additional energy current — AVT(r, 2) 
and an additional contribution to the momentum current produced by the 
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forces arising from the shear and bulk viscosities. Hence we have, in general, 
the expressions 


T,,(r, t) = 8,P(r, t) — nf{ov,(r, t)/@r; + Ov,(r, t)/Or} —8,, V° V(r, t) (f — $n) 
(D.5) 


and 


j.(r,t) = (e + P) v(r, t) — AVT(r, 2). (D.6) 


Equations (D.1)-(D.3), together with eqns (D.4)-(D.6), constitute a complete 
description of a fluid in the hydrodynamic region. 

We will next obtain the linearized equations of motion of a non-equilibrium 
disturbance in a fluid. To this end, we define the three new functions 


n,(r, t) = n(r, t) — No, (D.7) 

v,(r, t) = v(r, t) — %, (D.8) 
and 

e,(r,t) = e(r, t) — eo, (D.9) 


where 7%, Vo, and ey are the appropriate equilibrium values (n>, <v>, and <e> 
respectively. (Without loss of generality we can choose Vy = 0 since we can 
always choose a reference frame in which the fluid as a whole is at rest.) 
Comparison of eqns (D.7) and (13.2) would seem to indicate that dn(r, t) 
and 7,(r, t) are identical functions. This is not strictly true, because n(r, f) 
denotes an operator in (13.2) and is the expectation value of the density in 
the non-equilibrium state in (D.7). However one can argue that the fluid 
does not ‘know’ whether a small deviation in the equilibrium parameters 
has been caused by an external perturbation or by a spontaneous fluctuation 
so that the subsequent motion of these two types of deviations, m,(r, f) 
(defined in eqn (D.7)) and 6n(r, ¢) (defined in eqn (13.2)) should be the same. 
Therefore we assume that the equations of motion we shall obtain for n,(r, #) 
are also valid for the fluctuation operator 6n(r, ¢), when we are considering 
the equilibrium ensemble. That this assumption, originally due to Onsager 
(1931a, 6), is in fact correct is a consequence of the fluctuation—dissipation 
theorem employed by Kadanoff and Martin (1963). 

We now proceed to find these equations of motion. It will be convenient 
(Kadanoff and Martin 1963) to replace the energy density e(r, t) with the 
heat density h(r, t), defined by 


h(r, t) = e(r, t) — (===*) n(r, t). (D.10) 


The identification of the function A(r, t) defined in eqn (D.10), as a heat 
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energy density follows because at constant particle number N, the first law 
of thermodynamics yields 


x dE 1 d(eV) 1 
=dS = — += = — 
7 Y Pe Y PdV V + p Pav 
= @o + Po 
( No )e 


Gt: | (D.11) 


Utilizing eqns (D.7)-(D.10), we can rewrite the hydrodynamic equations 
(D.1)-(D.3) in the form 


é 

a RE, ty) N,V > Vv; (r,t) = 0, (D.12) 
a 1 oe at 5 eee 
ay Vill t) + mn VE ult t) — Py V,(r, t)— V{V - vi (r, é)} = 0 

(D.13) 
and 
é 
ay Mal t) — AV?7,(r, ¢) = 0. (D.14) 


Because we want to obtain equations in terms of two independent local 
thermodynamic variables—in this case n,(r, t) and h,(r, t)—we will use the 
fact that the system is in local equilibrium to write 


Pitt) — (=). n,(r, t) + (5). h,(r, t) 7 (D.15) 
T (cht (=). ny(r, t) + (55). i(r, \ (D.16) 


where P,(r, t), 7',(r, t), and h,(r, t) are defined in analogy with eqns (D.7) 
and (D.9). 

Next we substitute eqns (D.15) and (D.16) into eqns (D.12)-(D.14), and 
eliminate the velocity from these equations by taking the divergence of both 
sides of eqn (D.13), and combining (D.13) with (D.12) we obtain, 


0 : = 1 aig a = 
{- + (a+ DeZ)v me, ) + ae (Sp) lr) =O (D.17) 


and 


on. Ce : 7 cen ee) F o 
(5 - a D; V*) halt, t) — De ges (5p), Ve mit, #) = 0. (D.18) 


In writing eqns (D.17) and (D.18) we have introduced the thermal diffusion 
constant D,, the sound wave damping constant D;, and the velocity of 
sound for w = 0 as given by eqns (13.30)-(13.32). 
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We now make the substitutions n,(r, t) > 5n(r, t) and h,(r, t) > dA(r, ¢) in 
eqns (D.17) and (D.18), since these equations are assumed in the above dis- 
cussion to be also valid for equilibrium fluctuations. In order to obtain 
equations for the density—density correlation function, we multiply both 
sides of eqns (D.17) and (D.18) by 5n(0, 0) and take the ensemble average, 
with the result 


a eee 1a) vs 2 
{-5 (v2 ap D; 5)¥ } 5 fe | t) aie m?nCy (= = V G, At; t) = 0 
(D.19) 
and 
0 Oo 2 Opa = 3 
=~- > - — — |— = D.2 
(5 oe Da V Tpaltst) — De oe = (= VW? Gault, t) = 0, (D.20) 
where @,,,(r, t) was defined in eqn (13.1) and Y,,(r, ¢) is defined similarly, 
G,,(r, t) = <dA(r, t) dn(0, 0)>. (D.21) 


The coupled equations (D.19) and (D.20) can be solved by transforming 
them into algebraic equations through the introduction of the Fourier- 
Laplace transforms 


f4(q, 0) = f dr ie dt Y,,,(r, t) e-3a-F Hat, (D.22) 


with an analogous equation for £%,(q, w). Notice that although /,,,(q, w) 
differs from the Fourier—Laplace transform /4,(q, w) defined in (D.22) in 
that the time integration in eqn (13.4) is carried out from —co to +00 instead 
of only from 0 to +00, the two functions are simply related by 


Fans w) = 2 Re 7d; w). (D.23) 


In terms of the transformed variables /4,(q, w) and S%,(q, w), the coupled 
equations (D.19) and (D.20) become 


: 1 oP 
Gall 11 D,q?) — v.2q? L | eae 29L 
{i ( lw + Dg ) Us q od, w) m=nCy (=), q 7G; w) 


=—(—iw + Dig’)S,(q) — (D.24) 
and 


: C Cp T (oP 
(io + PDoF#) Aina, 0) + Dx x= (SZ) Fiala, o) = Sr), 
(D.25) 
where S,,,,(q) is defined in analogy with the function S,,,(q) in eqn (13.5). 
The inhomogeneous terms that appear on the right-hand sides of eqns 


(D.24) and (D.25) arise from the boundary term at ¢ = 0 in the partial in- 
tegration. An additional boundary term, given by the value for ¢ = 0 of the 
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quantity 0/dt{exp (—iq-r) <Sn(r, t) 5n(0, 0)>}, does not appear because it is 
identically zero due to time reversal invariance of the ensemble. This can 


be seen by using the continuity equation and the expression for the corre- 
lation function in the canonical ensemble to write 


& <n, t) 8n(0, 0)> |r=o = —V-<v(r, 0) 8n(0, 0)) 


The right-hand side of eqn (D.26) is zero since 


HA(1,.-. Ty} Pi,-+- Py) = #(t1,... Ty; —Pis--» —Py). (D.27) 


The quantities S,,(q) and S,,,(q) appearing on the right-hand side of eqns 
(D.24) and (D.25) can be evaluated in the long-wavelength (q¢— 0) limit 
using classical fluctuation theory (Landau and Lifschitz 1969), with the 
results 


eG) = 7, <8N SN) = nkT (3 B., (D.28) 
and 
Sun(@) = 7 «8s SN) = kT? Cae : (D.29) 


Hence eqns (D.24) and (D.25) become a pair of coupled algebraic equations 
for the quantities S4,(q, w) and S%,(q, w). Carrying out their solution, we 
obtain, using eqn (D.23), the desired expression for the structure factor, 


C. 2D74q" 
F anlQ, &)/Snn() = (i - ~ 3) ea 
Cy 3D." PEE oe D.30 
i" cate — vq)” + (.D,q°)? i (w + U9) (4D q’) ae 


where we have neglected higher-order terms involving the quantities D7q/v, 
and D,q/v,. Equation (D.30) is sometimes credited to Landau and Placzek 
(1934), although they did not explicitly derive the result. More complete 
derivations of eqn (D.30) are presented in Kadanoff and Martin (1963) and 
Mountain (1966). 


Suggested further reading 


Kadanoff and Martin (1963). 
Mountain (1966). 
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APPENDIX E 


MODEL SYSTEMS USEFUL IN THE Siu pm 
OF TIME-DEPENDENT COOPERATIVE 
PHENOMENA: THE GLAUBER MODEL 


As we saw in Chapters 8 and 9, much of our understanding of the equilibrium 
aspects of critical phenomena arises from the study of model systems. We 
shall therefore consider in this appendix the use of mathematical models to 
study time-dependent aspects of cooperative behaviour. We shall see that 
although considerable progress has occurred in recent years, the current 
‘state of the art’ as regards dynamic model systems is by no means as ad- 
vanced as it is for static systems. We have already seen that the Ising model 
provides a useful description for physical systems in which a localized variable 
can take on either of two discrete values. Here we shall consider the adapta- 
tion of the Ising model to the treatment of dynamic phenomena; we shall 
follow the classic treatment of Glauber (1963). 


E.1. The Glauber model for a single-spin system 


We begin our discussion of time-dependent processes with an extremely 
simple system, a system consisting of a single Ising spin in the absence of a 
magnetic field. This is the case of eqn (8.1) for D = 1 and N = 1. We allow 
this system to interact with a heat reservoir which induces spontaneous 
flips of the spins from one state to the other, with a given transition proba- 
bility per unit time, w. A complete description of the system consists of the 
knowledge of the probability p(s, t) that the system is in state s(s = +1) at 
time ¢. Of course, it would actually be sufficient to calculate p(+1, ¢), since 
p(—1, t) is directly obtainable from the normalization requirement, 


p(—I, t) + p(+1,@) =1. (E.1) 


To calculate p(s, t) we construct a differential equation and solve it. Now 
the time derivative of p(s, ¢) is given by two terms. The first term arises 
from the possibility of a spin flipping out of state s, and hence is given by 
the product of the probability that the system is in state s, p(s, t), and the 
transition probability per unit time w. This term enters with a minus sign 
because it serves to decrease the probability function p(s, t). The second 
term arises from the possibility of a spin ‘flipping in’ to the state p(s, t) from 
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the other state, p(—s, t). Hence the appropriate differential equation for our 
N = 1 Ising model is 


d 
3 (8: t) = —wls,t) + wp(-3,); 8 = +1. (E.2) 


Equation (E.2) is generally called the master equation (correctly speaking 
the master equation is a set of 2" equations, one for each of the 2% states of 
the system). As might be expected, exact solutions of the master equation 
are impossible except for extremely simple systems. Our single-spin system 


is such a system, however. To solve (E.2), it is convenient to introduce the 
variable 


Qt) = > s,p(s,t), (E.3) 
j=1 


where the summation in eqn (E.3) is over the 2" = 2 states of our system— 
that is, Q(t) is just the expectation value of the spin. Hence in our N = 1 
case, 

Q(t) = p(1, t) — p(-1, b). (E.4) 
Notice that a knowledge of Q(t) is sufficient to obtain both p(1, t) and p(—1, #) 
through the relation 

p(+1,t) = Hl + Q(b}. (E.5) 

The differential equation obeyed by Q(t) which is analogous to the master 
equations (E.2) is found by inspection to be 


$010) = —2w Q), (B.6) 
whence 
Q(t) = Q(o)e-2, (E.7) 


and the master equations are thereby solved. The solution, (E.7), tells us 
that the mean spin decays exponentially with a relaxation time 1/2w from 
the initial state (ie. the state at time ¢ = 0) to a final state of the system 
(at t = 00) given by Q(t = 00) = 0, which corresponds to a zero value for 
the mean spin. For more complicated Ising systems, there is reason to believe 
that the expectation values analogous to Q(t) do not decay to their equilibrium 
(t = 00) values with a single relaxation time (Stanley, Paul, MiloSevié, 1971). 


E.2. The Glauber model for a spin system of N spins 


The Ising Hamiltonian for a system of XN spins is 
N N 
#=— > Ind. — FH D & (E.8) 
j,k=1 f=1 


where the first summation extends over all pairs of lattice sites 7 and k& 
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excluding 7 = k, s; is the dichotomic variable (s, = +1) for site j, J,, is the 
interaction parameter between sites j and k, p is the magnetic moment per 
spin, and H is the external magnetic field. , 

A physical system described by the Ising Hamiltonian (E.8) can not 
change its state spontaneously and thus inherently has no dynamic proper- 
ties. This is because all operators s, commute with the Hamiltonian (E.8) and 
hence are constant as functions of time. Therefore in order to obtain a dyn- 
amic model system we must introduce external perturbations in addition to 
the Hamiltonian (E.8). With few exceptions, this has been done not by adding 
an explicit term to (E.8), but rather by a probabilistic argument first stated 
by Glauber (1963). It is assumed that the Ising system described by (E.8) 
is in contact with a heat bath that induces spontaneous flips of the spins 
from one state to the other. In a real system such perturbations are provided 
by other non-magnetic degrees of freedom—such as lattice vibrations— 
which are not taken into account in a purely magnetic Hamiltonian such as 
(E.8). 

This heat bath is not treated explicitly—it is, however, assumed that there 
is a definite probability per unit time w,(s,, s2,... Sy) that the jth spin 
flips from the value s, to —s,, and in this sense the Glauber model is stochastic. 
The dynamics of this model are thus determined once we specify the form of 
w,(S1,..+ Sy). We suppose that w,(s,,... 8,) does not depend on the previous 
history of the system. Although w,(s,,... sy) depends on the configuration 
{s,,... 8y} of the spin system, we shall write this transition probability per 
unit time as w,(s,) for simplicity in what follows. 

A complete statistical description of this dynamical Ising model would 
consist of the knowledge of the probability p(s,, s2,... sy, t), that at time ¢ 
the spin system is in the state {s,, 8.,... Sy}. The time dependence of this 
probability function is assumed to be governed by the master equation 


d N 
ay P81» 8a ++ 8 t) = — 2 w,(8))P (815 +++ 8) +++8y,#) — (E.9) 


N 
+ > w,(—4))p(61,+-- ay +. aye): 


~ 
il 
rom 


The first summation in (E.9) corresponds to the total number of ways that 
the system can ‘flip out’ of the state {s,,s,... sy}, whereas the second 
summation corresponds to the total number of ways that the system can 
‘flip in’ to the state {8,, 82,... Sy}. 

The detailed predictions of eqn (E.9) depend strongly upon our choice for 
the transition probability per unit time, w,(s,). This choice will be guided by 
the requirement that the w,(s;) function has such a form that it is capable of 
bringing our stochastic model to the same equilibrium configuration as that 
of the conventional static Ising model. 

In equilibrium, the left-hand side of eqn (E.9) is, by definition, equal to 
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zero. A stronger condition, however, is the principle of detailed balance, 
which asserts that the terms on the right-hand side of eqn (E.9) are equal to 


zero in pairs, 
Wj(8;)Po(S1»-- + 8j,... 8y) = W,(—8,)Po(81,... —8,-.. 8y), (E.10) 


where o(s;,-.. Sy) denotes the probability of finding the spins in the con- 
figuration {s,, ... $y} when the system is in equilibrium. 


If we observe that po(s,,... 8y) oc exp (—B#), then eqns (E.8) and (E.10) 
lead to 


w,(s;) _ exp (—BE;s,) 


w(—8) exp (BE,s,) 3) 
where ? 
N 
BE, = pH + > Inde (E.12) 
k=1 


Using the identity exp (+As,) = cosh A + s,sinh A = cosh A(1 + sy 
tanh A), we can write (E.11) in the form 


w,(s;)) _ 1 —s, tanh BH, 


w(—s,) 1 + 3, tanh BE, (E.13) 


Following Suzuki and Kubo (1968), we choose for w,(s;) a form that is con- 
sistent with (E.13), 


0,3) = s (1 — s, tanh BE,), (E.14) 


where the constant «~ * has the dimensions of inverse time and thus effectively 
determines the time scale of the dynamic processes. In order to extend our 
model to the case for which the system is in a time-dependent magnetic 
field, we will assume that the form of the transition probability in eqn (E.14) 
is unchanged but that it now becomes a function of time through the magnetic 
field imbedded in E, (cf. eqn (E.12)). 

In practice, we cannot calculate the probability functions p(s,,... Sy, t) 
because of the complexity of the system of equations in (E.9). It is, however, 
possible to calculate certain expectation values such as 


<8;> = > 8,p(81,--+ Sy #) (E.15) 
{3} 


The summation in eqn (E.15) extends over all 2” possible configurations of 
the spin system. It is straightforward to see from (E.9) and (E.14) that the 
»xpectation value <s,> satisfies the differential equation 


a5 <e)) = —<6,) + <tanh BE,), E16) 
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Thus the calculation problem has been reduced to the problem of solving 
differential equations of the sort (E.16), subject to certain initial conditions. 
This has been done exactly only in the case of one-dimensional lattices 
(Glauber 1963); for lattices of higher dimensionality we must make 
approximations in order to obtain any explicit predictions. 


E.3. The molecular field approximation 


The molecular field approximation provides one of the simplest approxi- 
mation procedures in the study of dynamic cooperative phenomena, just as 
it does in the case of static cooperative phenomena (cf. Chapter 6). Following 
Suzuki and Kubo (1968), we assume that in eqn (E.12) we can make the 
approximation that 
8 = (8.),k FJ (E.17) 

and, moreover, that 
<8, = <8). (E.18) 
Equation (E.18) corresponds to assuming translational invariance of the 
spin system; that is, we assume that each spin behaves, on the average, like 
every other spin. This might correspond to the situation in which the system 
is initially in equilibrium and then is subjected to, for example, a sudden 
change of temperature (by placing it in contact with a new heat bath at a 
different temperature), or a sudden ‘turning off’ of a homogeneous magnetic 


field. 
On substitution of eqns (E.17), (E.18), and (E.12) into eqn (E.16) we 
obtain the equation of motion in the molecular field approximation, 


d 
ar <s>) = —<s> + tanh Pa(H + A ¢s)), (E.19) 
where the molecular field parameter A is defined through the relation 
1 N 
A= =D I (E.20) 
B= 


We notice that in equilibrium, d¢s>/dt = 0 and the equation of motion 
(E.19) reduces to the familiar molecular field equation of static cooperative 
phenomena 

<8> = tanh Bo(H + 2<s)). (E.21) 
When H = 0, eqn (E.21) possesses non-zero solutions only for temperatures 
less than a critical temperature 
jiA 
_ = (E.22) 

For temperatures very near the critical temperature and for small de- 

partures from equilibrium, we can approximate the hyperbolic tangent in 
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eqn (E.19) by the first two terms in its Taylor expansion. Hence we find, 
for H = 0, that 


d 
a= <8) = —&K8) — QKay’, (E.23) 
where 
eee T. 
é= cla (E.24) 


and Q = }(8m4A)°. Equation (E.20) is the Bernoulli differential equation and 
can be solved by dividing both sides by <s>3 and introducing the new quan- 
tity y = <s>~?. Thus 


Oars | 
The solution for 7 4 T, is 
Le -+ 
= {(2 + gem - ire 8 (E.26) 
er é 
which becomes as 7’ —> T',, 
-4 

(= (652+) r= 7, (B.27) 


where 8, is the value of ¢s>) whent = 0. 

The qualitative behaviour predicted by eqn (E.26) is shown in Fig. E.1. 
for temperatures less than, equal to, and greater than the critical temper- 
ature; in particular, we see from eqn (E.26) that as we approach 7’, the re- 
laxation time approaches infinity inversely with 7 — T,, 


aT 


a> (E.28) 


a 
r= >= 
é 


° 
. 


Fic. E.1 The decay of the average magnetization per spin <M(t)>/N by the molecular 
field approximation, eqn (E.26), for T < T., T = T,, and TZ To. 
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This general behaviour predicted by the molecular field approximation 
can be compared with the computer simulation results of Ogita, Ueda, 
Matsubara, Matsuda, and Yonezawa (1969) (cf. Fig. 1.5). These authors have 
studied the dynamic critical phenomena of a ferroelectric system which, 
after certain simplifications, they represent by the time-dependent Ising 
model. We refer the interested reader to their work for a discussion of 
the extent to which the mean field theory is adequate. 


Suggested further reading 


Glauber (1963). 

Suzuki and Kubo (1968). 

Ogita, Ueda, Matsubara, Matsuda, and Yonezawa (1969). 
Suzuki, Ikari, and Kubo (1969). 

Yahata and Suzuki (1969). 

Bedeaux, Milosevié, and Paul (1971). 

Njus and Stanley (1971). 

Stanley, Paul, and Milosevié (1971). 


APPENDIX F 


TWO-DIMENSIONAL FERROELECTRIC AND 
ANTIFERROELECTRIC MODELS 


We present here a brief discussion of Lieb’s exact solution of certain models of 
ferroelectric and antiferroelectric systems for the case of a two-dimensional 
lattice. Just as the magnetization of the Ising ferromagnet arises from the fact 
that the spins are capable of assuming only two distinct orientations, so also 
the polarization of a hydrogen bonded ferroelectric (such as potassium di- 
hydrogen phosphate, KH,PO,, commonly called KDP) is assumed to arise 
from the hydrogen atoms being capable of occupying a discrete number of 
individual sites. The PO, groups will be assumed to form a tetrahedral, or 
diamond, lattice, with coordination number q = 4. Now if there are N PO, 
groups, then there are 2N hydrogen atoms and also Nq/2 = 2N bonds 
between nearest-neighbour pairs of PO, groups. We associate with each 
of these 2 nearest-neighbour bonds a single hydrogen atom, and we assume 
that there are two equivalent positions on each bond at which the hydrogen 
atom can be found. For the sake of specificity we can take these positions to 
be 4 and # of the distance between two nearest-neighbour PO, groups. Thus 
if we regard the PO, groups as vertices, then each vertex has 2* = 16 possible 
configurations corresponding to the arrangement of the 4 hydrogen atoms 
on its four nearest-neighbour bonds. 

Next we assume that two and only two of the four hydrogen atoms can be 
in the ‘close’ position; this is called the ice constraint. Hence the 16 possible 
configurations are reduced to the six shown in Fig. F.1, where we have re- 
presented a hydrogen atom in the ‘close’ position by an arrow directed toward 
the vertex. Notice that vertices 1, 2, 3, and 4 have a net polarization (shown 
by the dashed arrow), but the polarization direction of vertices 1 and 2 is 
perpendicular to that of vertices 3 and 4. 

In the Slater KDP model of a ferroelectric, we regard the polarization 
axis of vertices 1] and 2 as being favourable, and hence we associate with 
vertices 3,4,5,and 6 a positive energy J (i.e.,a Boltzmann factor exp (—J/kT) 
that is smaller‘than unity). The Rys model of an antiferroelectric (named the 
F-model after Rys’ thesis advisor, M. Fierz) favours vertices 5 and 6, the 
two vertices with no net polarization, by associating with vertices 1, 2, 3, and 
4 the positive energy J. The last line of Fig. F.1 shows the additional vertex 
energies which exist when the vertex is placed in an external vertical electric 


field. 
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The Slater KDP model of a ferroelectric and the Rys F model of an 
antiferroelectric have not been solved in. the case of a three-dimensional 
diamond lattice, but they have been solved exactly—even in the presence 
of an external electric field—for the case of a two-dimensional square lattice 
(Lieb 1967a, b, 1969). Lieb’s solution utilizes the transfer matrix method 
which we have illustrated in § 8.5; unfortunately the solution is complex so 
we shall not display the details or even the answer here. 


1 2 3 4 5 6 
A RY ! | | 
| a t- ~~ | x 
“ Ka Ny ‘N 
0 0 J J J J 


KDP 
F J J J J 0 0 
Field energy -1 +1 +1 ~1 0 0 


Fia. F.1. The six configurations of a vertex which satisfy the ice constraint, and the 

vertex energy assignments for the Slater KDP model of a ferroelectric and the Rys F 

model of an antiferroelectric. The net polarization of vertices 1, 2, 3, and 4 is indicated 

by the dashed arrow. The additional energy with an external electric field in the vertical 
direction is shown in units of electric field times dipole moment. 


There are, however, many unusual and surprising features of the solution, 
some of which we shall now discuss. When the electric field € is zero, both 
models have identical ordering temperatures, given by k7,/J = (In 2)7}. 
Here the similarity with the Ising model ends. The KDP model of a ferro- 
electric undergoes a first-order phase transition at 7',, with the polarization 
being ‘perfect’ (equal to its 7 = 0 value) for all values of T < T,. Therefore 
the specific heat is zero for JT < T,, but it diverges to infinity as T —> T}, 
with a critical point exponent « = 4. Thus the Slater KDP model provides an 
exactly soluble example of a phase transition for which a’ # «. 

On the other hand, the F model of an antiferroelectric undergoes an infinite- 
order phase transition in that each and every derivative of the internal 
energy remains finite and continuous at JT = 7, yet the critical point is an 
essential singularity. In particular, then, the specific heat is a smoothly 
varying function of temperature, displaying a broad maximum at a temper- 
ature 7’ ~ 0-87. 

The effect of a non-zero external electric field is also surprising. Unlike 
the Ising ferromagnet, for which the phase transition disappears in the 
presence of an external magnetic field, the transition persists, but it becomes 
second order for both the ferroelectric and the antiferroelectric models and 
T, changes smoothly with applied electric field. More precisely, 7’, increases 
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with the field for the ferroelectric and decreases with field for the antiferro- 
electric. Also the specific heat of the antiferroelectric diverges at 7',(@) as 
T +> T with a = 3, just as the ferroelectric model does for all values of @. 

These are but a few of the surprising and unusual features of the phase 
transitions in the two-dimensional Slater KDP model of a ferroelectric and 
the Rys F model of an antiferroelectric; the interested reader is referred to the 
review of Lieb (1969) for further discussion. 


~ 


BIBLIOGRAPHY 


Acziz, J. (1966) Lectures on functional equations and their applications. 
Academic Press, New York. 


(1969) On applications and theory of functional equations. Academic 
Press, New York. 

Auters, G. (1969) Proc. eleventh int. Conf. low Temp. Phys. Vol. 1 (eds. 
J. F. Allen, D. M. Finlayson, and D. M. McCall). St. Andrews Univ. Press, 
Scotland, p. 203. 

ANDREWS, T. (1869) Phil. Trans. R. Soc. 159, 575. 

ARCHIBALD, M., Mocuet, J. M., and Weaver, L. (1969). Proc. eleventh 
int. Conf. low Temp. Phys. Vol. 1 (eds. J. F. Allen, D. M. Finlayson, and 
D.M. McCall). St. Andrews Univ. Press, Scotland, p. 211. 

ArFKEN, G. (1970) Mathematical methods for physicists, 2nd edn. Academic 
Press, New York. 


Arrott, A. and Noakss, J. E. (1967) Phys. Rev. Lett. 19, 786. 


Baker, G. A., Jr. (1961) Phys. Rev. 124, 768. 

—— (1963a) Phys. Rev. 129, 99. 

—— (19636) Phys. Rev. 130, 1406. 

—— (1965) Adv. theor. Phys. 1,1. 

—— and Gaunt, D.S. (1967) Phys. Rev. 155, 545. 

—— Grupert, H. E., Evs, J., and Rususprooke, G. 8. (1967) Phys. Rev. 
164, 800. 

—— Eve, J., and RusuBrooxgE, G.8. (1970) Phys. Rev. B2, 706 

Barmatz, M. and Rupnicx, I. (1968) Phys. Rev. 170, 224. 

BrpeEavx, D., Mimoservié, S., and Paut, G. (1971) J. stat. Phys. 3 (in press). 

Benepek, G. B. (1962) In Research in materials science and engineering, 
MIT CMSE Annual Report, p. 55. 

—— (1968) In Statistical physics, phase transitions, and superfluidity, Vol. 
2 (eds. M. Chrétien, E. P. Gross, and 8. Deser). Gordon and Breach, New 
York. p. 1. 


(1969) In Polarization, matter and radiation. Presses Universitaire de 
France, Paris. p. 49. 
and CANNELL, D.S. (1968) Bull. Am. phys. Soc. 13, 182. 


Berak, P., Catmettss, P., Las, C., Tournarie, M., and Votocaine, B. 
(1970) Phys. Rev. Lett. 24, 1223. 


and VoLocuing, B. (1968) Phys. Lett. 26A, 267. 
Ber.in, T. H. and Kac, M. (1952) Phys. Rev. 86, 821. 


BIBLIOGRAPHY 291 


Berts, D. D. and Drraztan, R. V. (1968) Can. J. Phys. 46, 971. 

——E uiort, C. J., and Lun, M. H. (1971) J. Phys., Paris 328 (in 

press). 

Exuiorr, C. J., and Drrzazan, R. V. (1971) Can. J. Phys. 49 (in press). 

oe R. J., Skatyo, J., and Surrang, G. (1970). J. appl. Phys. 41, 

Bortcu, W. and Frxman, M. (1962) J. chem. Phys. 36, 3100. 

—— (1965) J. chem. Phys. 42, 199. 

Bowers, R. G. and Woorr, M. E. (1969) Phys. Rev. 177, 917. 

Braun, P., Hammer, D., Tscuarnurer, W., and Wernzrertz, P. (1970) 
Phys. Lett. 32A, 390. 

Brittoun, L. (1914) C.r. habd. Séanc. Acad. Sci., Paris 158, 1331. 

—— (1922) Annls Phys. 17, 88. 

Brovt, R. (1965) Phase transitions. Benjamin, New York. 

Brus, S. G. (1967) Rev. mod. Phys. 39, 883. 

BuckineuaM, M. J. and Farrpansg, W. M. (1961) In Progress in low Tem- 
perature Physics, Vol. 3 (ed. C. J. Gorter). North-Holland, Amsterdam, 
p. 80. 

—— and Gunton, J. D. (1969) Phys. Rev. 178, 848. 

Buraoyng, P. N. (1963) J. math. Phys. 4, 1320. 

Burzey, D. M. (1960) Phil. Mag. 5, 909. 


Caen, H. B. (1960) Thermodynamics. Wiley, New York. 

Cuane, C. H. (1952) Phys. Rev. 88, 1422. 

CHEN, S. H. and Potonsky, N. (1968) Phys. Rev. Lett. 20, 909. 

Cuu, B., (1970) Ann Rev. Phys. Chem. 21, 145. 

—— Scuoernss, F. J., and Kao, W. P. (1968) J. Am. chem. Soc. 90, 3042. 

Cotuins, M. F., Minxiewicz, V. J., NatHans, R., PassEw1, L., and SHmRaNeE, 
G. (1969) Phys. Rev. 179, 417. 

Cooper, M. J. (1968) Phys. Rev. 168, 183. 

CoopErsmiTH, M. H. (1968a) Phys. Rev. 167, 478. 

—— (1968) Phys. Rev. Lett. 20, 432. 

Craia, P. P. and Gotpsure, W. I. (1969) J. appl. Phys. 40, 964. 

Cummins, H. Z. and Gammon, R. W. (1966) J. chem. Phys. 44, 2785. 

—— KwnaBte, N. and Yeu, Y. (1964) Phys. Rev. Lett. 12, 150. 

and Swinney, H. L. (1966) J. chem. Phys. 45, 4438. 

(1970) In Progress in optics, Vol. 8 (ed. KE. Wolf). North-Holland, 

Amsterdam. 


Datrton, N. W. and Woop, D. W. (1968) Phys. Lett. 28A, 417. 

—— (1969) J.math. Phys. 10, 1271. 

Danreuian, A. and Stevens, K. W. H. (1957) Proc. phys. Soc. 70, 326. 
Drsyg, P. J. W. (1912) Annln Phys. 39, 789. 

—— (1959) J. chem. Phys. 31, 680. 


292 BIBLIOGRAPHY 


Derutcu, J. M. and Zwanzia, R. (1967) J. chem. Phys. 46, 1612. 

Doms, C. (1960) Adv. Phys. 9, 149. 

— (1968) Phys. Rev. Lett. 20, 1425. 

—— (1970) Adv. Phys. 19, 339. 

—— and Hunter, D. L. (1965) Proc. phys. Soc. 86, 1147. 

Dus, S. B. (1970) Ph.D. Thesis, M.I.T. 

—— Lunacex, J. H., and Benepgx, G. B. (1967) Proc. natn. Acad. Sci. 
U.S.A. 57, 1164. 

Dwicut, K., Menyvux, N., and Kapuan, T. A. (1965) J. appl. Phys. 36, 1090. 


Eeerxstarr, P. A. (1967) An introduction to the liquid state. Academic Press, 
London. 

Exysretn, A. (1910) Annln Phys. 33, 1275. 

Essa, J. W. and Fisuer, M. E. (1963) J. chem. Phys. 38, 802. 

—— and Hunter, D. L. (1968) J. Phys. (C) 1, 392. 

—— and Syxgs, M. F. (1963) Physica 29, 378. 


Fay, J. A. (1965) Molecular thermodynamics. Addison-Wesley, Reading, 
Massachusetts. 

FELDERHOF, B. U. (1966) J. chem. Phys. 44, 602. 

Ferer, M., Moors, M. A., and Wortis, M. (1969) Phys. Rev. Lett. 22, 1382. 

FERRELL, R. A. (1968) In Fluctuations in superconductors (eds. W. S. Goree 
and F. Chilton). Stanford Research Institute. 

—— (1970) Phys. Rev. Lett. 24, 1169. 

—— MenynHirp, N., Scumipt, H., Schwast, F., and Sztprauusy, P. 
(1967a) Phys. Rev. Lett. 18, 891. 

— —— —— —— — (1967b) Phys. Lett. 24A, 493. 

—— —— —— —— —— (1968) Ann. Phys., N.Y. 47, 565. 

Fisuer, M. E. (1962) Physica 28, 172. 

—— (1964) J. math. Phys. 5, 944. 

(1965) In Lectures in theoretical physics, Vol. 7C. University of Colorado 

Press, Boulder, Colorado. 

(1967) Rep. Prog. Phys. 30, 615. 

—— (1969) Phys. Rev. 180, 594. 

—— and BurrorpD, R. J. (1967) Phys. Rev. 156, 583. 

Frixmavy, M. (1962a) J. chem. Phys. 36, 310. 

——— (19626) J. chem. Phys. 36, 1961. 

(1964) In Advances in chemical physics, Vol. I (ed. I. Prigogine) Inter- 

science, New York. 

(1967) J. chem. Phys. 47, 2808. 

Forp, N.C., Jr. and Benepe, G. B. (1965) Phys. Rev. Lett. 15, 649. 

—— Lanctey, K. H., and Puauiex1, V. G. (1968) Phys. Rev. Lett. 21, 9. 

Forrester, A. (1956) Am. J. Phys. 24, 192. 

—— (1961) J. opt. Soc. Am. 51, 253. 


BIBLIOGRAPHY 293 


——— Gupmunpssn, R. A., and Jonnson, P. O. (1955) Phys. Rev. 99, 1691. 

—— Parkins, W. E., and Gersvoy, E. (1947) Phys. Rev. 72,728. 

Frencu, M. J., Ancus, J. C., and Watton, A. G. (1969) Science, N.Y. 163, 
345. 


GAMMEL, J., Marsuati, W., and Morcan, L. (1963) Proc. R. Soc. 275, 
267. 

Gammon, R. W., Swinney, H. L., and Cummins, H. Z. (1967) Phys. Rev. 
Lett. 19, 1467. 

GARELICK, H. and Essa, J. W. (1968) J. Phys. (C) 1, 1588. 

GARLAND, C. W. (1970) In Physical acoustics, Vol. 7 (ed. W. P. Mason and 
R. N. Thurston). Academie Press, New York. 

Gaunt, D.S. (1967) Proc. phys. Soc. 92, 150. 

—— and Doms, C. (1968) J. Phys. (C) 1, 1038. 

—— Fisuer, M. E., Syxes, M. F., and Essam, J. W. (1964) Phys. Rev. 
Lett. 13, 713. 

Gic110, M. and BENEDEX, G. B. (1969) Phys. Rev. Lett. 23, 1145. 

GuasseEp, M. L. (1970) Am. J. Phys. 38, 1033. 

GLAUBER, R. J. (1963) J. math. Phys. 4, 294. 

GoLpina, B. (1968) Phys. Rev. Lett. 20, 5. 

GORELIK, G. (1947) Dokl. Akad. Nauk SSSR 58, 45. 

GrREYTAK, T. J. (1967) Ph.D. Thesis, M.I.T. 

GRIFFITHS, R. B. (1964) J. math. Phys. 5, 1215. 

—— (1965a) Phys. Rev. Lett. 14, 623. 

—— (1965b) J. chem. Phys. 43, 1958. 

—— (1967a) J. math. Phys. 8, 478, 484. 

—— (1967b) Phys. Rev. 158, 176. 

—— (1968) Unpublished lectures delivered at the 1968 Banff Summer 
Institute on Critical Phenomena. 

— Horst, C. A., and SHERMAN, S. (1970) J. math. Phys. 11, 790. 

Gross, E. (1930a) Nature, Lond. 126, 201. 

—— (19306) Nature, Lond. 126, 400. 

— (1930c) Nature, Lond. 126, 603. 

—— (1932) Nature, Lond. 129, 722. 

GuacENnHEmM, E. A. (1945) J. chem. Phys. 13, 253. 

—— (1967) Thermodynamics, 5th edn. North-Holland, Amsterdam. 

Gunton, J. D. and BuckineuaM, M. J. (1968) Phys. Rev. 166, 152. 

Gurrmann, A. J. (19692) Ph.D. Thesis, University of New South Wales. 

(1969b) J. Phys. (C) 2, 1900. 

and THomeson, C. J. (1969) Phys. Lett. 28A, 679. 

and NrnuaM, B. W. (1970) J. Phys.(C) 3, 1641. 


Hascoop, H. W. and ScuneiweEr, W. G. (1954) Can. J. Chem. 32, 98. 


294 BIBLIOGRAPHY 


Harerin, B. I. and HoHENBERG, P. C. (1967) Phys. Rev. Lett. 19, 700. 

—_— —— (1969) Phys. Rev. 177, 952. ; 

Hanpuer, P., Mapotuer, D. E., and Rayt, M. (1967) Phys. Rev. Lett. 19, 
356. 

Hankey, A. and Stantey, H. E. (1971) to be published. 

HEISENBERG, W. (1928) Z. Phys. 49, 619. 

HELFAND, E. (1969) Phys. Rev. 183, 562. 

Heuer, G. and Kramers, H. A. (1934) Proc. Sect. Sci. K. ned. Akad. Wet. 
37, 378. 

HELLER, P. (1967) Rep. Prog. Phys. 30, 731. 

and BENEDEK, G. B. (1962) Phys. Rev. Lett. 8, 428. 

Henry, D. L., Cummins, H. Z., and Swinney, H. L. (1969) Bull. Am. phys. 
Soc. 14, 73. 

Swinney, H. L., and Cummins, H. Z. (1970) Phys. Rev. Lett. 25, 1170. 

Huey, B. J. and Joyce, G.8. (1965) Proc. phys. Soc. 85, 493. 

Ho, J. T. and Lirster, J. D. (1969) Phys. Rev. Lett. 22, 603. 

Hopkinson, J. (1890) Proc. R. Soc. 48, 1. 

Huang, K. (1963) Statistical mechanics. Wiley, New York. 


Istna, E. (1925) Z. Phys. 31, 253. 


Jancovict, B. (1967) Phys. Rev. Lett. 19, 20. 

Jasnow, D. and Wortis, M. (1968). Phys. Rev. 176, 739. 
JosEPuson, B. D. (1967) Proc. phys. Soc. 92, 269, 276. 
—— (1969) J. Phys. (C) 2, 1113. 

Joyce, G. 8. (1966) Phys. Rev. 146, 349. 

and Bowers, R. G. (1966a) Proc. phys. Soc. 88, 1053. 
(19666) Proc. phys. Soc. 89, 776. 


Kac, M. (1964). Physics today 17, No. 10, p. 40. 

(1968) In Statistical physics, phase transitions, and superfluidity, Vol. 1 
(eds. M. Chrétien, E. P. Gross, and S. Deser). Gordon and Breach, New 
York, p. 241. 

and THompson, C. J. (1971) Proc. Norwegian Acad. Science (in press). 
— and Warp, J.C. (1952) Phys. Rev. 88, 1332. 

—— UHLENBECK, G. E., and Hemmer, P. C. (1963) J. math. Phys. 4, 216. 
Kapanorr, L. P. (1966) Physics 2, 263. 

—— (1968) Communs Solid St. Phys. 1, 5. 

—— (1969) J. phys. Soc. Japan 26S, 122. 

and Martin, P. C. (1963) Ann. Phys., N.Y. 24, 419. 

—— and Swrrt, J. (1968a) Phys. Rev. 165, 310. 

—— —— (1968h) Phys. Rev. 166, 89. 


BIBLIOGRAPHY 295 


—— Gorzx, W., Hamsten, D., Hecurt, R., Lewis, E. A. 8., Paucrauskas, 
V. V., Ray, M., Swirr, J., Aspnes, D., and Kang, J. (1967) Rev. Mod. 
Phys. 39, 395. 

Kaptan, T. A., Stanuey, H. E., Dwicut, K., and Menyux, N. (1965) J. 
appl. Phys. 36, 1129. 

Kauran, B. and Onsager, L. (1949) Phys. Rev. 76, 1244. 

Kawasak1, K. (1966a) Phys. Rev. 145, 224. 

—— (1966b) Phys. Rev. 148, 375. 

—— (1966c) Phys. Rev. 150, 285. 

—— (1966d) Phys. Rev. 150, 291. 

—— (1967) J. Phys. Chem. Solids 28, 1277. 

—— (1968a) Prog. theor. Phys., Kyoto 39, 1133. 

—— (1968) Prog. theor. Phys., Kyoto 40, 11. 

—— (1968c) Prog. theor. Phys., Kyoto 40, 706. 

—— (1968d) Prog. theor. Phys., Kyoto 40, 930. 

—— (1968e) Prog. theor. Phys., Kyoto 39, 285. 

—— (1968f) Phys. Lett. 26A, 543. 

—— (1969) Prog. theor. Phys., Kyoto 41, 1190. 

—— (1970) Ann. Phys., N.Y. 61, 1. 

—— and Tanaka, M. (1967) Proc. phys. Soc. 90, 791. 

KEtty, D. G. and SHERMAN, S. (1968) J. math. Phys. 9, 466. 

KERRESK, J. and KELLER, W. E. (1967) Bull. Am. phys. Soc. 12, 550. 

Kirret, C. (1958) Elementary statistical physics. Wiley, New York. 

—— (1969) Thermal physics. Wiley, New York. 

—— and SHorg, H. B. (1965) Phys. Rev. 138, A1165. 

Komanoy, L. I. and Fisumr, I. Z. (1962) Zh. éksp. teor. Fiz. 43, 1927. English 
translation: Soviet Phys. JET P 16, 1358 (1963). 

Kovvet, J. S. and Comty, J. B. (1968) Phys. Rev. Lett. 20, 1237. 

—— and RopsBE tt, D. S. (1967) Phys. Rev. Lett. 18, 215. 

Kramers, H. A. (1936) In Collected scientific papers of H. A. Kramers (ed. 
H. B. G. Casimir). North-Holland, Amsterdam, 1965, p. 60. 

and WanniER, G. H. (1941) Phys. Rev. 60, 252-263. 

Kuso, R. (1943) Busseiron—Kenkyu, 1, 1. 

— (1965) Statistical mechanics. North-Holland, Amsterdam. 

—— (1968) Thermodynamics. North-Holland, Amsterdam. 

Kuramoro, Y. (1969) Prog. theor. Phys., Kyoto 41, 604. 


Lanpav, L. D. (1937a) Phys. Z. Sowjun. 11, 26. 

—— (1937b) Zh. éksp. teor. Fiz. 7, 19. 

— (1937c) Phys. Z. Sowjun. 11, 545. 

—— (1937d) Zh. éksp. teor. Fiz. 7, 627. 

—— (1965) Collected papers of L. D. Landau (ed. D. ter Haar). Gordon and 
Breach, New York. 


296 BIBLIOGRAPHY 


Lanpauv, L. D., Axniezer, A. I., and Lirsuirz, E. M. (1967) General physics. 
Pergamon Press, New York. : 

——and Lirsnirz, E. M. (1960) Electrodynamics of continuous media. 
Pergamon Press, Oxford. 

(1969) Statistical physics, 2nd edn. Pergamon Press, Oxford. 

and PLaczEK, G. (1934) Phys. Z. Sowjun. 5, 172. 

Lancevin, P. (1905) J. Phys. Radium, Paris 4, 678. 

LaRAMORE, G. (1969) Ph.D. Thesis, University of Illinois. 

LastovKA, J. B. (1967) Ph.D. Thesis, M.I.T. 

and BENEDEK, G. B. (1966) Phys. Rev. Lett. 17, 1039. 

Lav, H. Y., Cortiss, L. M., Detapauoe, A., Hastines, J. M., NaTHans, R., 
and TuccrARong, A. (1969) Phys. Rev. Lett. 23, 1225. 

LesowItz, J. (1968) Ann Rev. Phys. Chem. 19, 389. 

Leg, M. H. and Stantey, H. E. (1971) J. Phys., Paris 32S (in press). 

Leg, T. D. and Yana, C. N. (1952). Phys. Rev. 87, 410. 

Lenz, W. (1920) Phys. Z. 21, 613. 

Lies, E. H. (1967a) Phys. Rev. Lett. 18, 1046. 

—— (1967b) Phys. Rev. Lett. 19, 108. 

(1969) In Lectures in theoretical physics, Vol. 11D. University of 

Colorado Press, Boulder, Colorado. 

and Maris, D. C. (1966) Mathematical physics in one dimension. 
Academic Press, New York. 

Liyzs, M. E, (1971). J. Phys., Paris 32S (in press). 

Lurut, B. and Pott, R. J. (1968) Phys. Rev. 167, 488. 

—— —— (1969) J. Phys. Chem. Solids 31, 1741. 


Manpev’sutam, L. I. (1926) Zhurnal Russkogo Fiziko Khimicheskogo 
Obshchestva 58, 381. 

MarsHaLL, W. and Lovssgy, 8. W. (1971) Theory of thermal neutron 
scattering. Clarendon Press, Oxford (in Press). 

—— and Lowpg, R. D. (1968) Rept. Prog. Phys. 31, 705. 

Martin, D. H. (1967) Magnetism in solids. M.I.T. Press, Cambridge, Massa- 
chusetts. 

Matsuno, K. and Stantey, H. E. (1970) Phys. Lett. 33A, 425. 

Mattis, D. C. (1965) The theory of magnetism. Harper and Row, New York. 

MENDELSSOHN, K. (1966) The quest for absolute zero. McGraw-Hill, New 
York. 

Merny, N. D. and Waener, H. (1966) Phys. Rev. Lett. 17, 1133. 

MiapaL, A. A. (1968) Zh. éksp. teor. Fiz. 55, 1964. English translation: 
Soviet Phys. JET P 28, 1036 (1969). 

Mitogrvié, 8., Matsuno, K., and Stantey, H. E. (1970). Physica Status 
Solidi 42 (in press). 

and STaNnLEY, H. E. (1971) J. Phys., Paris 32S (in press). 


BIBLIOGRAPHY 297 


MINKIEwIcz, V. J., Cotuins, M. F., Naruans, R., and Surrane, G. (1969) 
Phys. Rev. 182, 624. 

Motpover, M. R. (1969) Phys. Rev. 182, 342. 

MontTro iz, E. W. (1968) In Statistical physics, phase transitions, and super- 
fluidity, Vol. 2 (eds. M. Chrétien, E. P. Gross, and S. Deser). Gordon and 
Breach, New York. 

Moore, M. A. (1969) Phys. Rev. Lett. 23, 861. 

—— Jasnow, D., and Wortis, M. (1969) Phys. Rev. Lett. 22, 940. 

Morsg, P. (1969) Thermal physics, 2nd edn. Benjamin, New York. 

Mountatn, R. D. (1966) Rev. mod. Phys. 38, 205. 

—— and Zwanzia, R. (1968) J. chem. Phys. 48, 1451. 

MupayI, V. and Lanes, R. V, (1969) Phys. Rev. 178, 882. 

Minster, A. (1966) In Fluctuation phenomena in solids (ed. R. E. Burgess). 
Academic Press, New York. 

and SAGEL, K. (1958) Molec. Phys. 1, 23. 


Natuans, R., Menzincer, F., and Pickart, S. J. (1968) J. appl. Phys. 3%, 
1237. 

Nuvs, D. L. and Stantey, H. E. (1971) In Proceedings of the Fordham con- 
ference on the dynamical aspects of critical phenomena (eds. J. I. Budnick 
and M. P. Kawatra). Gordon and Breach, N.Y. 


Ocita, N., Urpa, A., Matsupara, T., Marsupa, H., and Yonzrzawa, F. 
(1969) J. phys. Soc. Japan 26S, 145. 

OnsaGER, L. (193la) Phys. Rev. 37, 405. 

—— (1931b) Phys. Rev. 38, 2265. 

—— (1944) Phys. Rev. 65, 117. 

OrrcnowskI, W. (1937) Physica 4, 181. 

Ornstein, L. S. and ZERNIKE, F. (1914) Proc. Sect. Sci. K. med. Akad. Wet. 
47; 793; 


Patasuinski, A. Z. and Pokrovsku, V. L. (1966) Zh. éksp. teor. Fiz. 50, 
439, English translation: Soviet Phys. JET P 23, 292 (1966). 

Paut, G. and Stan ey, H. E. (1971) J. Phys., Paris 32S (in press). 

PEcoRA, R. (1964) J. chem. Phys. 40, 1604. 

Poxrovsku, V. L. (1968) Usp. Fiz. Nauk. 94, 127. English translation: 
Soviet Phys. Uspekhi 11, 66 (1968). 

Potyakov, A. M. (1968) Zh. éksp. teor. Fiz. 55, 1026 English translation: 
Soviet Phys. JET P 28, 533 (1969). 


Lorp RayYLeIGcu (1871) Phil. Mag. 41, 107, 274, 447. 

—— (1899) Phil. Mag. 47, 375. 

Rzatro, L. (1968) Phys. Lett. 26A, 400. 

Recuttn, M. D., Moss, S. C., and AverBacH, B. L. (1970) Phys. Rev. Lett. 


24, 1485. 


298 BIBLIOGRAPHY 


Rerr, F. (1965) Statistical and thermal physics. McGraw-Hill, New York. 

Reitz, J. R. and Mitrorp, F. J. (1960) Foundations of Electromagnetic 
theory. Addison-Wesley, Reading, Massachusetts. 

Roacu, P. R. (1968) Phys. Rev. 170, 213. 

and Dovatass, D. H., Jr. (1967) Phys. Rev. Lett. 19, 287. 

Row.inson, J. S. (1969) Liquids and liquid mixtures, 2nd edn. Butterworths, 
London. 

RvusHBROOKE, G. S. (1963) J. chem. Phys. 39, 842. 

—— (1965) J. chem. Phys. 43, 3439. 

and Woop, P. J (1958) Molec. Phys. 1, 257. 

Rytov, S. M. (1957) Zh. éksp. teor. Fiz. 33, 514. English translation Soviet 
Phys. JET P 6, 401 (1958). 


ScHOFIELD, P. (1969) Phys. Rev. Lett. 22, 606. 

ScuutHor, M. P. (1970) Ph. D. Thesis, Brandeis University. 

—— HELLER, P., Natuans, R., and Linz, A. (1970a) Phys. Rev. B1, 2304. 

—— ——- —— —— (1970b) Phys. Rev. Lett. 24, 1184. 

Scuuutz, T. D., Martis, D. C., and Lizs, E. H. (1964). Rev. mod. Phys. 36, 
856. 

Srncgrs, J. V. (1966) In Critical phenomena, Proceedings of a Conference 
(eds. M.S. Green and J. V. Sengers), Natn. Bur. Stand. Misc. Publ. No. 273. 

—— (1971) In Proceedings of the Varenna summer school on critical phenomena 
(ed. M.S. Green). Academic Press, New York. 

and LEVELT-SENGERS, J. M. H. (1968) Chem. Engng News 46, 104. 

SreceEz, L. and Witcox, L. R. (1967) Bull. Am. phys. Soc. 12, 525. 

Skatyo, J., SHrrane, G., Frrepspure, 8. A., and Kogpayasut, H. (1970). 
Phys. Rev, B.2, 1310. 

Smart, J.S. (1966) Effective field theories of magnetism. Saunders, Philadelphia 

Sran ey, H. E. (1967a) Phys. Rev. 158, 537. 

—— (1967b) Phys. Rev. 158, 546. 

— (1967c) Phys. Rev. 164, 709. 

—— (1967d) Ph.D. Thesis, Harvard University. 

(1968a) In Solid state physics, nuclear physics and particle physics, The 

ninth Latin-American School of Physics (ed. I. Saavedra). Benjamin, 

New York. 

(19685) Phys. Rev. Lett. 20, 150. 

—— (1968c) Phys. Rev. Lett. 20, 589. 

— (1968d) Phys. Rev. 176, 718. 

—— (1969a) J. phys. Soc. Japan 26S, 102. 

—— (19696) J. appl. Phys. 40, 1272. 

—— (1969c) J. appl. Phys. 40, 1546. 

—— (1969d) Phys. Rev. 179, 570. 

—— (1971la) Scient. Am. 


BIBLIOGRAPHY 299 


(19716) In Critical phenomena, proceedings of the Battelle conference 

(eds. R. E. Mills, E. Ascher, and R. I. Jaffee). McGraw Hill, New York. 

(1971c) In Proc. NATO summer institute on mathematical physics 
(ed. A. O. Barut), Gordon and Breach, New York. 

—— (1971d) In Proc. NATO summer institute on magnetism (ed. S. Foner). 
Gordon and Breach, New York. 


—— (197le) Readings in phase transitions and critical phenomena (to be 
published). 


—— Btumg, M., Matsuno, K., and MinoSxrv16é, S. (1970) J. appl. Phys. 41, 
1278. 

Hankey, A., and Les, M. H. (1971) In Proc. Varenna summer school on 

critical phenomena (ed. M.S. Green). Academic Press, New York. 

and Kapuan, T. A. (19662) Phys. Rev. Lett. 16, 981. 

(1966b) Phys. Rev. Lett. 17, 913. 

—— —— (1967a) J. Appl. Phys. 38, 975. 

(19676) J. appl. Phys. 38, 977. 

—— and Leg, M. H. (1970) Int. J. quantum Chem. 4S, 407. 

Pau, G. and Mimosevi¢, S. (1971) In Physical chemistry, an advanced 
treatise, vol. 8 (the liquid state) (eds. H. Eyring, D. Henderson, and W. Jost). 
Academic Press, New York. 

STELL, G. (1968a) Phys. Rev. Lett. 20, 533. 

—— (1968b) Phys. Rev. 173, 314. 

—— (1969) Phys. Rev. 184, 135. 

STEPHENSON, J. (1964) J. math. Phys. 5, 1009. 

STEPHENSON, R. L. and Woop, P. J. (1968) Phys. Rev. 173, 475. 

—— —— (1970) J. Phys. (C), Solid State Physics 3, 90. 

Su, G. J. (1946) Ind. Engng. Chem. analyt. Edn 38, 803. 

Suzuxt, M. and Kuso, RB. (1968) J. phys. Soc. Japan 24, 51. 

—— Ixanrt, H., and Kuzo, R. (1969) J. phys. Soc. Japan 26S, 153. 

Swirt, J. and Kapanorr, L. P. (1968) Ann. Phys. (N.Y.) 50, 312. 

Swinney, H. L. (1968) Ph.D. Thesis, Johns Hopkins University. 

—— and Cummins, H. Z. (1968) Phys. Rev. 171, 152. 

Syxess, M. F. (1963) J. chem. Phys. 39, 410. 

—— Essam, J. W., and Gaunt, D.S. (1965) J. math. Phys. 6, 283. 

and FisHEr, M. E. (1962) Physica 28, 919. 

—— Marti, J. L., and Huntsr, D. L. (1967) Proc. phys. Soc. 91, 671. 

and Zucker, I. J. (1961) Phys. Rev. 124, 410. 


TEMPERLEY, H. N. V. (1956) Changes of state. Cleaver-Hume and Inter- 


science. 
Tuomas, J. E. and Scumipt, P. W. (1963) J. chem. Phys. 39, 2506. 
Tompson, C. J. (1971) Mathematical statistical mechanics, Macmillan, New 


York. 


300 BIBLIOGRAPHY 


Townes, C. H. (1961) In Advances in quantum electronics (ed. J. S. Singer). 
Columbia University Press, New York. | 


Vaxs, V. G. and Larkin, A. I. (1965) Zh. éksp. teor. Fiz. 49, 975. English 
translation: Soviet Phys. JET P 22, 678 (1966). 

VAN DER Waa Ls, J. D. (1873) Ph.D. Thesis, University of Leiden. 

Van Hove, L. (1954a) Phys. Rev. 93, 268. 

—— (19546) Phys. Rev. 95, 249. 

—— (1954c) Phys. Rev. 95, 1374. 

vaAN Kampen, N. G. (1969) In Quantum optics, Varenna lecture notes (ed. 
R. J. Glauber). Academic Press, New York. 

Van Vurck, J. H. (1937) J. chem. Phys. 5, 320. 

—— (1945) Rev. mod. Phys. 17, 27. 

VDOVICHENKO, N. V. (1964) Zh. éksp. teor. Fiz. 47, 715. (English translation: 
Soviet Phys. JETP 20, 477 (1965).) 

—— (1965) Zh. éksp. teor. Fiz. 48, 526. English translation: Soviet Phys. 
JET P 21, 350 (1965). 

VILLAIN, J. (1968a) J. Phys., Paris 29, 321. 

— (19686) J. Phys., Paris 29, 687. 

—— (1968c) Phys. Stat. Sol. 26, 501. 

VINCENTINI-MISSONI, M., LEVELT-SENGERS, J. M.H., and GreEn, M.S. (1969) 
J. Res, Natn. Bur. Stnds. Sect. A 73, 563. 


Wannier, G. H. (1966) Statistical physics. Wiley, New York. 
Watson, R. E., Buumg, M., and VinryarD, G. H. (1970) Phys. Rev. B 2, 684. 
Weener, F. (1967) Z Phys. 206, 465. 

Werss, P. (1907) J. Phys. Radium, Paris 6, 667. 

and ForreEr, R. (1926) Annls Phys. 5, 153. 

Wipom, B. (1964) J. chem. Phys. 41, 1633. 

— (1965a) J. chem. Phys. 43, 3892. 

—— (1965b) J. chem. Phys. 43, 3898. 

— (1967) Science, N.Y. 157, 375. 

Woop, P. J. (1958) Ph.D. Thesis, University of Newcastle. 
and RvusHBROOKE, G. 8. (1966) Phys. Rev. Lett. 17, 307. 
Wu, T. T. (1966) Phys. Rev. 149, 380. 


Yanata, H. and Suzvuxt, M. (1969) J. phys. Soc. Japan, 27, 1421. 
Yana, C. N. (1952) Phys. Rev. 85, 808. 
—— and Yana, C. P. (1964) Phys. Rev. Lett. 13, 303. 


Ziman, J. M. (1964) Principles of the theory of solids. Cambridge University 
Press. 


AUTHOR INDEX 


Aczél, J., 177, 190 

Ahlers, G., 257 

Akhiezer, A. I., 21 

Andrews, T., 5, 7, 21, 217 

Angus, J. C., 219 

Archibald, M., 257 

Arfken, G., 106 

Arrott, A., 187 

Aspnes, D., 13, 19, 21, 174, 192, 201 
Averbach, B. L., 13 


Baker, G. A. Jr., 51, 63, 78, 144, 151, 162, 
166, 201 

Barmatz, M., 257 

Bedeaux, D., 286 

Benedek, G. B., 9, 10, 11, 204, 210, 216-21, 
226, 228-30, 232, 237, 253, 257 

Bergé, P., 238-9, 257 

Berlin, T. H., 17, 128, 130-1 

Betts, D. D., 127, 144, 156, 164 

Birgeneau, R. J., 156 

Blume, M., 124, 156 

Botch, W., 224-7 

Bowers, R. G., 112, 145, 151 

Braun, P., 228 

Brillouin, L., 218 

Brout, R., 21, 93 

Brush, S. G., 116, 133 

Buckingham, M. J., 20, 63, 174 

Burford, R. J., 144, 146 

Burgoyne, P. N., 143, 271 

Burley, D. M., 165 


Callen, H. B., 33, 38 

Calmettes, P., 238-9 

Cannell, D. S., 229-30 

Chang, C. H., 114 

Chen, S. H., 257 

Chu, B., 232, 257 

Collins, M. F., 240 

Comly, J. B., 187, 189 

Cooper, M. J., 193 

Coopersmith, M. H., 55, 60 

Corliss, L. M., 240 

Craig, P. P., 259 

Cummins, H. Z., 217, 219, 222-9, 231-2, 
238, 253, 255, 257 

Curie, P., 8 


Dalton, N. W., 115, 156 

Danielian, A., 164 

Debye, P. J. W., 218, 225 

Delapalme, A., 240 

Deutch, J. M., 247-8 

Ditzian, R. V., 127, 144, 156, 164 

di Sessa, A., 179 

Domb, C., 9, 15, 54, 63, 133-4, 144, 166, 
175, 190, 201 

Douglass, D. H., Jr., 59, 60 

Dubin, 8. B., 210, 217, 219 

Dwight, K., 145 


Egelstaff, P. A., 108 

Ehrenfest, P., 16, 119 

Einstein, A., 8, 217 

Elliott, C. J., 127, 156, 164 

Essam, J. W., 50, 51, 53-4, 59, 63, 144 
Eve, J., 151, 201 


Fairbank, W. M., 20 

Fay, J. A., 33 

Felderhof, B. U., 225 

Ferer, M., 191 

Ferrell, R. A., 
Fig. 1.6 (plate) 

Feynman, R. P., 130 

Fierz, M., 287 

Fisher, I. Z., 210 

Fisher, M. E., 9, 16, 44, 50, 52-4, 59, 63-6, 
102, 106-8, 144, 146, 158, 166, 172, 174, 
264 

Fixman, M., 224-7, 246-7 

Ford, N. C., Jr., 219, 229-31, 254-5, 258 

Forrer, R., 187 

Forrester, A., 219 

French, M. J., 219 

Friedburg, S. A., 125 


233, 247, 253, 257, 


Gammel, J., 162, 166 
Gammon, R. W.., 217, 229, 231 
Garelick, H., 54, 63 

Garland, C. W., 232 

Gaunt, D.S., 54, 59, 63, 144 
Gerjuoy, E., 219 

Giglio, M., 226 

Gilbert, H. E., 51, 151 
Glasser, M. L., 143, 265, 271 


302 


Glauber, R. J., 280, 282, 284, 286 

Goldberg, W. I., 259 

Golding, B., 257 

Gorelik, G., 219 

Gotze, W., 13,19, 21, 174, 192, 201 

Green, M.S., 190 

Greytak, T. J., 210 

Griffiths, R. B., 30, 36, 52, 56-7, 60-1, 64, 
66, 190, 272 

Gross, E., 218 

Gudmundsen, R. A., 219 

Guggenheim, E. A., 9, 10, 33, 52 

Gunton, J. D., 63, 174 

Guttmann, A. J., 54, 63, 144, 161, 164 


Habgood, H. W., 49 

Halperin, B. I., 197—9, 201, 215, 225, 233, 
235, 245, 257, 259 

Hamblen, D., 13, 19, 21, 174, 192, 201 

Hammer, D., 228 

Hankey, A., 127, 164, 166, 182, 190, 273 

Hastings, J. M., 240 

Hecht, R., 13, 19, 21, 174, 192, 201 

Heisenberg, W., 116 

Helfand, E., 113 

Heller, G., 111 

Heller, P., 9, 10, 11, 45, 52, 240-2, 244-5 

Hemmer, P. C., 78 

Henry, D. L., 227-8 

Hiley, B. J., 115 

Ho, J. T., 46, 186-8 

Hohenberg, P. C., 197-9, 201, 215, 225, 
233, 235, 245, 257, 259 

Hopkinson, J., 8, 21 

Huang, K., 19, 70, 78, 97, 275 

Hunter, D. L., 144, 175, 190 

Hurst, C. A., 66 


Ikari, H., 286 
Ising, E., 111, 116 


Jacrot, B., 9 

Jancovici, B., 156 

Jasnow, D., 108, 115, 144, 146, 226 
Johnson, P. O., 219 

Josephson, B. D., 65, 190 

Joyce, G.S., 112, 115, 145, 151 


Kae, M., 17, 78, 91-3, 113, 128-31, 143, 271 

Kadanoff, L. P., 13, 19, 174-5, 191-4, 
197, 201, 216, 240, 247-57, 259, 275-6, 
279 

Kane, J., 13, 19, 21, 174, 192, 201 

Kao, W. P., 257 

Kaplan, T. A., 111, 125, 145-6, 151, 156 
164 


AUTHOR INDEX 


Kawasaki, K., 224-5, 237, 239, 246, 248, 
253, 257, 259 

Kaufman, B., 107 

Keller, W. E., 257 

Kelly, D. G., 64 

Kerresk, J., 257 

Kittel, C., 33, 38, 72, 78, 93, 174, 275 

Knable, N., 219 

Kobayashi, H., 125 

Komarov, L. I.. 210 

Kouvel, J. S., 187, 189 

Kramers, H. A., 111, 145 

Kubo, R., 38, 70, 263, 283-4, 286 

Kuramoto, Y., 174 


Laj, C., 238-9 

Landau, L. D., 21, 143, 167-8, 174, 216, 
218, 271, 279 

Lange, R. V., 156 

Langevin, P., 79, 116 

Langley, K. H., 229-31, 254-5, 258 

Laramore, G., 257, 259 

Larkin, A. I., 111 

Lastovka, J. B., 210, 217-21 

Lau, H. Y., 240 

Lebowitz, J., 133 

Lee, M. H., 110, 127, 151, 164, 166 

Lenz, W, 8, 111, 116 

Levelt-Sengers, J. M. H., 190, Fig. 1.7 
(plate) 

Lewis, E. A. S., 13, 19, 21, 174, 192, 201 

Lieb, E. H., 131, 271, 287-9 

Lifshitz, E. M., 21, 143, 167, 174, 271, 279 

Lines, M. E., 156 

Linz, A., 240-2, 244-5 

Litster, J. D., 46, 186-8 

Lovesey, 8. W., 241 

Lowde, R. D., 205 

Lunacek, J. H., 219 

Luthi, B., 257 


Mandel’stam, L. I., 218 

Marshall, W., 9, 134, 162, 166, 205, 241 
Martin, D. H., 88 

Martin, J. L., 144 

Martin, P. C., 216, 275-6, 279 
Matsubara, T., 286, Fig. 1.5 (plate) 
Matsuda, H., 286, Fig. 1.5 (plate) 
Matsuno, K., 124, 126, 246 

Mattis, D. C., 86, 133, 271 
Mendelssohn, K., 21 

Menyhard, N., 233, 257 

Menyuk, N., 145 

Menzinger, F., 257 

Mermin, N. D., 156 

Migdal, A. A., 246 

Milford, F. J., 178 


AUTHOR INDEX 


MiloSevié, S., 124, 126, 156, 158, 281, 286 
Minkiewicz, V. J., 240 

Mochel, J. M., 257 

Moldover, M. R., 51, 59, 60 

Montroll, E. W., 133 

Moore, M. A., 108, 144-5, 156, 191 
Morgan, L., 162, 166 

Morse, P., 30 

Moss, S. C., 13 

Mountain, R. D., 216-17, 225, 247, 279 
Mubayi, V., 156 

Minster, A., 101-2, 108 


Nathans, R., 240-2, 244-5, 257 
Ninham, B. W., 164 

Njus, D. L., 5, 155, 286 
Noakes, J. E., 187 


Ogita, N., 286, Fig. 1.5 (plate) 

Onsager, L., 9, 15, 16, 53-4, 107, 111, 128 
131, 143, 265, 271, 276 

Opechowski, W., 145 

Ornstein, L. S., 8, 100, 103, 108 


Palciauskas, V. V., 13, 19, 21, 174, 192, 201 
Parkins, W. E., 219 

Passell, L., 240 

Patashinskii, A. Z., 190 

Paul, G., 281, 286 

Pecora, R., 210 

Pickart, S. J., 257 

Placzek, G., 218, 224, 279 
Pokrovskii, V. L., 190 

Pollina, R. J., 257 

Polonsky, N., 257 

Polyakov, A. M., 246 

Puglielli, V. G., 229-31, 254-5, 258 


Rayl, M., 13, 19, 21, 174, 192, 201 

Lord Rayleigh, 217 

Reatto, L., 156 

Rechtin, M. D., 13 

Reif, F., 33, 38, 71, 77-8, 275 

Reitz, J. R., 178 

Roach, P. R., 12, 59, 60 

Rodbell, D.S., 187 

Rowlinson, J.8., 108 

Rudnick, I., 257 

Rushbrooke, G. S., 9, 51, 53-4, 112, 145, 
151, 166, 201 

Rys, F., 287 

Rytov, S. M., 210 


Sagel, K.,100 « 
Schmidt, H., 233, 257 
Schmidt, P. W., 105 
Schneider, W. G., 49 


303 


Schoenes, F. J., 257 

Schofield, P., 190 

Schulhof, M. P., 240-5 

Schultz, T. D., 271 

Schwabl, F., 223, 257 

Sengers, J. V., 227-8, 232, 265, Fig. 1.7 
(plate) 

Sherman, S., 64, 66 

Shirane, G., 125, 156, 240 

Shore, H. B., 93 

Siegel, L., 227 

Skalyo, J. Jr., 125, 156 

Smart, J. S., 90, 93 

von Smoluchowski, M., 8 

Stanley, H. E., 21, 63, 110-13, 124—7, 129, 
145-6, 151, 156, 158-9, 164, 166, 182, 
190, 246, 273, 281, 286 

Stell, G., 63, 108, 200-1, 274 

Stephenson, J., 107 

Stephenson, R. L., 51, 201 

Stevens, K. W. H., 164 

Su, G. J., 73 

Suzuki, M., 283-4, 286 

Swinney, H. L., 210, 217, 222-29, 231-2, 
238, 253, 255, 257 

Swift, J., 13, 19, 21, 174, 201, 240, 247-54, 
257, 259 

Sykes, M. F., 59, 144, 157 

Szépfalusy, P., 233, 257 


Tanaka, M., 246 

Temperley, H. N. V., 21 

Thomas, J. E., 105 

Thompson, C. J., 54, 63, 113, 131, 133, 164, 
264 

Tisza, L., 16 

Tournarie, M., 238-9 

Townes, C. H., 219 

Tscharnuter, W., 228 

Tucciarone, A., 240 


Ueda, A., 286, Fig. 1.5 (plate) 
Uhlenbeck, G., 78, 128 


Vaks, V.G., 111 

van der Waals, J. D., 7, 8, 67 

Van Hove, L., 210, 216 

van Kampen, N. G., 210, 216 

Van Vieck, J. H., 116, 145 
Vdovichenko, N. V., 143, 265, 271 
Villain, J., 247 
Vincentini-Missoni, M., 190 
Vineyard, G. H., 156 

Volochine, B., 238-9, 257 


Wagner, H., 156 
Walton, A. G., 219 


304 AUTHOR INDEX 


Wannier, G. H., 33, 38, 81, 122, 263 
Ward, J. C., 143, 271 

Watson, R. E., 156 

Weaver, L., 257 

Wegner, F’., 156 

Weinzierl, P., 228 

Weiss, P., 8, 21, 79, 93, 116, 187 
Widom, B., 21, 78, 173, 175, 190 
Wilcox, L. R., 227 

Wood, D. W., 115, 156 


Wood, P. J., 51, 112, 145, 151, 166, 201 


Woolf, M. E., 151 
Wortis, M., 108, 115, 144, 146, 191, 226 


Wu, T. T., 200 


Yahata, H., 286 

Yang, C. N., 16, 51, 54, 134 
Wim, (0, 155 ia 

Yeh, Y., 219 

Yonezawa, F., 286 Fig. 1.5 (plate) 


Zernike, P., 8, 100, 103, 108 
Ziman, J. M., 91, 93 
Zucker, I. J., 144 

Zwanzig, R., 247-8 


SUBJECT INDEX 


acetylene, 69 

alcohol, 48 

aluminium-zine alloy, 101 

antiferroelectric, 21, 131, 287 ff. 

antiferromagnet, 89, 124, 240 ff. 
Heisenberg model, 110, 112, 256 
Ising model, 123 f. 4 

argon, 10, 48, 69, 105 


Berlin—Kac spherical model 
see spherical model 
binary alloy, 18, 100, 111, 130 
binary mixture, 18, 21, 238-9, 247, 256 
Bohr magneton, 80 
Born approximation, 206 
Bose fluid, 48, 110 f., 174 
Bragg reflection, 13, 241 
Brillouin doublet, 211 ff., 228 ff., 254, 258 
Brillouin function, 81 f. 
Buckingham—Gunton inequalities, 63 ff., 
196 
bulk viscosity, 203, 258 


carbon dioxide, 47-8, 69, 222 ff., 229 ff., 
254 ff., 256 

carbon monoxide, 10, 69 

chemical potential, 33, 51, 261 

chromium tribromide, 46-7, 186 ff. 

Clausius equation of state, 68 

cluster approximations, 90 


cobalt 
chloride, 14 
oxide, 12, 13 


coefficient of thermal expansion, 26 f., 35 f. 
coexistence curve, 9, 49, 75, 222 
coherence length, 

see correlation length 
compressibility, 7, 13, 25 ff., 35 

experimental, 49, 222 f., 229 

critical exponent of, 43, 49 

density fluctuations and, 96 ff. 

hydrodynamic region, 215 

Landau theory, 171 

ratio, 72-3 

van der Waals'theory, 49, 70, 73 ff. 
conformal transformations, 158 ff. 
convexity relations, 

fluid, 28 ff. 


magnet, 36 ff. 
Coopersmith inequality, 53 ff., 65 
correlation function, 62, 176, 197, 204 ff. 
density—density, 
dynamic, 204 ff., 236 
hydrodynamic, 278 
Ornstein—Zernike, 95 ff., 100 ff. 
direct, 102 f. 
energy-energy, 65 
pair, 
comparison with theories, 199 ff., 202 
exponents, 45 f., 63 
Kadanoff construction, 194 ff. 
lattice-gas model, 261 
Ornstein—Zernike theory, 94, 98 ff. 
spin, 
dynamic, 205, 210, 240 
expansion of, 138, 145 ff. 
exponent, 64 
Ising model, 119, 121, 124 ff. 
lattice-gas model, 262 f. 
Ornstein—Zernike theory, 98, 107 
total, 105 ff. 
correlation length, 46, 65, 224, 240 
inverse, 105, 210, 214, 245 
critical isochore, 75, 204, 222 f., 231 
critical isotherm, 43, 62, 85, 107 
Landau theory, 171 
van der Waals theory, 49, 74 
critical opalescence, 5 ff., 98, 100, 217 
critical-point exponent, 9, 14 ff., 17, 39 ff. 
definition, 39 
inequalities, 53 ff. 
critical region, 79, 199 
Curie constant, 83 ff. 
current, 
energy, 275 ff. 
momentum, 275 ff. 
cyclohexane-aniline mixture, 238-9, 256 


Debye persistence length, 104 
density, 

energy, 275 ff. 

fluctuations, 96 ff. 

momentum, 275 ff. 

number, 26, 94 ff., 100 ff., 207, 275 ff. 
dysprosium, 257 


306 


Einstein theory, 225 

electric dipole, 205 

enthalpy, 22 ff., 122, 125, 271, 274 
entropy, 22 ff, 122 ff., 218 

ethane, 69, 73 

ether, 48 

ethylene, 69, 73 

exchange interaction, 89 
europium oxide, 112 

europium sulphide, 47, 91, 112 


face-centred cubic lattice, 157 f., 161 
ferroelectric, 18 ff., 131, 172, 286 ff. 
ferromagnet, 8, 79 

experimental results, 46 

exponents for, 42 

Heisenberg, 21, 91, 110 f. 

Ising model, 61, 64, 123 f. 

mean field theory, 82 

and mode-mode coupling, 257 

scaling law hypothesis, 186 ff. 
Fisher inequality, 65, 196 
Fixman correction, 225 ff. 
fluctuation—dissipation result, 27, 98, 120, 

147, 262, 276 

F model of antiferroelectric, 287 ff. 
fusion curve, 2 


gadolinium, 257 
gap exponent, 49 ff., 53, 87 ff., 184 ff. 
generalized homogeneous function, 178 ff., 
194 f., 197, 272 ff. 
Gibbs potential, 22 ff. 
expansion of, 137 
exponents, 45, 50 f. 
high-temperature expansion, 146 
in Ising model, 116, 122, 133, 172 
in Kadanoff construction, 193 f. 
in Landau theory, 168, 172 
in mean field theory, 81, 87, 92 
scaling law hypothesis, 181 ff., 274 
Glauber model, 280 ff. 
grand canonical ensemble, 94, 162 
Griffiths inequalities, 38, 56 ff., 185 


Hamiltonian, 36 f., 134, 137, 151 
Heisenberg, 89 f., 110 ff. 
Ising, 110, 116 ff., 124, 131, 138, 281 f. 
Kadanoff construction, 191 ff. 
lattice-gas, 262 
mean field theory, 80, 89, 91 
spherical, 110, 131 
Vaks-—Larkin, 110 

hard-sphere potential, 96 

Heisenberg models, 9, 15, 17, 76, 110 ff. 
exchange interaction, 79 
expansion methods, 136 f., 156 


SUBJECT INDEX 


exponents, 47 f., 51, 151, 174, 200 f. 
ferromagnet, 21, 37 
Hamiltonian, 110 ff. 
high-temperature limit, 145 
inequalities, 63, 65 
mean field approximation to, 89 ff. 
susceptibility, 134 
helium, 3, 12, 19 ff., 48, 51, 59 ff., 69, 111, 
BIB} Vasyl 
Helmholtz potential, 22 ff. 
Landau theory, 168 ff., 172 
Maxwell construction of, 70 ff. 
scaling law hypothesis, 182, 272 ff. 
holmium, 257 
homogeneous function, 18, 48, 176 ff., 244 
hydrodynamics, 119, 202, 232 ff., 249 
equations of, 247, 275 ff. 
and scattering, 221, 223 f., 228 f. 
hydrogen, 48, 69 


ideal gas law, 3, 67 f., 75 
inequalities, 17, 53 ff. 
iron, 240 
Ising model, 8 ff., 15, 113 ff., 203, 286 
approximation methods, 154 ff. 
exponents, 64 
ferromagnet, 21, 37, 61, 288 
and Glauber model, 280 ff. 
Hamiltonian, 110 ff. 
and Kadanoff construction, 192 ff. 
and lattice—-gas model, 260 ff. 
Padé approximants, 164 f. 
also see Ising model, one-dimensional, 
two-dimensional, and three-dimen- 
sional 
Ising model, one-dimensional, 113 ff., 265 
Hamiltonian, 138 
also see Ising model 
Ising model, two-dimensional, 14 ff., 44, 
47 f., 134, 136, 265 ff. 
and correlation functions, 107 
expansions, 156 f. 
exponents, 50, 108, 144 
Heisenberg exchange interaction and, 
144 
high-temperature expansion, 139 
inequalities, 54, 59, 61, 63, 65 
and Landau theory, 172, 174 
Padé approximants, 165 
and scaling law hypothesis, 191, 199 f. 
also see Ising model 
Ising model, three-dimensional, 17 
expansions for, 156 ff. 
experimental values, 226 
exponents, 46 ff., 50, 108, 156 ff. 
high-temperature expansion, 139 
inequalities, 54, 61, 63, 65 f. 


SUBJECT INDEX 


Ising model—coné. 
and Landau theory, 174 
and scaling law hypothesis, 191, 199 ff. 
Padé approximants, 165 
and van der Waals theory, 76 
also see Ising model 
isobutyric acid—water mixture, 256 


Josephson inequality, 65 f., 196 


Kadanoff construction, 191 ff. 
Kawasaki function, 239 

KDP model of ferroelectric, 287 ff. 
krypton, 10 


lambda-point, 20 BE 

Landau—Placzek ratio, 214, 216, 232, 258 

Landau theory, 38, 48, 167ff. 

Landé factor, 80 

Langevin function, 82 

latent heat, 31 f. 

lattice—gas model, 4, 9, 51, 260 ff. 

law of corresponding states, 8, 72 ff., 88 f. 

law of rectilinear diameter, 7 

Legendre transformation and the scaling 
hypothesis, 273 f. 

Lennard—Jones potential, 96, 260 

Lenz-Ising model, 111 

liquid crystals, 172 

long-range order, 6 


magnetic moment, 4, 16 
antiferromagnet, 242 
Ising model, 8 
mean field theory, 79 f. 
paramagnet, 43 : 
manganese fluoride, 11, 240 ff. 
Maxwell construction, 70, 170 
Maxwell relations, 
fluid systems, 24 ff., 71 
magnetic systems, 34 f., 55 ff. 
mean field theory, 76 ff., 109, 271 f., 284 ff. 
and dimensionality of lattice, 115 f., 
149 ff. 
and exchange interaction, 79 ff. 
exponents, 48, 50, 84 ff., 171, 175 
inequalities, 55, 65, 200 f. 
as infinite dimensionality limit, 158 f. 
and Ising model, 153 ff. 
of phase transitions, 80 ff., 119 
specific heat, 138 
methane, 10, 69, 73 
mode-mode coupling theory, 203, 234 ff. 
molecular field theory, 
see mean field theory 
molecular field parameter, 82 ff. 


297 


neon, 10 

nickel, 47, 189, 240 

nitrogen, 10, 69, 73 

number density, 26, 95 ff., 275 ff. 


order parameter, 3, 9 ff., 20, 33 
Ornstein—Zernike theory, 47 f., 94 ff., 225 
Ornstein—Zernike—Debye plot, 104 ff. 
oxygen, 10, 48, 69 


Padé approximants, 53, 158 ff. 
pair correlation function, 
see correlation function 
paramagnet, 43 
Langevin theory, 79 
partition function 
expansion of, 136 ff. 
grand canonical, 94, 261 
and Heisenberg model, 113 
high-temperature expansion, 145 ff. 
and Ising model, 15 f., 117 ff., 125, 130 ff. 
261, 265 ff. 
and lattice-gas model, 261 
mean field theory, 81, 92 
spherical model, 113, 128 
van der Waals, 77, 79 
phase transitions, 18 ff., 119, 130 
first order, 16, 30 ff. 
higher order, 16, 32 
van der Waals theory of, 67 ff. 
potassium dihydrogen sulphate, 287 ff. 


Rayleigh component, 211 ff., 218 ff., 236 ff. 
Rayleigh linewidth, 219 ff., 236 ff. 
relaxation 
rate, 244 f., 249 
time, 281, 285 
retarded time, 207 
rubidium manganese fluoride, 112, 240, 
256 
Rushbrooke inequality 53 ff., 63 f., 173, 
185 


scaled magnetic field, 186 

scaled magnetization, 186 

scaling law hypothesis, 
degree of homogeneity, 176 
dynamic, 198, 225, 233 ff. 
and dynamic scaling, 233 f., 246 
exponents, 182 
hydrodynamics and, 203 
inequalities and, 54, 60, 65 
Kadanoff construction, 191 
mode-mode coupling and, 248, 252 
static, 17 f., 48, 175 ff., 272 ff. 

scattering, 98 ff., 205 ff., 240 ff., 275 
cross section, 202, 205, 210, 240 
intensity, 103 ff., 206, 209 ff., 231, 242 f. 


308 


shape function, 234 ff. 
shear viscosity, 203, 249 
short-range order, 6 
specific heat, 13 ff., 25 ff., 35 f. 
expansion, 138, 156 f. 
experimental values 59 f., 229, 232 
exponents, 44 f., 49 ff. 
for ferroelectric, 228 f. 
high-temperature expansion, 143 f. 
and hydrodynamics, 212, 215 
inequalities, 53 f., 61 
Ising model, 122 ff., 271 
Landau theory, 171 f. 
lattice—gas model, 262 f. 
mean field theory, 85 f. 
van der Waals theory, 75 
spherical model, 17, 113 ff., 165 
exponents, 47, 108, 200 f. 
Hamiltonian, 110 
high-temperature limit, 156 
inequalities, 64 ff. 
infinite spin dimensionality limit, 128 ff., 
134, 158 
state function, 22 ff. 
structure factor, 98 ff., 106 f., 197 ff., 202 
PAP? 
dynamic, 204 ff., 215 ff., 275 
static, 205 
sublimation curve, 2 
sulphur dioxide, 69 
sulphur hexafluoride, 204, 222, 228, 237, 
253, 256 
superconductors, 18 ff., 172 
superfluid, 18 ff., 233, 257 f. 
susceptibility, 8, 13, 35 f. 
expansion of, 152 
exponents, 43, 45, 49 


SUBJECT INDEX 


fluid analogue of, 98 
Heisenberg model, 134, 156 f. 
high-temperature expansion, 143, 146 ff. 
Ising model, 119 ff., 124, 134 
Landau theory, 168 ff. 
lattice-gas model, 262 f. 
mean field theory, 86 f. 
Padé approximant method, 163 

- scaling law hypothesis 183, 199 
scattering and, 241 


terbium, 257 
thermal conductivity, 
dynamic scaling, 246 ff., 253, 258 
exponent, 203 f. 
Rayleigh component, 215 
thermal diffusivity, 211, 246, 252 f., 277 
third law of thermodynamics, 122 
toluene, 218, 220 
transfer matrix, 131 ff. 
triple point, 2 


Vaks—Larkin model, 110 f. 

van der Waals theory, 7, 67 ff., 85, 109 
exponents, 14, 48 f., 74 ff., 171 
Helmholtz potential, 170 
inequality, 65 

vapour pressure curve, 2, 51 


water, 48, 69, 73 
Weiss molecular field, 79 
Widom inequality, 184 


xenon, 10, 47-8, 69, 222, 228 


zero-field magnetization, 4, 6, 10 ff., 42 ff., 
45, 56, 82 ff., 119 


First published in 1971, this highly popular text is devoted to 
the interdisciplinary area of critical phenomena, with an 
emphasis on liquid-gas and ferromagnetic transitions. 


Praise for 
Introduction to Phase Transitions 
and Critical Phenomena: 


“A substantial step toward filling the void [in this field] and as 
such is most welcome and bound to be a success. Much of 
the book is written at a fairly elementary level and assumes 
virtually no previous acquaintance with the field. The vol- 
ume is well executed, and some useful devices are em- 
ployed to make it very readable . . . the language is extremely 
clear and quite precise. Most of the figures are well chosen 
and contribute appreciably to a better understanding of the 
text.”’ 

Physics Today 


“The author’s enthusiasm, generosity of outlook, and indus- 
try have produced a most worthwhile addition to the liter- 
ature.”’ 


Nature 


The Author 
H. Eugene Stanley is Professor of Physics at Boston University. 


OXFORD UNIVERSITY PRESS, NEW YORK 


